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PREFACE TO THE SECOND EDITION 


ERY considerable advances in the theory of groups of 

finite order have been made since the appearance of the 
first edition of this book. In particular the theory of groups 
of linear substitutions has been the subject of numerous and 
important investigations by several writers; and the reason 
given in the original preface for omitting any account of it no 
longer holds good. 

In fact it is now more true to say that for further advances 
in the abstract theory one must look largely to the representa- 
tion of a group as a group of linear substitutions. There is 
accordingly in the present edition a large amount of new matter. 
Five Chapters, XIII to XVII, are devoted to the theory of 
groups of linear substitutions, including their invariants. In 
Chapter IV, which is also new, certain properties of abstract 
groups, to which no reference was made in the first edition, are 
dealt with ; while Chapter XII develops more completely the 
investigation of the earlier sections of Chapter IX of the first 
edition. 

All the chapters dealing with the abstract theory, including 
that of she group of isomorphisms, have been brought together 
in the earlier part of the book ; while from Chapter X onwards 
various special modes of representing a group are investigated. 
The last Chapter of the first.edition has none to correspond to 
it in the present, but all results of importance which it con- 
tained are given in connections in which they naturally occur. 
With this exception there are no considerable changes in the 
matter of the first edition though there is some re-arrangement, 
and in places additions have been made. 
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A number of special questions, most of which could not have 
been introduced in the text without somewhat marring the 
scheme of the work, have been dealt with in the notes. 

Some of the examples, especially in the earlier part of the 
book, are suitable exercises for those to whom the subject is 
new. The examples as a whole, however, have not been 
inserted with this object, but rather (i) to afford further 
illustration of points dealt with in the text, (ii) where refer- 
ences are given, to call attention to points of importance not 
mentioned in the text, and (iii) to suggest subjects of in- 
vestigation. 

A separate index to the definitions of all technical terms has 
been prepared which it is hoped may be of considerable service 
to readers. 

I owe my best thanks to the Rev. Alfred Young, M.A., 
Rector of Birdbrook, Essex, and formerly Fellow of Clare 
College, Cambridge, who read the whole of the book as it passed 
through the press. His careful criticism has saved me from 
many errors and his suggestions have been of great help to me. 
Mr Harold Hilton, M.A., Lecturer in Mathematics at Bedford 
College, University of London, and formerly Fellow of Magdalen 
College, Oxford, gave me great assistance by reading and criti- 
cising the chapters on groups of linear substitutions; and 
Dr Henry Frederick Baker, F.R.S., Fellow of St John’s College, 
Cambridge, helped me with most valuable suggestions on the 
chapter dealing with invariants. To both these gentlemen I 
offer my sincere thanks. I must further not omit to thank 
correspondents, both English and American, for pointing out to 
me errors in the first edition. All these have, I hope, been 
corrected, 

Finally I would again express my gratitude to the officers 
and staff of the University Press for their courtesy and for the 
care with which the printing has been carried out. 


W. BURNSIDE 
March 1911 


PREFACE TO THE FIRST EDITION 


Aer theory of groups of finite order may be said to date 
from the time of Cauchy. To him are due the first 
attempts at classification with a view to forming a theory from 
a number of isolated facts. Galois introduced into the theory 
the exceedingly important idea of a self-conjugate sub-group, 
and the corresponding division of groups into simple and com- 
posite. Moreover, by shewing that to every equation of finite 
degree there corresponds a group of finite order on which 
all the properties of the equation depend, Galois indicated 
how far reaching the applications of the theory might be, and 
thereby contributed greatly, if indirectly, to its subsequent 
developement. 

Many additions were made, mainly by French mathe- 
maticians, during the middle part of the century. The first 
connected exposition of the theory was given in the third 
edition of M. Serret’s “ Cours d’ Algébre Supérieure,” which was 
published in 1866. This was followed in 1870 by M Jordan’s 
“Traité des substitutions et des équations algebriques.” The 
greater part of M. Jordan’s treatise is devoted to a develope- 
ment of the ideas of Galois and to their application to the 
theory of equations. 

No considerable progress in the theory, as apart from its 
applications, was made till the appearance in 1872 of Herr 
Sylow’s memoir “Théorémes sur les groupes de substitutions” 
in the fifth volume of the Mathematische Annalen. Since the 
date of this memoir, but more especially in recent years, the 
theory has advanced continuously. 
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In 1882 appeared Herr Netto’s “Substitutvonentheorte und 
thre Anwendungen auf die Algebra,” in which, as in M. Serret’s 
and M. Jordan’s works, the subject is treated entirely from the 
point of view of groups of substitutions. Last but not least 
among the works which give a detailed account of the subject 
must be mentioned Herr Weber’s “ Lehrbuch der Algebra,’ of 
which the first volume appeared in 1895 and the second in 
1896. In the last section of the first volume some of the more 
important properties of substitution groups are given. In the 
first section of the second volume, however, the subject is 
approached from a more general point of view, and a theory of 
finite groups is developed which is quite independent of any 
special mode of representing them. 

The present treatise is intended to introduce to the reader 
the main outlines of the theory of groups of finite order apart 
from any applications. The subject is one which has hitherto 
attracted but little attention in this country; it will afford 
me much satisfaction if, by means of this book, I shall succeed 
in arousing interest among English mathematicians in a branch 
of pure mathematics which becomes the more fascinating the 
more it is studied. 

Cayley’s dictum that “a group is defined by means of the 
laws of combination of its symbols” would imply that, in dealing 
purely with the theory of groups, no more concrete mode of 
representation should be used than is absolutely necessary. 
It may then be asked why, in a book which professes to leave 
all applications on one side, a considerable space is devoted to 
substitution groups; while other particular modes of repre- 
sentation, such as groups of linear transformations, are not 
even referred to. My answer to this question is that while, in 
the present state of our knowledge, many results in the pure 
theory are arrived at most readily by dealing with properties 
of substitution groups, it would be difficult to find a result that 
could be most directly obtained by the consideration of groups 
of linear transformations. 

The plan of the book is as follows. The first Chapter has 
been devoted to explaining the notation of substitutions. As 
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this notation may not improbably be unfamiliar to many 
English readers, some such introduction is necessary to make 
the illustrations used in the following chapters intelligible. 
Chapters IT to VII deal with the more important properties of 
groups which are independent of any special form of repre- 
sentation. The notation and methods of substitution groups 
have been rigorously excluded in the proofs and investigations 
contained in these chapters; for the purposes of illustration, 
however, the notation has been used whenever convenient. 
Chapters VIII to X deal with those properties of groups which 
depend on their representation as substitution groups. Chapter 
XI treats of the isomorphism of a group with itself. Here, 
though the properties involved are independent of the form of 
representation of the group, the methods of substitution groups 
are partially employed. Graphical modes of representing a 
group are considered in Chapters XII and XIII. In Chapter 
XIV the properties of a class of groups, of great importance in 
analysis, are investigated as a general illustration of the 
foregoing theory. ‘The last Chapter contains a series of results 
in connection with the classification of groups as simple, 
composite, or soluble. 

A few illustrative examples have been given throughout 
the book. As far as possible I have selected such examples 
as would serve to complete or continue the discussion in the 
text where they occur. 

In addition to the works by Serret, Jordan, Netto and 
Weber already referred to, I have while writing this book 
consulted many original memoirs. Of these I may specially 
mention, as having been of great use to me, two by Herr Dyck 
published in the twentieth and twenty-second volumes of the 
Mathematische Annalen with the title “ Gruppentheoretische 
Studien”; three by Herr Frobenius in the Berliner Sitzwngs- 
berichte for 1895 with the titles, “ Ueber endliche Gruppen,” 
“Ueber aufldsbare Gruppen,” and “ Verallgemeinerung des 
Sylow’schen Satzes”; and one by Herr Hélder in the forty- 
sixth volume of the Mathematische Annalen with the title 
“ Bildung zusammengesetzter Gruppen.” Whenever a result 
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is taken from an original memoir I have given a full reference ; 
any omission to do so that may possibly occur is due to an 
oversight on my part. 

To Mr A. R. Forsyth, Sc.D., F.R.S., Fellow of Trinity 
College, Cambridge, and Sadlerian Professor of Mathematics, 
and to Mr G. B. Mathews, M.A., F.R.S., late Fellow of St John’s 
College, Cambridge, and formerly Professor of Mathematics in 
the University of North Wales, I am under a debt of gratitude 
for the care and patience with which they have read the proof- 
sheets. Without the assistance they have so generously 
given me, the errors and obscurities, which I can hardly hope 
to have entirely escaped, would have been far more numerous. 
I wish to express my grateful thanks also to Prof. O. Holder 
of Kénigsberg who very kindly read and criticized parts of 
the last chapter. Finally I must thank the Syndics of the 
University Press of Cambridge for the assistance they have 
rendered in the publication of the book, and the whole Statf 
of the Press for the painstaking and careful way in which 
the printing ‘has been done. 


W. BURNSIDE 
July 1897 
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CHAPTER I. 


ON PERMUTATIONS. 


1. AmMonG the various notations used in the following pages, 
there is one of such frequent recurrence that a certain readiness 
in its use 1s very desirable in dealing with the subject of this 
treatise. We therefore propose to devote a preliminary chapter 
to explaining it in some detail. 


2. Let a,, dy,..., Gdn be a set of n distinct letters. The 
operation of replacing each letter of the set by another, which 
may be the same letter or a different one, when carried out 
under the condition that no two distinct letters are replaced by 
one and the same letter, is called a permutation performed on 
the n letters. Such a permutation will change any given 
arrangement 

ag. ashes, Og 
of the n letters into a definite new arrangement 
UL RO, Fe. On 


of the same n letters. 


3. One obvious form in which to write the permutation is 


thereby indicating that each letter in the upper line is to be 
replaced by the letter standing under it in the lower. The 
disadvantage of this form is its unnecessary complexity, each 
of the n letters occurring twice in the expression for the 
permutation; by the following process, the expression of the 
permutation may be materially simplified. 
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Let p be any one of the n letters, and q the letter in the 
lower line standing under p in the upper. Suppose now that r 
is the letter in the lower line that stands under g in the upper, 
and so on. Since the number of letters is finite, we must arrive 
at last at a letter s in the upper line under which p stands. 
If the set of n letters is not thus exhausted, take any letter p’ 
in the upper line, which has not yet occurred, and let q’, 7”... 
follow it as q, 7,... followed p, till we arrive at s’ in the upper 
line with p’ standing under it. If the set of n letters is still 
not exhausted, repeat the process, starting with a letter p” 
which has not yet occurred. Since the number of letters is 
finite, we must in this way at last exhaust them; and the n 
letters are thus distributed into a number of sets 


P» q; Yr, » §, 
7? , , 

Poe Qon ts » 835 
7 yt Wd Wa 

IP AOE Ss sos 


such that the permutation replaces each letter of a set by the 
one following it in that set, the last letter of each set being 
replaced by the first of the same set. 


If now we represent by the symbol 


(pqr...8) 
the operation of replacing p by q, q by 7,..., and s by p, the 
permutation will be completely represented by the symbol 


Ue eZ FE AE EE: 4) 


(Pg W rs 5) Go Gr eS) (tie eee. S 


The advantage of this mode of expressing the permutation is 
that each of the letters occurs only once in the symbol. 


4. The separate components of the above symbol, such as 
(pqr...s), are called the cycles of the permutation. In particular 
cases, one or more of the cycles may contain a single letter; 
when this happens, the letters so occurring singly are unaltered 
by the permutation. The brackets enclosing single letters may 
clearly be omitted without risk of ambiguity, as also may the 
unaltered letters themselves. Thus the permutation 


& b, cy ide 
Ca Oed mn ,) 
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may be written (acd) (b) (e), or (acd) be, or simply (acd). If for 
any reason it were desirable to indicate that permutations of 
the five letters a, b, c, d, e were under consideration, the second 
of these three forms would be used. 


5. The form thus obtained for a permutation is not unique. 
The symbol (qr...sp) clearly represents the same permutation 
as (pqr...s), 1f the letters that occur between r and s in the two 
symbols are the same and occur in the same sequence; so that, 
as regards the letters inside the bracket, any one may be 


chosen to stand first so long as the cyclical order is preserved 
unchanged. 


Moreover the order in which the brackets are arranged is 
clearly immaterial, since the operation denoted by any one 
bracket has no effect on the letters contained in the other 
brackets. This latter property is characteristic of the par- 
ticular expression that has been obtained for a permutation; 
it depends upon the fact that the expression contains each of 
the letters once only. 


6. When we proceed to consider the effect of performing 
two or more permutations successively, it is seen at once that 
the order in which the permutations are carried out in general 
affects the result. Thus to give a very simple instance, the 
permutation (ab) followed by (ac) changes a into 3, since b is 
unaltered by the second permutation. Again, (ab) changes 6 
into a and (ac) changes a into ¢, so that the two permutations 
performed successively change b into c. Lastly, (ab) does not 
affect c and (ac) changes c into a. Hence the two permutations 
performed successively change a@ into 6, b into ¢, ¢ into a, and 
affect no other symbols. The result of the two permutations 
performed successively is therefore equivalent to the permuta- 
tion (abc); and it may be similarly shewn that (ac) followed 
by (ab) gives (ach) as the resulting permutation. To avoid 
ambiguity it is therefore necessary to assign, once for all, the 
meaning to be attached to such a symbol as s,s,, where s, and s, 
are the symbols of two given permutations. We shall always 
understand by the symbol s,s, the result of carrying out first the 
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permutation and then the permutation s,. Thus the two simple 
examples given above may be expressed in the form 


(ab) (ac) = (abc), 
(ac) (ab) = (acb), 


the sign of equality being used to represent that the permuta- 
tions are equivalent to each other. 


If now 
§,.85 8, ANG 4.55 '5r. 
the symbol s,s,s, may be regarded as the permutation s, followed 
by s, or as 8, followed by s,. But if s, changes any letter a 
into b, while s, changes b into c and s, changes ¢ into d, then s, 
changes a into c and s, changes b intod. Hence s,s; and s,s, 
both change a into d; and therefore, a being any letter operated 
upon by the permutations, 


S483 — 8, Ss. 


Hence the meaning of the symbol s,s,s, is definite; it 
depends only on the component permutations s,, s,, s; and their 
sequence, and it is independent of the way in which they are 
associated when their sequence is assigned. And the same 
clearly holds for the symbols representing the successive per- 
formance of any number of permutations. To avoid circum- 
locution, it is convenient to speak of the permutation s,s)...s, 
as the product of the permutations s,, s,..., 8, in the sequence 
given. The product of a number of permutations, thus defined, 
always obeys the associative law but does not in general obey 
the commutative law of algebraical multiplication. 


7. The permutation which replaces every symbol by itself 
is called the identical permutation. The inverse of a given 
permutation is that permutation which, when performed after 
the given permutation, gives as result the identical permutation. 
Let s_; be the permutation inverse to s, so that, if 


s= ee 
\b,, Die by, : 
then $_, = ie Bassons ‘a 
j= i 
Ay, Agyee, An 
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Let s, denote the identical permutation which can be repre- 
sented by 
ve Az +++) On 
shinee 
Then S8_, = and s_.s=%, 


so that s is the permutation inverse to s_,. 


Now if i=) s 
then iss 5 test esas 
or sachs 


But ts, is the same permutation as ¢, since s, produces no 
change ; and therefore 


tat: 
In exactly the same way, it may be shewn that the relation 
st = st’ 
involves t=t. 


8. The result of performing 7 times in succession the same 
permutation s is represented symbolically by s”. Since, as has 
been seen, products of permutations obey the associative law of 
multiplication, it follows that 

GP sta ght Y == Pgh, 


Now since there are only a finite number of distinct 
permutations that can be performed on a given finite set of 
symbols, the series of permutations s, s’, s%,... cannot be all 
distinct. Suppose that s™*” is the first of the series which 
is the same as one that precedes it, and let that one be s”. 


Then 


gmtn = He 
and therefore Spa CN Re 4g Es 
or Se — Sy. 


Hence n must be 1. Moreover there is no index mw smaller 
than m for which this relation holds. For if 
gta 85, 
then Srl seo =e, 
contrary to the supposition that s”* is the first of the series 
which is the same as s. 
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Moreover the m—1 permutations s, s’,..., s”? must be all 
distinct. For if 


sh = 8”, yc pom, 
then stg” (8”)_y = 8” (8")_4, 
or sh’ = Sp, 


which has just been shewn to be impossible. 


The number m is called the order of the permutation s. 
In connection with the order of a permutation, two properties 
are to be noted. First, if 
8” = 8, 
it may be shewn at once that n is a multiple of m the order of 
s; and secondly, if 
s* = sf 
then a—8=0 (mod. m). 
If now the equation 
ShtY = shy 


be assumed-to hold, when either or both of the integers w and 
vis a negative integer, a definite meaning is obtained for the 
symbol s~’, implying the negative power of a permutation; and 
a definite meaning is also obtained for s°. For 


SHG” Vics GE an gh Pat oF) ee Se 
so that Sat pet st). 
Similarly it can be shewn that 


Sone 


9. If the cycles of a permutation 
8 = (pqr...s) (p'q'...s’) (p"q"...8" 


contain m, m’, m”,... letters respectively, and if 
Ge So, 
# must be a common multiple of m, m’, m”,.... For s# changes 


p into a letter « places from it in the cyclical set p, g, 7,..., 8; 
and therefore, if it changes p into itself, ~ must be a multiple 
of m. In the same way, it must be a multiple of m’, m”,.... 
Hence the order of s is the least common multiple of m, m’, 


4 


eeper 
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In particular, when a permutation consists of a single cycle, 
its order is equal to the number of letters which it interchanges. 
Such a permutation is called a circular permutation. 


A permutation, all of whose cycles contain the same 
number of letters, is said to be regular in the letters which 
it interchanges; the order of such a permutation is clearly 
equal to the number of letters in one of its cycles. 


10. Two permutations, which contain the same number of 
cycles and the same number of letters in corresponding cycles, 
are called similar. If s, s’ are similar permutations, so also 
clearly are s’, s’"; and the orders of s and s’ are the same. 


Let now S = (UpMq...As) (Ap Ag-».dy).-- 
A A: 
and ie ( 1) 2) ’ a 
b,, bes bn 


be any two permutations. Then 
spam ie) (aay) Cr toasty). ool he alba 
= (bpbg...bg) (by by...by).--, 
the latter form of the permutation being obtained by actually 
carrying out the component permutations of the earlier form. 
Hence s and fst are similar permutations. 

Since S355 635 515,85) 
it follows that s,s, and s,s, are similar permutations and there- 
fore that they are of the same order. Similarly it may be 
BG win tillatessS: Sp.be5s On ent eon on Srtere ron esse Sn Ale ale 
similar permutations. 

It may happen in particular cases that s and ¢~'s¢ are the 
same permutation. When this is so, t and s are permutable, 
that is, st and ts are equivalent to one another; for if 

S=tanst 
then ts = st. 

This will certainly be the case when none of the symbols 
that are interchanged by ¢ are altered Ly s; but it may happen 
when s and ¢ operate on the same symbols. Thus if 

s=(ab) (cd), t = (ac) (bd), 
then st = (ad) (bc) =ts. 
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Ex. 1. Shew that every regular permutation is some power of 
a circular permutation. 


Ex. 2. If s, s’ are permutable regular permutations of the same 
mn letters of orders m and n, these numbers being relatively prime, 
shew that ss’ is a circular permutation in the mn letters. 


Ex. 3*, If s = (123) (456) (789), 
s, = (147) (258) (369), 
$= (456) (798), 


shew that s is permutable with both s, and s,, and that it can be 
formed by a combination of s, and s,. 


Ex. 4. Shew that the only permutations of » given letters 
which are permutable with a circular permutation of the n Jetters 
are the powers of the circular permutation. 


Ex. 5. Determine all the permutations of the ten symbols 
involved in 


s = (abede) (aByée) 


which are permutable with s. 


11. Acircular permutation of order two is called a trans- 
position. It may be easily verified that 


(pqr...8) = (pq) (pr).--(ps), 
so that every circular permutation can be represented as a 
product of transpositions; and thence, since every permutation 
is the product of a number of circular permutations, every 
permutation can be represented as a product of transpositions. 
It must be remembered, however, that, in general, when a 
permutation is represented in this way, some of the letters will 
occur more than once in the symbol, so that the sequence in which 
the constituent transpositions occur is essential. There is thus 
a fundamental difference from the case when the symbol of a 


permutation is the product of circular permutations, no two of 
which contain a common letter, 


Since (Pq) = (pp’) (9') (pp’), 
every transposition, and therefore every permutation of n letters, 
can be expressed in terms of the n — 1 transpositions 


(1,45) )s (Gale )sa0-5, 2k lan 


* It is often convenient to use digits rather than letters for the purpose of 
illustration. 
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The number of different ways in which a given permutation 
may be represented as a product of transpositions is evidently 
unlimited ; but it may be shewn that, however the representa- 
tion is effected, the number of transpositions is either always 
even or always odd. ‘To prove this, it is sufficient to consider 
the effect of a transposition on the square root of the dis- 
criminant of the n letters, which may be written 

r=n—1 ( s=n 
Dee it {: (a, ~ ay). 
r=1 s=r+1 

The transposition (a,a;) changes the sign of the factor 
a,—d@s;. When q is less than either r or s, the transposition 
interchanges the factors a,—a, and a,—a,; and when q is 
greater than either r or s, it interchanges the factors a, — 
and a;—d,. When q lies between r and s, the pair of factors 
@,;—_ and ag—a,; are interchanged and are both changed in 
sign. Hence the effect of the single transposition on D is 
to change its sign. Since any permutation can be expressed 
as the product of a number of transpositions, the effect of any 
permutation on D must be either to leave it unaltered or to 
change its sign. If a permutation leaves D unaltered it must, 
when expressed as a product of transpositions in any way, 
contain an even number of transpositions; and if it changes 
the sign of D, every representation of it, as a product of 
transpositions, must contain an odd number of transpositions. 
Hence no permutation is capable of being expressed both by 
an even and by an odd number of transpositions. 


A permutation is spoken of as odd or even, according as the 
transpositions which enter into its representation are odd or 
even in number. 

Further, an even permutation can always be represented as 
a product of circular permutations of order three. For any 
even permutation of n letters can be represented as the product 
of an even number of the n—1 transpositions 


(a, a2), (@,Q),.+-, (Q,4n), 


in appropriate sequence and with the proper number of 
occurrences; and the product of any consecutive pair of these 
(a,a,) (4,4) is the circular permutation (4,45). 
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Now (yz 4s) (A, AA) (44 Aye)? 
= (Ag) (Ay 2 Ay) (Hy Up 42) 
= (Ay As), 
so that every circular permutation of order three displacing 
a,, and therefore every even permutation of n letters, can be 
expressed in terms of the n—2 permutations 
(,Q2Q3), (@,GQ4),---, (A, A2Mn) 
and their powers. 


Ex. 1. Shew that every even permutation of m letters can be 
expressed in terms of 


(G03), (A, G4Ms),.-+05- 5 (yy 4a) 
when n is odd; and in terms of 
(a, 424s), (a, A445), tenes ’ (4, Gn_2%n-1), (A, Gn), 


when 7 is even. 


Ex. 2. If «+1 is odd and m is greater than 1, shew that every 
even permutation of mn+1 letters can be expressed in terms of 


(Or Os conan Ct +1)s (Oar ecan Can Nec sers 8 UG Giorcies aseets Cuenca): 


and if n+1 is even, that every permutation of mn+1 letters can be 
expressed in terms of this set of m circular permutations. 


The reader, who is not familiar with the notation explained in this chapter, 
may be advised to study in detail some of the simplest cases that present 
themselves. The permutations of four symbols are neither too simple nor too 
complicated for such a purpose. Moreover the fact that to each permutation 
of four symbols there corresponds a projective transformation of points in 
a plane, completely defined by the permutation of four arbitrarily chosen 
points, gives a geometrical interest to the discussion of this case. 


CHAPTER II. 


THE DEFINITION OF A GROUP. 


12. IN the present chapter we shall enter on our main 
subject and we shall begin with definitions, explanations and 
examples of what is meant by a group. 


Definition. Let 
Apes i 
represent a set of operations, which can be performed on the 
same object or set of objects. Suppose this set of operations 
has the following characteristics. 


(a) The operations of the set are all distinct, so that no 
two of them produce the same change in every possible appli- 
cation. 


(8) The result of performing successively any number of 
operations of the set, say A, B,..., K, is another definite 
operation of the set, which depends only on the component 
operations and the sequence in which they are carried out, and 
not on the way in which they may be regarded as associated. 
Thus A followed by B and B followed by C are operations of 
the set, say D and FL; and D followed by C is the same opera- 
tion as A followed by £. 

(y) A being any operation of the set, there is always 
another operation A_, belonging to the set, such that A 
followed by A_, produces no change in any object. The 
operation A_, is called the inverse of A. 


The set of operations is then said to form a Group. 
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From the definition of the inverse of A given in (y), it 
follows directly that A is the inverse of A_,. For if A changes 
any object © into 0’, A_, must change Q' into. Hence A_, 
followed by A leaves 9’, and therefore every object, unchanged. 

The operation resulting from the successive performance of 
the operations A, B,..., K in the sequence given is denoted by 
the symbol AB...K; and if © is any object on which the 
operations may be performed, the result of carrying out this 
compound operation on is denoted by 0. AB...K. 

If the component operations are all the same, say A, and r 
in number, the abbreviation A” will be used for the resultant 
operation, and it will be called the rth power of A. 


Definition. Two operations, A and B, are said to be 
permutable when AB and BA are the same operation. 


13. If AB and AC are the same operation, so also are 
A_,AB and A_,AC. But the operation A_,A produces no 
change in any object and therefore A_,AB and B, producing 
the same change in every object, are the same operation. Hence 
B and C are the same operation. 


This is expressed symbolically by saying that, if 
AB=AC, 
then Jab ws 
the sign of equality being used to imply that the symbols 
represent the same operation. 
In a similar way, if 
BA=CA; 
it follows that B=C. 


From conditions (8) and (vy), 4A_, must be a definite 
operation of the group. This operation, by definition, pro- 
duces no change in any possible object, and it must, by 
condition (a), be unique. It is called the ¢dentical operation. 


It will always be represented by E, and if A be any other 
operation, then 


H A= TAT 7A5 
and for every integer 7, 


Sa 
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14. The number of distinct operations contained in a 
group may be either finite or infinite. When the number is 
infinite, the group may contain operations which produce an 
infinitesimal change in every possible object or operand. 


Thus the totality of distinct displacements of a rigid body 
evidently forms a group, for they satisfy conditions (a), (8) and 
(y) of the definition. Moreover this group contains operations 
of the kind in question, namely infinitesimal twists; and 
each operation of the group can be constructed by the con- 
tinual repetition of a suitably chosen infinitesimal twist. 


Next, the set of translations, that arise by shifting a cube 
parallel to its edges through distances which are any multiples 
of an edge, forms a group containing an infinite number of 
operations ; but this group contains no operation which etfects 
an infinitesimal change in the position of the cube. 


As a third example, consider the set of displacements by 
which a complete right circular cone is brought to coincidence 
with itself. It consists of rotations through any angle about 
the axis of the cone, and rotations through two right angles 
about any line through the vertex at right angles to the 
axis. Once again this set of displacements satisfies the con- 
ditions (a), (@) and (vy) of the definition and forms a group. 


This last group contains infinitesimal operations, namely 
rotations round the axis through an infinitesimal angle; and 
every finite rotation round the axis can be formed by the 
continued repetition of an infinitesimal rotation, There is 
however in this case no infinitesimal displacement of the group 
by whose continued repetition a rotation through two right 
angles about a line through the vertex at right angles to the 
axis can be constructed. Of these three groups with an infinite 
number of operations, the first is said to be a continuous group, 
the second a discontinuous group, and the third a mixed group. 


Continuous groups and mixed groups lie entirely outside the 
plan of the present treatise; and though, later on, some of the 
properties of discontinuous groups with an infinite number of 
operations will be considered, such groups will be approached 
from a point of view suggested by the treatment of groups 
containing a finite number of operations. We pass on then at 
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once to the case of groups which contain a finite number only 
of distinct operations, 


15. Definition. If the number of distinct operations con- 
tained in a group be finite, the number is called the order of 
the group. 

Let S be an operation of a group of finite order N, Then 
the infinite series of operations 

Se ee 
must all be contained in the group, and therefore a finite 
number of them only can be distinct. If S”*” is the first of 
the series which is the same as one that precedes it, say S”, 
and if S"_, is the operation inverse to S”, then 
Smrn Poteet = S” S™_, = E, 


or S™ = #. 
Exactly as in § 8, it may be shewn that, if 
St = #, 


» must be avmultiple of m, and that the operations S, S?,...... 
S”-? are all distinct. 


Since the group contains only NV distinct operations, m 
must be equal to or less than N. It will be seen later that, if 
m is less than NV, it must bea factor of NV. 


The integer m is called the order of the operation 8S. The 
order m’ of the operation S* is the least integer for which 


Ser a= hy. 
that is, for which an’ = 0 (mod. m). 
Hence, if g is the greatest common factor of # and m, 
gm =m. 


In particular, if m is prime, all the powers of S, whose indices 
are less than m, are of order m. 


Since PSS Shee Ke (ig ay 
and SA 5% )ay=thh, 
it follows that (3) aaa", 


If now a meaning be attached to S-*, by assuming that 
the equation 


Sety = Szsy 
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holds when either a or y is a negative integer, then 
Seta Ss = S- 

and (oe = See 

so that S~* denotes the inverse of the operation S*. 


lhe, Ibe NEG Wh yodocan , S., Sq are operations of a group, shew that 
the operation inverse to S,°S;"......8,’Sq° is S47 °S,7%...... bata hiss 


Thee Le S\(= £), 82, Ss,..., Sy 


are the NV operations of a group of order WN, the set of NV 
operations 

Dr Dighdr Saplbrosscs) Ney, 
are (§ 13) all distinct ; and their number is equal to the order of 
the group. Hence every operation of the group occurs once 
and only once in this set. 


Similarly every operation of the group occurs once and only 
once in the set 
Di Sry Ser, DsOpse) Shore 
Every operation of the group can therefore be represented 
as the product of two operations of the group, and either the 
first factor or the second factor can be chosen at will. 


A relation of the form 
Sp= Sehr 
between three operations of the group will not in general 
involve any necessary relation between the order of S, and the 
orders of S, and S,. If however the two latter are permutable 
the relation requires that, for all values of a, 


ip = Behr ; 
and in that case the order of S, is equal to or is a factor of the 
least common multiple of the orders of S, and S,. 


Suppose now that S, an operation of the group, is of order 
mn, where m and n are relatively prime. Then we may shew 
that, of the various ways in which S may be represented as the 
product of two operations of the group, there is just one in 
which the operations are permutable and of orders m and n 
respectively. 
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Thus let S" = M, 
and Si =xJV, 


so that M, N are operations of orders m and n. Since S™ and 
S” are permutable, so also are VM and N, and powers of M and N. 


If x, y are integers satisfying the equation 
an+ym=l1, 
every other integral solution is given by 
L=Xy+tm, y=Yo— tn, 
where ¢ is an integer. 
Now MeN = S19" = 8 - 


and since 2 and m are relatively prime, as also are y and n, 
M* and NY are permutable operations of orders m and n, so 
that S is expressed in the desired form. 


Moreover, it is the only expression of this form; for let 
ie Maly f 
where M, and N, are permutable and of orders m and n. 
Then S*= M,", since N,"= LE. 


Hence My =M, 
or f= 
or MP" = 
But M,"= £, and therefore M,-v™= EF; hence 
M, = M*. 


In the same way it is shewn that NV, is the same as NY. The 
representation of S in the desired form is therefore unique. 


17. Two given operations of a group successively performed 
give rise to a third operation of the group which, when the 
operations are of known concrete form, may be determined by 
actually carrying out the two given operations. ‘Thus the set 
of finite rotations, which bring a regular solid to coincidence 
with itself, evidently form a group; and it is a purely geo- 
metrical problem to determine that particular rotation of the 


group which arises from the successive performance of two 
given rotations of the group. 
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When the operations are represented by symbols, the rela- 

tion in question is represented by an equation of the form 

AB=C; 
but the equation indicates nothing of the nature of the actual 
operations. Now it may happen, when the operations of two 
groups of equal order are represented by symbols, 

G),, Exeds. 8, Caes.: 
HT pawl einer lao Sel fears 

that, to every relation of the form 

AB == (} 
between operations of the first group, there corresponds the 
relation 

I ARAN 6: 
between operations of the second group. In such a case, 
although the nature of the actual operations in the first group 
may be entirely different from the nature of those in the 
second, the laws according to which the operations of each 
group combine among themselves are identical. The following 
series of groups of operations, of order six, will at once illustrate 
the possibility just mentioned, and will serve as concrete 
examples to familiarize the reader with the conception of a 
group of operations. 


I. Group of inversions. Let P, Q, R be three circles with 
a common radical axis and let each pair of them intersect at an 
angle 47. Denote the operations of inversion with respect to 
P,Q, R by U, V, W; and denote successive inversions at P, R 
and at P, Q by Sand 7. The object of operation may be any 
point in the plane of the circles, except the two common points 
in which they intersect. Then it is easy to verify, from the 
geometrical properties of inversion, that the operations 


ye Sil |B SN Rg 


are all distinct, and that they form a group. For instance, VW 
represents successive inversions at @ and R. But successive 
inversions at Q and R produce the same displacement of points 
as successive inversions at P and Q, and therefore 


VWeT. 
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II. Group of rotations. Let POP’, QOQ’, ROR’ be three 
concurrent lines in a plane such that each of the angles POQ 
and QOR is 47, and let JOJ’ be a perpendicular to their plane. 
Denote by S a rotation round JI’ through 37 bringing PP’ to 
Q’Q; and by 7 a rotation round JJ’ through 47 bringing PP’ 
to R’R. Denote also by U, V, W rotations through two right 
angles round PP’, QQ’, RR’. The object of the rotations may 
be any point or set of points in space. Then it may again be 
verified, by simple geometrical considerations, that the opera- 
tions 


ES, Pe Va 


are distinct and that they fourm a group. 


III. Group of linear transformations of a single variable. 
The operation of replacing 2 by a given function f(a) of itself 
is sometimes represented by the symbol (a, f(x)). With this 
notation, if 
S=(x —) T=(z — U=(a#,1-—2) V=(2 *) 

> 1l—ay’ : J : Sd ihe Age), 


x 


W= («, ) ie Dieses), 


it may again be verified without difficulty that these six 
operations form a group. 


IV. Group of linear transformations of two variables. 
With a similar notation, the six operations 
S=(a, ox; y, oy) T=(«, wo; y, wy), U=(a, 07; y, wx), 
Va(@y;y% Wea, oy; 0%), E=(a,2; 4,4) 
form a group, if w is an imaginary cube root of unity. 
V. Group, of linear transformations to a prime modulus. 
The six operations defined by 
S=(a, #+1), T =(a, +2), U =(a, 2x +2), 
V=(@, 2a), W="(a, 2a+1), H=(a, x), 
where each transformation is taken to modulus 3, form a group. 


VI. Group of permutations of 3 symbols. The six permuta- 
tions 


E, S=(ayz), T=(azy) U=a(yz), V= y(zxz), W=2z (ay) 
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are the only permutations that can be formed with three 
symbols; they must therefore form a group. 


VIL Group of permutations of 6 symbols. The permuta- 
tions 


EL, S=(ayz) (abe), T=(azy)(acb), U=(xb) (ya) (zc), 
V =(ea)(ye) (2b), W-=(ae) (yb) (ca) 


may be verified to form a group. 


VIII. Group of permutations of 6 symbols. The permuta- 
tions 
E, S=(aaybzc), T=(ayz)(abc), U=(ab) (yc) (za), 
V=(azy)(acb), W=(aczbya) 
form a group. 

The operations in the first seven of these groups, as well as 
the objects of operation, are quite different from one group to 
another; but it may be shewn that the laws according to which 
the operations, denoted by the same letters in the different 
groups, combine together are identical for all seven. There is 
no difficulty in verifying that in each instance 
Sta Fo T=8*% U=f Ve=SU=U8*, W=StU=Us; 
and from these relations the complete system, according to 
which the six operations in each of the seven groups combine 
together, may be at once constructed. This is given by the 
following multiplication table, where the left-hand vertical 
column gives the first factor and the top horizontal line the 
second factor in each product; thus the table is to be read 
SE=S, ST=H, SU=VJ, and so on. 

Eee eae BOlaty al 


ED AEGIS TORY 
aga re Det) VS PT 
eT eek Sy OC" Gey” 
Cae Wien gle aS 
Vila ate! cp patie Le 
Wate eye el i! eS 


But, though the operations of the seventh and eighth 
groups are of the same nature and though the operands are 
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identical, the laws according to which the six operations com- 
bine together are quite distinct for the two groups. Thus, for 
the last group, it may be shewn that 


T= 82" U=S8', V=S*, W=8) B= 2; 


so that the operations of this group may, in fact, be represented 
by 
Ey Syoa) S es ss e 


18. If we pay no attention to the nature of the actual 
operations and operands, and consider only the number of the 
former and the laws according to which they combine, the first 
seven groups of the preceding paragraph are identical with 
each other. From this point of view a group, abstractly 
considered, is completely defined by its multiplication table ; 
and, conversely, the multiplication table must implicitly contain 
all properties of the group which are independent of any special 
mode of representation. 


It is of course obvious that this table cannot be arbitrarily 
constructed. » Thus, if 


AB= P and BO=U, 


the entry in the table for PC must be the same as that for AQ. 
Except in the very simplest cases, the attempt to form a 
consistent multiplication table, merely by trial, would be most 
laborious. 


The very existence of the table shews that the symbols 
denoting the different operations of the group are not all 
independent of each other; and since the number of symbols is 
finite, it follows that there must exist a set of symbols 
S,, S2,..., Sn no one of which can be expressed in terms of the 
remainder, while every operation of the group is expressible in 
terms of the set. Such a set is called a set of fundamental or 
generating operations of the group. Moreover though no one 
of the generating operations can be expressed in terms of the 
remainder, there must be relations of the general form 


Sint Sp? sae .Gp?= EB 


among them, as otherwise the group would be of infinite order; 
and the number of these relations, which are independent 
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of one another, must be finite. Among them there necessarily 
occur the relations 


8,%= HF, So=£,...... Se 
giving the orders of the fundamental operations. 


We thus arrive at a virtually new conception of a group; 
it can be regarded as arising from a finite number of funda- 
mental operations connected by a finite number of independent 
relations. But it is to be noted that there is no reason for 
supposing that such an origin for a group is unique; indeed, 
in general, it is not so. Thus there is no difficulty in verifying 
that the group, whose multiplication table is given in § 17, is 
completely specified either by the system of relations 


Pah, C= hf, Huy =z; 
or by the system 
UA BY ea CU ee ek, 


In other words, it may be generated by two operations of 
orders 2 and 3, or by two operations of order 2. So also the 
last group of § 17 is specified either by 

Sas 
or by Tes OP Sh TUS UT. 


19. Definition. Let G and G’ be two groups of equal 
order. If a correspondence can be established between the 
operations of G and G’, so that to every operation of G there 
corresponds a single operation of G’ and to every operation of 
G’ there corresponds a single operation of G, while to the 
product AB of any two operations of G there corresponds the 
product A’B’ of the two corresponding operations of G’, the 
groups @ and G’ are said to be simply tsomorphic*. Two 
simply isomorphic groups are, abstractly considered, identical. 


In discussing the properties of groups, some definite 
mode of representation is, in general, indispensable; and as 
long as we are dealing with the properties of a group per se, 
and not with properties which depend on the form of 
representation, the group may, if convenient, be replaced by 


* We shall sometimes use the phrase that two groups are of the same type 
to denote that they are simply isomorphic, 
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any group which is simply isomorphic with it. For the dis- 
cussion of such properties, it would be most natural to suppose 
the group given either by its multiplication table or by its 
fundamental operations and the relations connecting them. 
Unfortunately, however, these purely abstract modes of repre- 
senting a group are by no means the easiest to deal with. 
It thus becomes an important question to determine as far 
as possible what different concrete forms of representation any 
particular group may be capable of; and we shall accordingly 
end the present chapter with a demonstration of the following 
general theorem bearing on this question. 


20. THEOREM. very group of finite order N can be 
represented as a group of regular permutations of N symbols*. 
Let §: (= £2), Sess. sePiteexas. oy 
be the WV operations of the group. Then 
Si Sepa Sins Diocese woe 
are the VV operations in some altered sequence, and 
7 & S, Sco S; Brees Sw ) 
SSS oSaSiidegs iano wos 
is a permutation s; performed on the symbols of the WV cpera- 
tions. If m is the order of S;, this permutation replaces 
Sp VV iekky, Dpis DY Spots SNUsgue a ly wp, 
whatever operation S, may be. It is therefore a regular 


permutation of the NV symbols. Moreover it may clearly be 
represented in the abbreviated form 


(ss) 


Corresponding to the N operations of the group there thus 
arises a set of V regular permutations on the V symbols, viz. 


S : 
S; Or isa: (a=1,,2;...,aV). 


The WV permutations are all distinct: for if 


8; = 8), 
S S 
then (ea | = (ss) ’ 
and S; = 8). 


* Jordan, Traité des Substitutions (1870), pp. 60, 61. 
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Moreover the product of any two of the permutations is another 


permutation of the set; for 
he as (5 ) rs Aa) ag 


i (ae rd ee a 


if S;S; =S8,. 

Hence the N regular permutations constitute a group of 
regular permutations simply isomorphic with the given group. 
This group has been arrived at by what may be called post- 
multiplication, i.e. in forming the permutation that corresponds 


Th R 


; S 
to S;, viz. wal S; has been taken as the second factor. If 


pre-multiplication be used, and the regular permutation 
( Sa 5) Se yeeey S; peeey Sy ) 
SS, Oia oo Sc:5 Se oe. 1) Shmpaet se 
S 
a ee) 
be denoted by s;’; then, again, corresponding to the WV operations 


of the group there arises a set of NV regular permutations, viz. 
al 


p Ss ; 
8; or eae; (1=1, 2,..., W), 
which are as before all distinct. Moreover the product of any 
two permutations of this set is another of the set; for 


88; = ae i) bey 2 ey Ges 


° Rages! . gue Te 


if SiS; =S;- 

This second set of permutations therefore constitute a group 
of regular permutations of the NV symbols simply isomorphic 
with the given group. 

The two representations of a group of order NV as a group of 
regular permutations of NV symbols are in general different 
from each other. In fact, if 

5; = 5; 
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oe i) = een 

and Sop 8s 5, 

for each operation S of the group. Hence 
S,= S77, 

and SS; = 8,8, 


or S; must be permutable with every operation of the group. 
The two groups will therefore consist of the same permutations 
only when every pair of operations of the group are permutable. 
The two groups moreover have the remarkable property that 
every permutation of the one is permutable with every per- 
mutation of the other. Thus 


sai =( alt 8 ) =( = ) = a/s: 

7? SS; \S78 S788; sia 

Further, since the V permutations of the second group change 
8, respectively into each of the symbols S,, S,,..., Sy, if there 
were another permutation permutable with every permutation 
of the first group and changing S, into S;, there would be a 
permutation leaving S, unchanged and permutable with every 
permutation of the first group. But such a permutation must 
obviously leave each of the symbols unchanged. Hence the 
NV permutations of the second group are the only ones which 
are permutable with every permutation of the first. 


21. It will be seen later that there are many other concrete 
forms in which it is always possible to represent a group of 
finite order. None, however, are so directly and simply related 
to the multiplication table of the group as the representation 
in the form of a regular permutation group. 


CHAPTER III. 


ON THE SIMPLER PROPERTIES OF A GROUP WHICH 
ARE INDEPENDENT OF ITS MODE OF REPRESENTATION, 


22. In this chapter we proceed to discuss some of the 
simplest of the properties of groups of finite order which are 
independent of their mode of representation. 


If among the operations of a group G@ a certain set can be 
chosen which do not exhaust all the operations of the group G, 
yet which at the same time satisfy all the conditions of § 12 so 
that they form another group H, this group H is called a sub- 
group of the group G. Thus if S be any operation, order m, 
of G, the operations 


evidently form a group; and when the order of @ is greater 
than m, this group is a sub-group of G. A sub-group of this 
nature, which consists of the different powers of a single 
operation, is called a cyclical sub-group; and a group, which 
consists of the different powers of a single operation, is called 
a cyclical group. 

THEorEM I. Jf H is a sub-group of G, the order n of H is 
a factor of the order N of G. 

Let ob CAT OF a ar cee rss ek, 
be the n operations of H; and let 8, be any operation of G 
which is not contained in H. 

Then the operations 

A SU ESR Bs BLASS 


are all distinct from each other and from the operations of H. 
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For if T,8,= TS, 
then Lola 
contrary to supposition ; and if 

oe Lote, 
then Samdion le, 


and S, would be contained among the operations of H. 


If the 2n operations thus obtained do not exhaust all the 
operations of G, let S; be any operation of G not contained 
among them. 

Then it may be shewn, by repeating the previous reasoning, 
that the n operations 

Tr oped eae ase ped eek 
are all different from each other and from the previous 2n 
operations. If the group G is still not exhausted, this process 


may be repeated; so that finally the NV operations of G can be 
exhibited in the form 


f, ? T, 2068.8 ’ Ye ; 
TS, ’ T,S, se exarene ) MMe } 
TUSs BLS shj cast Pi DSsd 
TiS T8m; sel a ’ YL 


Hence N= mm, and n is therefore a factor of N. 


Corollary. If S is an operation of G, the order n of Sisa 
factor of the order NV of G. 


For the order of S is also the order of the cyclical sub-group 
generated by S. 


When WV is a prime p, the group G@ can have no sub-group other 
than one of order unity consisting of the identical operation alone. 
Every operation S of the group, other than the identical operation, 
is of order p, and the group consists of the operations 


ER Sig tease ea 
A group whose order is prime is therefore necessarily cyclical. 
The set of operations 
DS, - Py Segeeen. plas 
where TL USL Ge FEAto. Tag 
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constitute a group H, may be conveniently represented by the 
abbreviation HS;. In using this notation it must be remembered 
that, H being a group, the operation S; is in no way distinguished 
from the other operations of the set. In fact 

heey hfs yvaid MMO Ry siaea, TEES: 
is the same set, so that 

HS; = HT;8;. 

With this notation, when H is a sub-group of G, the operations 
of G may, in respect of H, be arranged in the sets 


where mn is the order of G. 


Moreover pre-multiplication instead of post-multiplication 
might have been used in forming the sets. Thus if U; is an 
operation of G which does not belong to H, the operations 


bpd bo Bed pe8e Real han, 


are distinct from each other and from the operations of H. The 
operations of G may thus also be arranged in the sets 


These latter sets are however, except the first, in general quite 
different from those formed by post-multiplication, A similar 
notation will be found convenient even when 


do not constitute a group. If this set be denoted by the 
abbreviation R, then the sets 


and bap! AA Pe sal iy 

will be denoted by the abbreviations SR and RS respectively. 
In this more general case, however, S will not usually belong to 
either of the sets SR or RS; while SR and ST7;R (or RS and 
RT;8) are not usually the same set. 


23. THEOREM II. The operations common to two groups 
G,, G, themselves form a group g, whose order is a factor of the 
orders of Gy and Gy. 
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For if S, 7 are any two operations common to G, and G, 
ST is also common to both groups; and hence the common 
operations satisfy conditions («) and (9) of the definition in § 12. 
But their orders are finite and they must therefore satisfy also 
condition (vy), and form a group g. Moreover g is a sub-group 
of both G, and G,, and therefore by Theorem I its order is a 
factor of the orders of both these groups. 

If G, and G, are sub-groups of a third group G, then g is 
also clearly a sub-group of G. 


The set of operations, that arise by combining in every way 
the operations of the groups G, and G,, evidently satisfy the 
conditions of § 12 and form a group; but this will not necessarily 
or generally be a group of finite order. If however G, and G, 
are sub-groups of a group G of finite order, the group g’ that 
arises from their combination will necessarily be of finite order ; 
it may either coincide with G or be a sub-group of G. In 
either case, the order of g’ will be a multiple of the orders of 
G, and G;,. 

It is convenient here to explain a notation that enables 
us to avoid an otherwise rather cumbrous phraseology. Let 


Dee Sate eee. oO be a given set of operations, and Gj, Gy,...... a 
set of groups. Then the symbol 
(ou S,, Se teens > Gs Gs; teeeee } 


will be used to denote the group that arises by combining in 
every possible way the given operations and the operations of 
the given groups. 


Thus, for instance, the group g’ above would be represented 


by {Gi, Gs}; 
the cyclical group that arises from the powers of an operation 
S by WS}; 


aud, as a further example, the sixth group of §17 may be 
represented by 
(ry), (w2)}- 


24. Definition. If S and 7 are any two operations of a 
group, the operations S and 7ST are called conjugate opera- 


tions; while 7-87’ is spoken of as the result of transforming 
the operation S by 7. 
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The two operations S and 787 are identical only when S 
and 7 are permutable. For if 
S=T ST, 
then TS=ST. 


Two conjugate operations are always of the same order. 
For 
Pe rd ela ee tee i beat by 


= TAS"7., 
Therefore, if hig Op 
(TASTY =TOT=£; 
and conversely, if 
(TASTY = £, 
tien OS%= T7787 Taf (TRUSTY Thefts =f. 


The operations SZ and TS are always conjugate and 

therefore of the same order; for 
SST Sra Les L. 

Ex. Shew that the operations S,S)...... Ss io INl Sh orsooonse 
Si Onmenee S, are conjugate within the group {S), 8), ...... Saye 

Definitions. An operation S of a group G, which is 
identical with all its conjugate operations, is called a self- 
conjugate operation. Such an operation must evidently be 
permutable with each of the operations of G. 


If every pair of operations of a group are permutable, every 
operation is self-conjugate. Such a group is called an Abelian 
group. 

If all the operations of a group be transformed by a given 
operation, the set of transformed operations form a group. For 
if T, and 7, are any two operations of the group, so that 7,7, is 
also an operation of the group, then 


S978 .S3T7,8 =SAT,T,8; 


hence the product of any two operations of the transformed 
set is another operation belonging to the transformed set, and 
the set therefore forms a group. Moreover the preceding 
equation shews that the new group is simply isomorphic 
to the original group. If G is the given group, the symbol 
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SG will be used for the new group. When S belongs to the 
group G, the groups G and S“GS are evidently the same. 

Now unless S is a self-conjugate operation of G, the pairs 
of operations 7’ and S~7'S will not all be identical when for 7 
the different operations of G are put in succession. Hence the 
process of transforming all the operations of a group by one 
of themselves is equivalent to establishing a correspondence 
between the operations of the group, which exhibits it as 
simply isomorphic with itself. 

Definitions. When H is a sub-group of @ and S is any 
operation of G, the groups H and S7“HS are called conjugate 
sub-groups of G. 

If H and SHS are identical, S is said to be permutable 
with the sub-group H. This doves not necessarily involve that 
S is permutable with each of the operations of H. 

If H and S“#HS are identical, whatever operation S is of 
G, H is said to be a self-conjugate sub-group of G. 

A group*is called composite or simple, according as it does 
or does not possess at least one self-conjugate sub-group other 
than that formed of the identical operation alone. 

Every sub-group of an Abelian group is a self-conjugate 
sub-group. 

When 4 is a self-conjugate sub-group of G, the sets into 
which the operations of @ fall, in respect of H, by pre-multipli- 
cation and by post-multiplication are the same. 

For since 8; HS, =H, 

HS.=S:H, 
whatever operation of @ S; may be. 

Conversely, if the sets into which the operations of @ fall 
in respect of H by pre- and post-multiplication are the same, 
H inust be a self-conjugate sub-group. In fact, if the sets 


and TOTS Ae Oe 
are the same (except of course as regards sequence), then for 
each 7 it must be possible to find j so that 
UH = 8;, 
or = US; 5 hrm a iS) 
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Since S;7HS; is a group and H is a group, U;"S; must 
belong to the group S;“HS,, and therefore 
H= S;HS;, 
for every j; in other words, H is a self-conjugate sub-group 


of G. 


25. THEOREM III. The operations of a group G, which 
are permutable with a given operation T, form a sub-group H; 
and the order of G divided by the order of H is the number of 
operations conjugate to T*, 


If R, and R, are any two operations permutable with 7, so 
that R,T=TR, and #,T=Th,; 
then Rel = hel Re = TRB, 
and therefore R,R, is permutable with 7. The operations 
permutable with 7’ therefore form a group H. Let m be its 
order and 
Prat Gy Mae Beery Fate 
its operations. Then if S is any operation of G not contained 
in H, the operations 
ite Red rare salvia: wim 
all transform 7’ into the same operation 7”. 
For (2;8S)7TR,S = SOR OTR,S = STS. 
Also the m operations thus obtained are the only operations 
which transform 7’ into 7”; for if 
Se Pst 
then fs isha A/S Miata ifeW Miers Fa A 


and therefore S’S™ belongs to H. The number of operations 
which transform 7’ into any operation conjugate to it is there- 
fore equal to the number that transform T' into itself, that is, 
to the order of H. If then JN is the order of G, the operations 
of @ may be divided into N/m sets of m each, such that the 
operations of each set transform 7’ into a distinct operation, 
those of the first set, namely the operations of H, transforming 
T into itself. The number of operations conjugate to 7’, in- 
cluding itself, is therefore N/m. 


* Among these Z is of course included. 
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Since T=ST'SH, 
therefore Re TR, = host She 
hence 7’ =S7S8S =S7R;“TR;S =S7R8.T’. SRS, 
so that every operation of the form S“R,S is permutable with 
T’. Hence if H is the group of operations permutable with 7, 
and if 

Pomme his eo he 

then SHS is the group of operations permutable with 7”. 


TuHEorEM IV. The operations of a group G which are 
permutable with a sub-group H form a sub-group I, which is 
either identical with H or contains H as a self-conjugate sub- 
group. The order of G divided by the order of I is the number 
of sub-groups conjugate to H*. 

If S,, S, are any two operations of G which are permutable 
with H, then 

SAS, = SS, os,= 
and therefore Seo as Li bs = 
so that S,S,is permutable with H. The operations of G which 
are permutable with H therefore form a group J, which may be 
identical with H and, if not identical with H, must contain it. 
Also, if S is any operation of J, 
SHS = H, 


and therefore H is a self-conjugate sub-group of J. 

If now = is any operation of G not contained in J, it may 
be shewn, exactly as in the proof of Theorem III, that the 
operations J> and no others transform H into a conjugate 
sub-group H’ which is not identical with H; and therefore 
that the number of sub-groups in the conjugate set to which 
H belongs is the order of G divided by the order of J. 


The operations of G which are permutable with H’ may 
also be shewn to form the group >—J%. 

It is perhaps not superfluous to point out that two distinct 
conjugate sub-groups may have some operations in common 
with one another, 


* Among these sub-groups H is included. 
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26. Let S, be any operation of G, and 


the distinct operations obtained on transforming S, by every 
operation of G. The number, h, of these operations is, by 
Theorem III, a factor of N, the order of G. Moreover if, 
instead of transforming S,, we transform any other operation of 
the set, S;, by every operation of G, the same set of A distinct 
operations of G will result. Such a set of operations we call a 
conuplete set of conjugate operations. If 7’ is any operation of 
G which does not belong to this complete set of conjugate 
operations, no operation that is conjugate to 7 can belong to 
the set. Hence the operations of G may be distributed into a 
number of distinct sets such that every operation belongs to 
one set and no operation belongs to more than one set; while 
any set forms by itself a complete set of conjugate operations. 
If r is the number of complete sets of conjugate operations and 
| ee , A, are the numbers of operations in the different 
sets, then 


and, since the identical operation is self-conjugate, one at least 
of the h’s must be unity. 


Similarly, if H, is any sub-group of G, and 


the distinct sub-groups obtained on transforming H, by every 
operation of G, we call the set a complete set of conjugate 
sub-groups. If K is a sub-group of G not contained in the set, 
no sub-group conjugate to K can belong to the set. If the 
operation S, belongs to one or more of a complete set of con- 
jugate sub-groups, 28,2 must also belong to one or more 
sub-groups of the set, = being any operation of G. Hence 
among the operations contained in the complete set of con- 
jugate sub-groups, the complete set of conjugate operations 


occurs. 

No sub-group of G can contain operations belonging to 
every one of the complete sets of conjugate operations of G. 
For if such a sub-group H existed, the complete set of 
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conjugate sub-groups, to which H belongs, would contain all 
the operations of G. Let m be the order of H and n (2m) 
the order of the sub-group J formed of those operations of G 
which are permutable with H. Then H is one of N/n con- 
jugate sub-groups, each of which contains m operations. The 
identical operation is common to all these sub-groups, and they 
therefore cannot contain more than 
re: N(m-—1) 

n 
distinct operations in all. This number is less than NV, and 
therefore the complete set of conjugate sub-groups cannot 
contain all the operations of G. 


27. If a group contains self-conjugate operations, it must 
contain self-conjugate sub-groups. For the cyclical sub-group 
generated by any self-conjugate operation must be self-con- 
jugate. The only exception to this statement is the case of 
the cyclical groups of prime order. Every operation of such a 
group is clearly self-conjugate ; but since the cyclical sub-group 
generated “by any operation coincides with the group itself, 
there can be no self-conjugate sub-group *. 


If every operation of a group is not self-conjugate, or, in 
other words, if the operations of a group are not all permutable 
with each other, the totality of the self-conjugate operations 
forms a self-conjugate sub-group. For, if S, and 8S, are per- 
mutable with every operation of the group, so also is S,S,. 
This sub-group has been called the central of the group. 


THEOREM V. The operations common to a complete set of 
conjugate sub-groups form a self-conjugate sub-group. 

It is an immediate consequence of Theorem II that the 
operations common to a complete set of conjugate sub-groups 
form a sub-group. The set of conjugate sub-groups, when 
transformed by any operation of the group, is changed into 
itself. Hence their common sub-group must be self-conjugate. 

It may of course happen that the identical operation is the 
only one which is common to every sub-group of the set. 


* Strictly speaking, this statement should be qualified by the addition 
“except that formed by the identical operation alone.’ No real ambiguity 
however will be introduced by always leaving this exception unexpressed. 
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Corollary. The operations permutable with each of a 
complete set of conjugate sub-groups form a self-conjugate 
sub-group. 

For, if the operations permutable with the sub-group H 
form a sub-group J, the operations permutable with every 
sub-group of the conjugate set to which H belongs are the 
operations common to every sub-group of the conjugate set to 
which J belongs. 

Further, the operations which are permutable with every 
operation of a complete set of conjugate sub-groups form a 
self-conjugate sub-group. 


THeoREM VI. Jf 7,, T,,..., T, are a complete set of con- 
jugate operations of G, the group {T,, T.,..., Tr}, of it does not 
coincide with G, is a self-conjugate sub-group of G; and it 
is the self-conjugate sub-group of smallest order that con- 
tains T,. 

Since the operations 7}, T,,..., Z, are merely rearranged in 
a new sequence when the set is transformed by any operation 
of G, it follows that 

Pes APP EERE ST Ws Ee EES ARES EE 
whatever operation of G may be represented by S. Hence 
{T,, T.,..., Ty} is a self-conjugate sub-group. Also any self- 
conjugate sub-group of G that contains 7, must contain 
T,, Ty,..., [,; and therefore any self-conjugate sub-group of G 
which contains 7, must contain {7,, 7,,..., Th}. 


In exactly the same way it may be shewn that, if 
H,, HD} Hi, 
form a complete set of conjugate sub-groups of G, the group 
{H,, H,,..., H,}, if it does not coincide with G, is the smallest 
self-conjugate sub-group of @ which contains the sub-group 4. 


The theorem just proved suggests a process for determining 
whether any given group is simple or composite. To this end, 
the groups {7}, T2,..., Tn} corresponding to each set of conjugate 
operations in the group are formed. It any one of them 
differs from the group itself, it is a self-conjugate sub-group 
and the group is composite; but if each group so formed 
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coincides with the original group, the latter is simple. If 
the order of 7, contains more than one prime factor and if 
T” is of prime order, it is easy to see that the distinct 
operations of the set 7”, 7,”,..., T," form a complete set of 
conjugate operations, and that the group {71, i; 2a61 g} con? 
tains the group {7,", T,”,..., 7;"}. Hence practically it is 
sufficient to form the groups {7\, 7,,..., T;} for all conjugate 
sets of operations whose orders are prime. 

With the notation of § 26 (p. 33), the order of any self- 
conjugate sub-group of G must be of the form A,+hg+...... : 
for if the sub-group contains any given operation, it must contain 
all the operations conjugate with it. Moreover one at least of 
the numbers h,, hg,...... must be unity, since the sub-group must 
contain the identical operation. It may happen that the numbers 
h; are such that the only factors of V of the form h,+hg+...... ; 
one of the /’s being unity, are V itself and unity. When this is 
the case, G is necessarily a simple group. It must not however 
be inferred that, if VV has factors of this form, other than J itself 
and unity, then @ is necessarily composite. 

If G, and G, are sub-groups of G, it has already been seen 
(§ 23) that the operations common to G, and G, form a sub- 
group g of G; and it is now obvious that, when G, and G, are 
self-conjugate sub-groups, so also is g. Moreover the group 
{G,, G} is a self-conjugate sub-group unless it coincides with 
Game Lor 


B-1G,, GSH 186,58, S-GISp40., G2. 


Again, with the same notation, if 7, is an operation of G 
not contained in the self-conjugate sub-group G,, and if 
f,, T,,..., T, is a complete set of conjugate operations, the 
group {G,, 7,, 7),..., Ty} is a self-conjugate sub-group, unless 
it coincides with G. 


Definitions. If G,, a self-conjugate sub-group of G, is 

such that the group 
(Gi ele Le. cor 1h) 

coincides with G, when 7}, T,,..., TZ, is any complete set of 
conjugate operations not contained in G,, then G, is said to 
be a maximum self-conjugate sub-group of G. This does not 
imply that G, is the self-conjugate sub-group of G@ of abso- 
lutely greatest order; but that there is no self-conjugate sub- 
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group of G, distinct from @ itself, which contains G, and is of 
greater order than G,. 


If H is a sub-group of G, and if, for every operation S of G 
which does not belong to H, the group {H, S} coincides with G, 
H is said to be a maximum sub-group of G. 


28. Definition. When a correspondence can be estab- 
lished between the operations of a group @ and the operations 
of a group G’, whose order is smaller than the order of G, such 
that to each operation S of G@ there corresponds a single 
operation S’ of G’, while to the operation S,S, there corresponds 
the operation S,’S,’, the group G is said to be multiply iso- 
morphic with the group G’. 


THEOREM VII. Jf a group G is multiply isomorphic with 
a group G’, then (1) the operations of G, which correspond to the 
identical operation of G’, form a self-conjugate sub-group of G; 
(ii) to each operation of G’ there correspond the same number of 
operations of G; (ili) the order of any operation of G ts equal 
to or ts a multiple of the order of the corresponding operation of 
G ; and (iv) the order of G is a multiple of the order of G’. 


Let Spies het oe hasue in 
be the set of operations of G which correspond to the identical 
operation EZ” of G’. These operations must form a group, since 
to S,S, corresponds the operation #’H’, i.e. the identical opera- 
tion of G’; and therefore S,S, must belong to the set. 

Again, to the operation 71S, 7 of G corresponds the opera- 
tion 7’k’T", that is, the identical operation of G’. Hence, 
whatever operation of G is taken for 7, 

T41 TSF ‘Daren Sr} = 10, ‘sheeges Dare 

The sub-group H of G formed of the operations 

Si, Juseh 5 Sn» Sa 
is therefore self-conjugate. 

Again, if 7’ and 7; are two operations of G which correspond 

to the operation Z” of G@’, the operation 7'“T, corresponds to 


the identical operation of G’, and therefore belongs to H. 
Hence the operations that correspond to 7” are all contained 
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in the set TH. The operations of this set are all distinct 
and equal in number to the order of H. Hence if n is the 
order of H, to each operation of G’ there correspond n opera- 
tions of G. 


If p is the order of 7’, so that p is the least index for 
which 
T’?= EK’, 
then p is the least index for which the distinct operations of 
the set (7H)? belong to H. 


Hence Tr=8; 


where S; is some operation of H; and therefore the order of 7 
is equal to or is a multiple of p. 


Finally, since to each operation of G there corresponds only 
one of G, while to each operation of G’ there correspond n of G, 
the order of G is n times the order of G”. 


To any sub-group of G’ of order yw, there corresponds a 
sub-group of G of order wn. For if 7,’T7 forms one of the 
set . 

OBES ol bel ed hei Als 
at least one, and therefore all, of the set 7,,T7,H must occur 
among 
Ps POR ae! OW c BARC Wed BERR WR Ef 
and hence these operations form a group. Moreover, if the 
sub-group of G’ is self-conjugate, so also is the corresponding 
sub-group of G. 


It should be noticed that no correspondence is thus es- 
tablished between a sub-group of G which does not contain H 
and any sub-group of @’. 


29. The group G’ of the previous paragraph is completely 
determinate, that is to say, its multiplication table may be 
constructed, from a knowledge of the group G alone. 


Let 6 EG es ae ad ef 


be the sets into which the operations of fall in respect of H, 
mn being the order of G. Then 


T;H. TH = T;7;. TAHT A = T;T,H .H, 


Chey 


29] FACTOR GROUPS 39 


since H is a self-conjugate sub-group. Now the set H.H 
gives each operation of H repeated n times, so that 


and if 77; belongs to the set 7,H, then 7;7;H is the same set 
as T.H. Therefore 
Ded ot ld ly Lae 


or OTE Pe Hale Hie 
nm n n 


The symbols +7, H (i=1,2,...,m) 


therefore combine by multiplication according to exactly the 
same laws as the operations 7;’ (7 = 1, 2,..., m) of the group @’. 


It follows that a group G’ with which a group G is multiply 
isomorphic, in such a way that to the identical operation of G’ 
there corresponds a given self-conjugate sub-group H of G@, is 
completely defined (as an abstract group) when G and H are 
given. This being so it is natural to use a symbol to denote 
directly the group thus defined in terms of G and H. Herr 
Holder* has introduced the symbol 


G/H 


to represent this group; he calls it the quotient of G by H, 
and a factor-group of G. We shall in the sequel make 
constant use both of the symbol and of the phrase thus 
defined. 


It may not be superfluous to notice that the symbol G/H 
has no meaning¢, unless H is a self-conjugate sub-group of G. 
Moreover, it may happen that G has two simply isomorphic 
self-conjugate sub-groups H and H’. When this is the case, 
there is no necessary relation between the factor-groups G/H 
and G/H’ (except of course that their orders are equal); in 

* «Zur Reduction der algebraischen Gleichungen,” Math. Ann. xxxtv (1889), 

Nols : 5 
y + Herr Frobenius has extended the use of the symbol to the case in which H 
is any group, whether contained in G or not, with which every operation of G is 


permutable: ‘Ueber endliche Gruppen,” Berliner Sitzungsberichte, 1895, p. 169. 
We shall always use the symbol in the sense defined in the text. 


MATH LIGRKRY 
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other words, the type of the factor-group G/H depends on the 
actual self-conjugate sub-group of G which is chosen for H and 
not merely on the type of H. 


Further, though in relation to its definition by means of G 
and H we call G@/H a factor-group of G, we may without 
ambiguity, since the symbol represents a group of definite 
type, omit the word factor and speak of the group G/H. It is 
also to be observed that G has not necessarily a sub-group simply 
isomorphic with G/H. This may or may not be the case. 


30. If G is multiply isomorphic with G’ so that the self- 
conjugate sub-group H of G corresponds to the identrcal 
operation of G’, it was shewn, at the end of § 28, that to any 
self-conjugate sub-group of G@’ there corresponds a self-conjugate 
sub-group of @ containing H. Hence, unless G/H is a simple 
group, H cannot be a maximum self-conjugate sub-group of 
G. If g, is any self-conjugate sub-group of G/H, and G, the 
corresponding (necessarily self-conjugate) sub-group of G, con- 
taining H, we may form the factor-group G/G,, and determine 
again whether this group is simple or composite. By continuing 
this process a maximum self-conjugate sub-group of G, con- 
taining H, must at last be reached. 


31. Though G/H is completely defined by G and H, where 
H is any given self-conjugate sub-group of G, the reader will 
easily verify that G is not in general determined when A and 
G/H are given. 

We shall have in the sequel to consider the solution of 
this problem in various particular cases. There is, however, in 
every case one solution of it which is immediately obvious. 
We may take any two groups G, and G,, simply isomorphic 
with the given groups H and G/H, such that G, and G, have 
no common operation except identity, while each operation 
of one is permutable with each operation of the other. The 
group {G,, G,}, formed by combining these two, is clearly such 
that {G,, G.}/G, is simply isomorphic with G/H; it therefore 
gives a solution of the problem, 


Definition. If two groups G,, G, have no common opera- 
tion except identity, and if each operation of G, is permutable 
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with each operation of G,, the group {G4, G,} is called the 
direct product of G, and G4. 


Ex. If H, h are self-conjugate sub-groups of G, and if A is 
contained in H, so that H/h is a self-conjugate sub-group of G/h, 
ay that the quotient of @/h by H/h is simply isomorphic with 

H. 


32. If H is a self-conjugate sub-group of G, of order n, and if 
H’ is a self-conjugate sub-group of @’, of order n’, and if G/H and 
G'/H' are simply isomorphic, a correspondence of the most general 
kind may be established between the operations of G and @’. To 
every operation of @ (or G’) there will correspond 7’ (or v) operations 
of G'’ (or G@),in such a way that to the product of any two operations 
of G (or G’) there corresponds a definite set of m' (or nm) operations 
of G’ (or G). Let 


Gat) Sob Ss ieee: , oe? 
and ews gio, td ad wre TO pas 
and in the simple isomorphism between G'/H and G'/H’, let S, and 
S, (r=0, 1,..., m—1) be corresponding operations. Then if we 


take the set S,’H’ as the n’ operations of G’ that correspond to any 
operation of the set S,H of G, and the set S, H as the nm operations 
of G that correspond to any operation of the set S,’H’ of G’, the 
correspondence is, in fact, established. 


For, if h,’ and A,’ are any two operations of H’, the set of opera- 
tions S,’h,'S,'h,' includes 7’ distinct operations only, namely those of 
the set S,’.S,/H’. Hence to the product of any given operation of 
the set S,,.H by any given operation of the set S,H, there corresponds 
the set of »’ operations S,’S,’H'; at the same time the product of 
the two given operations belongs (in consequence of the isomorphism 
between G'/H and G'/H’) to the set S.S,H. The same statements 
clearly hold when we interchange accented and unaccented symbols. 


We still speak of G and G’ as isomorphic groups, and the corre- 
spondence between their operations is said to give an n’-to-n isomor- 
phism of the two groups. We shall return to this general form of 
isomorphism in dealing with intransitive permutation groups. 


33. Definition. Two groups G and G’ are said to be 
permutable with each other when the distinct operations of 
the set S,;S/, where for S; every operation of the group G is 
put in turn and for Sj every operation of the group G’, coincide 
with the distinct operations of the set SjS; except possibly 
as regards arrangement. 
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If the two groups @ and G’ are permutable, the group 
{G, G’} must be of finite order. For, by the definition, every 
operation 

cas Miging Pro ieee 
can be reduced to the form S;S;/; and therefore the number 
of distinct operations of the group {G, G’} cannot exceed the 
product of the orders of Gand G’. Let g be the group formed 
of the common operations of G and G’. Divide the operations 
of these groups into the sets 


0,§25 Yea, ee as 
and Papi PSN he etn easeheieee ker praee 


Then every operation of the set S;S; can clearly be ex- 
pressed in the form 
ZpY2a) 
where vy is some operation of g. And no two operations of this 
form can be identical, for if 


= "1 > = ever 


then | ie btn RES FO He 

so that 2;’=,'—! belongs to g. But this is only possible if 
Pa Spe 

which leads to f= 

and Yo = Y1- 


The order of {G, G’} is therefore the product of the orders of G 
and G@’, divided by the order of g. 


If every operation of G is permutable with @’, then g must 
be a self-conjugate sub-group of G. For G and G’ are trans- 
formed, each into itself, by any operation of G; and therefore 


their common sub-group g must be transformed into itself by 
any operation of @. 


Moreover those operations of G, which are permutable with 
every operation of G’, form a self-conjugate sub-group of G. 
For if 7 is an operation of G, which is permutable with every 
operation S’ of G’, so that 


T>8'T =8', 
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and if S is any operation of G, then 
STs. Ss 88.8 T8S=S 88, 

so that S*7'S is permutable with every operation of G’. Hence 
every operation of G, which is conjugate to 7’, is permutable 
with every operation of G’; and the operations of G, which are 
permutable with every operation of G@’, therefore form a self- 
conjugate sub-group. 

If G is a simple group, g must consist of the identical 
operation only; and either all the operations of G, or none of 
them, must be permutable with every operation of G’. 


A special case is that in which the two groups (’ and @ are 
respectively a self-conjugate sub-group J and any sub-group H 
of some third group; for then every operation of H is per- 
mutable with J. If H isa cyclical sub-group generated by an 
operation S of order n, and if S™” is the lowest power of S 
which occurs in J, then m must be a factor of ». For if m/ is 
the greatest common factor of m and n, integers # and y can be 
found such that 


' 


Lm + yn=™M. 
Now Sm = Semryn — Rew 
and therefore S™ belongs to J. Hence m’ cannot be less than 
m, and therefore m is a factor of n. Moreover, since {S™} is 
a sub-group of I, the order of J must be divisible by n/m. 
Hence :— 


THEOREM VIII. Jf an operation S, of order n, 1s permutable 
with a group G, and if S™ is the lowest power of S which occurs 
in G; then m is a factor of n, and n/m is a factor of the order 
of G. 

The operations of {G, S} can clearly be distributed in the 
sets 

GAGS, GS4 Ge? ; 
and no two of the operations S, S?%,..., S™ are conjugate in 
(GOS 

34. A still more special case, but it is most important, is 

that in which the two groups are both of them self-conjugate 
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sub-groups of some third group. If in this case the two groups 
are G and H, while S and 7’ are any operations of the two 
groups respectively, then 

SHS = H, 
and eG = Ge 
so that every operation of G is permutable with H and every 
operation of H is permutable with G. 


Consider now the operation S?7—“ST7. Regarded as the 
product of Sand TST it belongs to G, and regarded as the 
product of S778 and 7 it belongs to H. Every operation of 
this form therefore belongs to the common group of G and H. 
If G and H have no common operation except identity, then 


S2T38T=E, 
or of ot 
and S and T are permutable. Hence :— 


THEOREM* IX. If every operation of G transforms H into 
atself and every operation of H transforms G@ into itself, and 
of G and H have no common operation except identity ; then 
every operation of G is permutable with every operation of H. 


Corollary. If every operation of G transforms H into itself 
and every operation of H transforms G into itself, and if either 
G or H is a simple group; then G and H have no common 
operation except identity, and every operation of Gis permutable 
with every operation of H. 

For, by § 33, if @ and H had a common sub-group, it would 
be a self-conjugate sub-group of both of them; and neither of 
them could then be simple, contrary to hypothesis. Conse- 


quently, the only sub-group common to G and A is the 
identical operation. 


Ex. 1. Shew that, in the group whose defining relations are 
A‘=H, B=K, (ABY=#, 


the three operations A’, B-14?B, BA?B are permutable and that 
they form a complete set of conjugate operations. Hence shew that 
bee is a self-conjugate sub-group, and that the order of the group 
1S 24. 


* Dyck, ‘‘Gruppentheoretische Studien,” Math. Ann. Vol. xxi (1883), p. 97. 
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Ex. 2. Shew that the cyclical group generated by the permuta- 
tion (1234567) is permutable with the group 


{(243756)}, 


and that the order of the group resulting from combining them is 42. 


Ex. 3. If g, and g, are the orders of the groups G, and G,, y 
the order of their greatest common sub-group and g the order of 
{G,, G.}, shew that 

IYZz NI 
and that, if gy=g,g2, then G, and G, are permutable. (Frobenius.) 


Ex. 4. If G, and G, are two sub-groups of @ of orders g, and g,, 
and S any operation of G, prove that the number of distinct opera- 
tions of G contained in the set S,SS,, when for S, and S, are put in 
turn every pair of operations of G, and G, respectively, is 9,9,/y; y 
being the order of the greatest sub-group common to $“'GS and G,. 


If 7 is any other operation of G, shew also that the sets $,SS, 
and S$, 7'S, are either identical or have no operation in common. 
(Frobenius. ) 


Ex. 5. Ifa group @ of order mv has a sub-group H of order n, 
and if » has no prime factor which is less than m, shew that H must 
be a self-conjugate sub-group. (Frobenius. ) 


Ex. 6. If G@ is the direct product of G, and G,, and if His a 
self-conjugate sub-group of G ; prove that either (i) H is Abelian or 
(ii) H has operations, other than Z, in common with either G;, or G,. 

(Maclagan-Wedderburn.) 


CHAPTER IV. 


FURTHER PROPERTIES OF A GROUP WHICH ARE 
INDEPENDENT OF ITS MODE OF REPRESENTATION. 


35. WE have seen in § 22 that the order of any sub-group 
or operation of a group is a factor of the order of the group. 
The complete converse of this theorem, viz. the statement that 
if n is a factor of NV, then a group of order NV has a sub-group 
of order n is not generally true. We are however now in a 
position to prove a limited converse of great importance. 


THEOREM I. Jf p is a prime and if p™ is less than, and 
divides, the order of a group, then the group has at least one sub- 
group, distinct from itself, whose order is divisible by p™. 


Suppose the theorem true for all groups of order less than 
N. IfG, of order N, has no self-conjugate operation except £, 
the relation (§ 26) 
N=h+h.+...+h,, 


in which each term on the right, except h,, is greater thart 
unity, shews that at least one of the h’s, say h;, is not divisible 
by p. Hence N/h;, the order of a sub-group, is divisible 
Dyan. 

If G@ has self-conjugate operations, let S be one of an order 
as small as possible and therefore prime. 


Suppose first that the order of Sis p. Then G/{S}, a group 
whose order is less than NV and is divisible by p”—, has an actual 
sub-group whose order is divisible by p”™—. Therefore G has 
an actual sub-group whose order is divisible by p™. 


Suppose next that the order of S is g, a prime different 
from p. Then the order of G/{S} is divisible by p™; and if it 
is not equal to p” the result follows as in the previous case. 
Finally if G, of order pg, has a self-conjugate operation S of 
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order g every operation of {$} is self-conjugate, so that @ 
contains at least q self-conjugate operations. Moreover in the 
relation 
p™ga=hthet...th,, 

no h is divisible by q since every operation is permutable with 
S. Hence more than q h’s must be unity; ie. there is a self- 
conjugate operation 7’ not contained in {S}. The order of 7 
cannot be a power of gq, since G has no sub-group of order q?. 
Hence in this case G has a self-conjugate operation P of order 
p. Then G/{P}, of order p™"q, has a sub-group of order p”—, 
and G@ has a sub-group of order p™. 

Hence if the theorem is true for groups whose order is less 
than JV, it is true for groups of order NV; and therefore it is 
true for all groups of finite order. 


Corollary I. If p™ divides the order of a group, the 
group has at least one sub-group of order p™. 


For the group has an actual sub-group whose order is 
divisible by p™. This again has a sub-group whose order is 
divisible by p™, and so on. Since the order of the group is 
finite this process must terminate in a group of order p™. 


Corollary II. If p, a prime, divides the order of a group, 
the group has operations of order p*. For the group has a 
sub-group of order p”™ (m>1); any operation of this sub-group 
has a power of p for its order, and a suitably chosen power of 
this operation has p for its order. 


36. As a simple illustration of this theorem we will consider 
groups of order p* and pg where p and q are primes. 


If a group of order p® contains an operation of order p? it is 
cyclical. If not, its p?—1 operations, other than JZ, are all of order 
p. A sub-group of order p contains p—1 operations of order p 
which enter in no other such sub-group. There must therefore be 
p+1 sub-groups of order p, and hence at least one of them is self- 
conjugate. If this is {P} and if P’ is an operation of order p which 
is not a power of P, 


Pre i, 
Hence P-PP'= P+, P'-? PP? = Po? 
a’? =1 (mod. p), 
a=1, 
and PP =PP. 


* This result is due to Cauchy, Exercices d’ Analyse, ut, p. 250 (1844). 
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The group is therefore an Abelian group, generated by two 
permutable operations of order p. 


A group of order pg must contain a sub-group of order p and 
a sub-group of order g. If the latter is not self-conjugate it must 
be one of p conjugate sub-groups, which contain p(q—1) distinct 
operations of order g. The remaining p operations must constitute 
a sub-group of order p, which is therefore self-conjugate. A group 
of order pq has therefore either a self-conjugate sub-group of order 
p, or one of order g. Take p<q, and suppose first that there is a 
self-conjugate sub-group {P} of order p. Let @ be an operation of 
order g. Then 
GPU =F., 
Q-4P Qt = Pel, 
at=1 (mod. p), 
and therefore a=1 (mod. p). 


In this case P and Q are permutable and the group is cyclical. 
Suppose secondly that there is no self-conjugate sub-group of order p. 
There is then necessarily a self-conjugate sub-group {Q} of order q ; 
and if P is an operation of order p, 

P7QP =@, 

P-? QP? = Qe", 
B?=1 (mod. gq). 


If g +1 (mod. p), this would involve B=1, and {P} would be 
self-conjugate, contrary to supposition. Hence if the group is non- 
cyclical, 


- 


g=1 (mod. p) 
and PQP = Q8, 
where f is a root, other than unity, of the congruence 
BP =1 (mod. p). 
Between the groups defined by 
EO f Q= £, PO P= 8, 
and Pe? ae, Q%= £, PQ P' = QF", 


a simple isomorphism is established by taking P’ and P*, Q’ and Q, 
as corresponding operations. Hence when g=1 (mod. p) there is 
a single type of non-cyclical group of order pq. 


37. If Mis the order of a group @ every operation of the 
group satisfies the relation 


SY = #, 
and if m is any factor N, it follows from the preceding theorem 
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and its corollaries that there are operations of the group 
satisfying the relation 
S*® = £, 
Herr Frobenius* has shewn that the number of such 
operations is always a multiple of n, and he has generalised+ 
this result in the form of the following :— 


THEOREM II. The number of operations of a group of order 
N whose nth powers belong to a given conjugate set is zero or a 
multiple of the highest common factor of N and n. 


If NV is a small number the truth of this theorem is easily 
verified by direct calculation. We shall therefore suppose the 
theorem true for all groups whose order is less than NV. Let 
p" (p prime) be a factor of NV, and let 7 be a given operation 
of a group G of order NV. We begin by considering those 
operations S of @ which satisfy the relation 

SP = T. 
Suppose first that the order of 7 is divisible by p. Then 
(§ 16) we may put 7=PQ, where P and Q are permutable, the 
order of Pis p?(b>1) and the order m of Q is prime to p. 
Similarly we may put S= P’Q’, where P’ and Q’ are permutable 
while the order of P’ is a power of p and the order of Q' is 
prime to», Then 


Pe yr= PQ: 
Hence (§ 16) PP POO = 0. 
Te pm’ =1, (mod. m) 
Y=", 
and Sea? Ort, 
where Pera] 


From this relation it follows that P’ is of order p**? (b>1), and 
unless G contains operations of order p**’ permutable with 7, 
there are no operations satisfying 


Sin Tt 


* «‘Verallgemeinerung des Sylow’schen Satzes,” Berliner Sitzungsberichte 
(1895), pp. 984, 985, : 

+ “Ueber einen Fundamentalsatz der Gruppentheorie,” Berliner Sitzungs- 
berichte (1903), pp. 987—991. 
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If P’ is an operation of G, permutable with 7, and satisfying 
IAG eA 


then each of the operations Park” (eso, , p%) satisfy 
these conditions, and they are the only operations belonging to 
{P'| which satisfy the conditions. Similarly every other cyclical 
sub-group of G of order p** contains either 0 or p* operations 
satisfying the conditions; while no two distinct cyclical sub- 
groups of order p*t? can have common operations of order 
p**», Hence the number of operations of @ satisfying 


Seo 7) 
is zero or a multiple of p*. If 7” is any operation conjugate to 
T, the operations of G satisfying 

Se = 
are distinct from and equal in number to those satisfying the 
previous relation. Hence if the order of T is divisible by p, the 
number of operations of G whose p*th powers belong to the 


conjugate set containing T is zero or a multiple of pz, hy being 
the number of operations in the conjugate set. 


Suppose next that the order m of 7 is prime to p. Then 
with the same notation 


PQ? = T, 
and PY =H, Qe =T. 
Hence S=PT™, 
where PY=E, 


while P’ is permutable with 7. 


Let p%s, where s is prime to p, be the order of the sub- 
group Gp constituted of the operations of G which are per- 
mutable with 7. The order of Gp/{7} is p%s/m, which is less 
than V. Therefore the number of operations of this group which 
satisfy the relation 

Sew, 
is a multiple of the highest common factor of p* and p%s /m; 
i.e. 18 a multiple of p* or pu according as @<a,ora>a,. The 
same statement is true of the operations of @p whose p*th 
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powers belong to {7}. Now if § is an operation of Gp such 
that 


Sv% = fh 
then (STi)p* = Titin® — E 
if t+ jp* = 0 (mod. m). 
Hence of the operations 
SI LR Pisvieie: 


just one is such that its p*th power is EZ. 


The number of operations P’ of Gp which satisfy the 
relation 
fee Bay 
is therefore the same as the number of operations of G7/{T7} 
which satisfy the same relation. Hence in this case the number 
of operations S such that 
Se = 7 
is a multiple of p* or of p™ according asa<a,ora>qa,. Asin 
the former case, if 7” is conjugate to 7’, the operations satisfying 


are distinct from and equal in number to those satisfying the 
previous relation. Hence the number of operations whose pth 
power is conjugate to T'is a multiple of phy or php according 
asa<a,ora>a, If N=p*N,, where J, is prime to p, 


hp= p*-™N,j/s. 
The number of operations whose p*th power is conjugate to T 


is then finally a multiple of p-“+7N,/s or of p*N,/s according 
as a@<a, or a>a,. In either case it is necessarily a multiple 


of p%. 
Suppose next that n is any factor of NV, and that n=p%,, 
where m, is prime top. If S” is conjugate to T, and if 
eae Si 
then 8” is conjugate to 7. The operations S’ for which this 
is true must form one or more complete conjugate sets. The 


number of operations for which Se” is conjugate to S’ is zero or a 
multiple of p%. Hence the number of operations for which S” 
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is conjugate to 7 is zero or a multiple of p%. The same 
reasoning may be applied to the other primes dividing n; and 
therefore the number of operations whose nth powers are 
conjugate to 7’ is zero or a multiple of n. 

Lastly, let n= mo, where the prime factors of 7, are, and 
those of n, are not prime factors of V, and suppose that 


ngnz =1 (mod. JV). 


If sn=T, 
then Sua 7: 

and conversely if Su = Tn! 

then G2 = Sum = Pun! —T. 


The number of operations whose nth powers belong to the 
conjugate set containing 7’ is therefore the same as the number 
whose n,th powers belong to the set containing 7™’, If the 
highest power of p dividing m, say p%,is not greater than p*, 
the highest power of p dividing NV, the number of operations 
whose n,th powers are conjugate to 7’ has been shewn to be a 
multiple of p*. Ifa>a, the relation 


Su = Tn! 
may be written 

Se? = Ss, S’mp-* = J shes 
and it follows that the number of operations whose mth power 
is conjugate to 7’™’ is a multiple of p*. Hence the number of 
operations whose m,th powers are conjugate to a given operation 
is a multiple of the greatest common factor of m and N. This 
is the same as the greatest common factor of n and NV; and the 
theorem is therefore true for a group of order NV. 


Corollary I. If x is a factor of N, the order of G, then 
the number of operations of @ satisfying the relation 


Sr = E 
is a multiple of x. 


For it has been seen in § 35 that there are always opcrations 


of the group satisfying this relation, and the number cannot 
therefore be zero. 
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Corollary II. If n(=p%q’...) is a factor of NV (=prq?...), 
and if the number of operations of G, of order NV, which satisfy 
the relation 

S°=F 
is equal to n, then either a=a or G must contain operations of 
order p**?. If a<a, the number of operations which satisfy 
Sr = Hf 
is a multiple of pn, and is therefore greater than the number 
which satisfy 
5° =F, 
There must therefore be operations whose orders divide pn and 
do not divide n ; and the orders of these operations are multiples 
of pt. 


Corollary III.* If a group of order mn, where m and n 
are relatively prime, contains a self-conjugate sub-group of order 
n, the group contains just n operations whose orders divide n. 


For if G had an operation S, whose order divides n, which 
is not contained in the self-conjugate sub-group H of order n, 
{S, H} would be a sub-group whose order is greater than n and 
relatively prime to m. Such a sub-group cannot exist, since 
its order does not divide the order of G. 


Corollary IV.* If G@ has a self-conjugate sub-group H of 
order mn, where m and n are relatively prime, and if H has 
a self-conjugate sub-group K of order n, then X is a self- 
conjugate sub-group of G. 


For, by the preceding Corollary, H contains just n operations 
whose orders divide n, namely those of K ; and every operation 
of G, since it transforms H into itself, must therefore transform 
K into itself. 


Ex. If m and n are relatively prime factors of the order of a 
group G, and if the number of operations of G whose orders divide 
m and nm are m and m respectively; then every operation whose 
order is a factor of m is permutable with every operation whose 
order is a factor of nm, and the number of operations of G whose 
orders divide mn is equal to mn. (Frobenius.) 


* Frobenius: ‘‘Ueber endliche Gruppen,” Berliner Sitzungsberichte (1895), 
p. 170. 
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38. If Sand 7 are any two operations of a group, the opera- 
tion S--7'8T is called acommutator. The identical operation 
E is always a commutator; for a group necessarily contains 
permutable operations, and if S and 7 are permutable 

S37 487 = 

If every pair of operations of a group are permutable, then 

F is the only commutator. 


A commutator can always be expressed as such in a variety 
of ways. In fact if U is any operation of the sub-group Gs, 
which consists of all the operations permutable with S, then 
since U-SU=., 

R=S77T48T =S“T>7U-svUuT 
=87(UT)S (UT). 
Conversely, if Sr Shap VaSV: 
then CLV A StL a 
and therefore 7'V— belongs to Gs. 


Hence S“7—ST can be expressed in N/hg distinct ways as 
a commutator with S~ for its first factor; hg being the number 
of operations in the set to which S belongs. The last factors in 
these distinct forms of S77'“ST' are the operations of the set 
G7. If U is any one of them and hy the number of operations 
in the conjugate set to which U belongs, then S77—8ST can be 
expressed in a form in which U is the last factor in N/hy distinct 
ways. Hence S'7'—ST can be expressed as a commutator in 
at least { V/hy distinct ways, where the summation is extended 


U 

to all operations of the set @s7. This obviously does not 
necessarily exhaust all the ways in which S77—ST can be 
expressed as a commutator, but it gives a lower limit to the 
number of such ways. 

Ihe J ne! the greatest number of operations in any conjugate set, 
then ay /hy is certainly not less than (N/h,,)2. Now the number of 
distinct forms S~1Z7'-487' is V2. Hence if 

N(N hig)? > N?, 
or Aga. N, 


these are certainly operations which cannot be expressed as 
commutators. 
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39. The product of two commutators, in which the last 
factor of the first and the first factor of the second are inverse 
operations is another commutator; for 

Doloi AUR NU = (SITS) S10) (8 37S (S20); 
but without some further knowledge of the group concerned it 
is obviously not possible in general to express the product of 
any two commutators as a commutator. The totality of the 
commutators of a group G do not therefore necessarily constitute 
a group. They however necessarily generate a group, which 
may or may not be identical with G. 


Definition. The group generated by the commutators of 
a group @ is called the commutator sub-group or the derived 
group of G. 


THEOREM III. The derived group of G ts that self-conjugate 
sub-group H of smallest order such that the factor-group G/H 
is Abelian. 

That the derived group is a self-conjugate sub-group follows 
at once from the fact that if R is a commutator so also is SRS, 
where S is any operation of G; so that the derived group is 
generated by a certain number of complete conjugate sets of 
operations. 

If it is distinct from G let S, T be operations of G which do 
not belong to H. Then 


Soe hao th 
or SL = lok, 
where R belongs to H. Hence 
STH=TSH, 
ier eS, 
and SH.7TH =TH.SH. 


Now (§ 29) the operations of G'/H combine according to the 
same laws, as the sets 
Jakersh he teyy # ble Boor , telat 
into which the operations of @ fall in respect of H. Hence 
since these sets are permutable, every pair of operations of G/H 
are permutable ; i.e. G/H is Abelian. 
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Conversely, if H’ is any self-conjugate sub-group such that 
G/H’ is Abelian, and if S, 7 are any two operations of G; then 
SH’ TH =THOSH, 
so that S7'—ST belongs to H’, and H’ therefore contains H. 


40. The derived group H has itself a commutator sub- 
group or derived group, which may or may not coincide with 
H. Suppose now that starting with a given group G, of finite 
order, G, is the derived group of G, and actually distinct from 
it; G, is the derived group of G, and actually distinct from it: 
and so on. Since the order of each of these groups is less than 
the preceding, the series must terminate. ‘This may happen in 
one of two ways. We may either arrive at a group which is 
identical with its derived group, or we may arrive at an Abelian 
group, whose derived group is the identical operation. In 
either case the series of groups 


is spoken of as the series of derived groups arising from G; and 
when G, is*Z, G is said to be soluble. 


Each group of the series is necessarily a self-conjugate 
sub-group of G, and the following theorem holds in respect of 
the groups of the series. 


THEOREM IV. If K is a self-conjugate sub-group of G, and 
if G/K is a soluble group with i terms in its derived series, then 
K contains G;, the ith derived group of G, and does not contain 
Ge: 


Let G/K be denoted by @’, and let 


be its derived series, The corresponding series of sub-groups 
of G may be denoted by 


Tt Fes ere Gi oe Ie 
In the series of derived groups of G, 
Gis Gaeae a ones 


let G4, be the first which does not contain K. Then since H, 
is the smallest self-conjugate sub-group of G, containing K, 
such that G/H, is Abelian, H,=G,. In the same way it is 
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shewn that H,=G,, ...... , H,=G,. Further H,,, being the 
smallest self-conjugate sub-group of G,, containing K, such that 
G,/He4, is Abelian, H,,,={G,,,, K}. In the same way it is 
shewn that H,,.={Gs4., K},...... , He = (Gn, K}, K=(G;, K}. 
Now by supposition H;_, and K are distinct groups ; and there- 
fore K contains G; and does not contain G;_,. 


In the particular case in which the derived group G, is 


Abelian, so that the derived series is G,, H#, the group @ is 
said to be metabelian. 


41. In the case of an Abelian group, whose operations are 
all permutable with each other, the conjugate sets each consist 
of a single operation, and the product of any two conjugate sets 
(or operations) is another conjugate set (or operation). We 
now proceed to consider how, in the case of non-Abelian 
groups, the conjugate sets combine among themselves by 
multiplication. 


Let Nin Ue Penney is 
and BOTY beg. ie , Pr5, 
be two complete conjugate sets of operations in a group G. 
By multiplication there arises a set of h,h; operations of G, viz. 
alr = Le 2sdaxsoy Le eA er , Ay). 


Since 


hp UR RaW yee tae » Se Th, Sz, 
differ only from 


and RPA AE ail shop! bret tar Aa eh T;- 
Hence, except as regards the sequence in which they occur, 
the set of operations 
Spl (Or die2s seis hepa = Ay 2,06. si0s , hy) 
is the same as the set 
RTOS ao a Seco hg Sor cuit Ol ones , Ay). 


If the operation R occurs just ¢ times in the set S,7,, and if = 
is any operation of G, then 2-12 must occur just ¢ times in 


58 MULTIPLICATION OF [41 


the set >7S,2.577,5, which, since the S8’s and Z7’s are 
conjugate sets, is the same as the set S,7’,. Hence in the set 
of operations S,7', each operation of the conjugate set, to 
which R belongs, occurs the same number of times. 


This fact may be conveniently expressed in a symbolical 
form as follows. Let 


ere ee 


be the complete conjugate sets of operations of G in any order, 

except that the set consisting of the identical operation alone 

(for which h, is unity) is put first. Denote the sum of the 

operations in the th set by C;, their number being h,, so that 
£=(, 


A, aE A, aroctar An, = C,, 
K,+ Ko+...+ K,= C,. 
Then CO;C; = % cy Cy, 
k 


where each cj, is either zero or a suitable positive integer, 
expresses that in the set S,7', each operation of any conjugate 
set occurs the same number of times. In fact, if the multipli- 
cations indicated are carried out and the multiplication table 
of the group taken account of, the relation 


CC; => Sey 


becomes an identity. 


42. The coefficients c;;, which enter in these relations 
obviously depend on the particular group considered ; but they 


are subject to certain conditions which are the same in all 
cases. 


Since CC; = C,C;, 


Cijk = Ciike 
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Again, since the multiplication of operations of a group is 
associative 


C;C;. C.= C;. CC. 


Now CC; . C, => CAR ORO} = = Cis Cgkt C., 
s Ss, 

and C; A O/C; — > Crs = = jks Cist C;. 
$ 8) 


Hence for each t, 7, 7, & 


= Cijs Cant = & Cius » Cist- 
s s 


If See 
S.C; = R78,R. C;= R-8,6,R, 


and the set of operations S,C; contains the same number 
belonging to any conjugate set that S,C; does. Hence cyzh,, if 
not zero, is a multiple of both h; and h;, and therefore of their 
least common multiple. Moreover, by counting the number of 
operations on each side of the relation 


CC; =a Cijs C,, 
s 


we obtain hihj =X cijehs. 
s 


43. If SipoSaany Aa, 
is a complete conjugate set, so also obviously is 


Siey-le ay hee 

The number of operations in this second set is necessarily 
the same as that in the first. If the second set is distinct from 
the first, the two sets are called inverse sets. If they are the 
same the set is said to be self-inverse. A convenient notation, 
which will be adhered to here, is to take the ith and 7’th sets 
as inverse, which involves for a self-inverse set 1=7. In any 
case h= hy. 

If S, is an operation of the zth conjugate set, the operations 
of the set 

8,0; 
are all distinct, and of these ci,hy/h; belong to the kth set. 
Let these be 
S255 Sale BOG Soe us = Ciel hi, 


or K;, Kites K,,. 
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Then © Sy Ra RG a cee 


and these are the only ways in which S, can be expressed as 
the product of an operation of the kth set with one of the j’th 
set. Hence 


= Cri, 
and Ciphy = Ceyihi- 
Further since, if ST=K, 
then mae — ae 
it follows that Cie = Cre « 


The immediately previous relation may therefore be written 
Chine = Crachi = Crea hi. 
When one of the suffixes is 1, the value of ¢ is obviously 
given by the equations 
Ce = Cay = 0, kh), 
Cui =1, 
Cr = 0.59 320 
Cin =. 
Ex. 1. In the case of the group of § 17, shew that if 
L= Cy s+T=C;, CLV eWacy 
then Cf =2C,+C,, C,C,=2C;, C2=30, + 3C,. 
Ex. 2. Prove that if h; and A; are relatively prime, every 
operation of C; C; belongs to the same conjugate set. 
44. The system of relations 
Coe coos 
k=1 


may be called the multiplication table of the conjugate sets 
of a group. Its great importance will appear later when we 
consider the theory of groups of linear substitutions. 


No direct information in regard to the ordinary sub-groups 
of a group is given by the multiplication table of the conjugate 
sets; but all the self-conjugate sub-groups are determined by a 
mere inspection of the table. The operations of a self-conjugate 
sub-group fall into a certain number, less than the whole, of 
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complete conjugate sets; and since the operations combine 
among themselves by multiplication, the conjugate sets into 
which they fall must also do so. 


Conversely if a number, less than the whole, of the conjugate 
sets combine among themselves by multiplication, so also do 
the operations forming these sets; and therefore the sets in 
question constitute a self-conjugate sub-group. The totality of 
the self-conjugate sub-groups of a given group will therefore 
be determined by finding from the table those various sets of 
conjugate operations which combine among themselves by 
multiplication. 


45. The distinction between commutators and non-com- 
mutators is also given immediately by the table. A commutator 
is by definition an operation which can be expressed in the 
form S77“ST, i.e. as a product of operations S and TST 
belonging to inverse sets. 


Now the relation 
C70; = 0; Cy = LCii's Ce 
s 


expresses that any operation of the sth set can be expressed in 
Cwe distinct ways as a product of an operation of the 7’th set by 
an operation of the ith set. Let 

rope ue Tew ki 
be one of these ways, where S is some operation of the 7th set. 
Without altering S or the operation which is being represented 
as a commutator, 7’ may be any one of N/h,; operations. Hence 
the operation in question can be represented in the form 

De Lost; 
where S; belonging to the ith set is cj,NV/h; distinct ways; and 
therefore any operation of the sth set can be represented as a 
commutator in 


ways. Since (§ 43), 
Cis he=Ciwghs= Cisths; 


S Cire [hi = oe Cisi NV [he 3 
4=1 t=1 
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and each operation of the sth set can be represented as a 


commutator in 


N/hs x Lisi 


ways. In particular, an operation of the sth set is not a com- 
mutator if, and only if, cis; (or Cis) 1s zero for each 2. 


46. The coefficients cj, in the multiplication table of the 
conjugate sets are, when not zero, in general greater than unity. 
If for given 7 and j, each cj, is either zero or unity, no operation 
occurs twice in the product C;C;. Let S be an operation of C; 
and 7 one of C;. If S and 7 were not permutable, the opera- 
tion ST would occur again in the product C;C; in the form 

Haro Lay ed is a bs Wi 
hence every operation of C; must be permutable with every 
operation of C;, When this is not the case some of the c’s are 
necessarily greater than unity. Denoting by G; the sub-group 
formed by all the operations which are permutable with S, the 
only operations permutable with both S and 7 are those of the 
sub-group Gs 7 of order ns 7 common to Gs and G,. If ST 
belongs to the kth conjugate set, 1t is permutable with every 
operation of G7, of order N/A;. Hence when the operations S 
and 7 are transformed by all the operations of Gz, N/hyng 7 
distinct pairs of operations arise, and therefore 
Cie  N/hins, 7, 
where S and 7 are operations of C; and C; whose product 
belongs to C,. If C; and C; contain operations S’ and 7” such 
that 
S'T' = ST; 
while there is no operation of the group that transforms S into 
S’ and T into 7”, 
Cit ¢ N/hins, p+ N/hins), 25 
and continuing thus the actual value of cj, is arrived at. 


47. A pair of operations S, 7’ of a group (where the sequence in 
which the pair is written is essential; ie. the pairs S, Zand 7, S 
are distinct unless S= 7’) when transformed by all the operations of 
the group will give rise to a set of V/ns p pairs, where ng 7 is the 
order of G, 7, the sub-group formed of all the operations permutable 
both with S and with 7. If 


f“Sh=S, and kT = 7, 
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then the operations of the set G, FR, and no others, transform the 
pair S, 7’ into the pair S,, 7; and the pair S,, 7’, remains unchanged 
only by the operations of the sub-group RUG; ,R. Hence, when 
the V/ns p pairs of the set are transformed by the V operations of 
the group, the number of unchanged pairs in the V permutations 
that arise is V. 


Suppose now that, when the WV? pairs S, 7 are transformed by 
the operations of the group, they fall into m conjugate sets of pairs. 
The total number of unchanged pairs in the V permutations that 
arise will be mN. On the other hand, the number of unchanged 
pairs when the JV? pairs are transformed by any operation of the 
ath set is equal to the number of pairs of operations in a sub-group 
of order V/h;. Hence 


mW = 3h; (W/hi)? 


1 
or m = IV. ie 
This then is the number of distinct conjugate sets of pairs of 
operations defined as above. Moreover, if by the product of the 
pair S, 7 by the pair S’, 7’ we understand the pair SS’, 77”, the 
conjugate sets of pairs of operations will combine among themselves 
on multiplication, but the multiplication will not necessarily be 
commutative. 
ldbey . Abe ey Aen ci , S@) is a system of ¢ operations, distinct or 
not, in which the sequence of the individual operations is essential 
to the system, prove that the number of distinct conjugate sets of 
such systems: is 
1 
es 


Ne 


CHAPTER V. 


ON THE COMPOSITION-SERIES OF A GROUP. 


48. Lert G, be a maximum self-conjugate sub-group (§ 27) 
of a given group G, G, a maximum self-conjugate sub-group of 
G,, and so on. Since G is a group of finite order, we must, after 
a finite number of sub-groups, arrive in this way at a sub-group 
G+, whose only self-conjugate sub-group is that formed of the 
identical operation alone, so that G,_, is a simple group. 


Definitions. The series of groups 
G, a Gas Se Gad; £, 


obtained in the manner just described is called a composition- 
series of G. 


The set of groups 
G/G,, G/G2,...5 Gro/Gra, Gra, 


is called a set of factor-groups of G, and the orders of these 
groups are said to form a set of composition-factors of G. 


Each of the set of factor-groups is necessarily (§ 30) a 
simple group. 

The set of groups forming a composition-series of G is not, 
in general, unique. Thus G may have more than one maximum 
self-conjugate sub-group, in which case the second term in the 
series may be taken different from G,. Moreover the groups 
succeeding G, are not all necessarily self-conjugate in G; and 
when some of them are not so, we obtain a new composition- 
series on transforming the whole set by a suitably chosen 
operation of G. That the new set thus obtained is again a 
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composition-series is obvious; for if G,,, is a maximum self- 
conjugate sub-group of G,, so also is S71,,,8 of S7G,S. We 
proceed to prove that, if a group has two different composition- 
series, the number of terms in them is the same and the 
factor-groups derived from them are identical except as regards 
the sequence in which they occur. 


This result, which is of great importance in the subsequent 
theory, is due to Herr Hélder*; and the proof we here give does 
not differ materially from his. 

The less general result, that, however the composition-series 
may be chosen, the composition-factors are always the same 
except as regards their sequence, had been proved by M. Jordant 
some years before the date of Herr Hélder’s memoir. 


49. THEorEMI. If H is any self-conjugate sub-group of a 
group G; and if K, K’ are two self-conjugate sub-groups of G con- 
tained in H, such that there is no self-conjugate sub-group of G 
contained in H and containing either K or K’ except H, K and 
K’ themselves; and vf L is the greatest common sub-group of K 
and K’, so that L is necessarily self-conjugate in G; then the 
groups H/K and K’/L are simply isomorphic, as also are the 
groups H/K' and K/L. 

Since K and K’ are self-conjugate sub-groups of G contained 
in H, {K, K’} must also be a self-conjugate sub-group of G 
contained in H; and since, by supposition, there is in H no self- 
conjugate sub-group of @ other than H itself, which contains 
either K or K’, {K, K’} must coincide with H. Hence (§ 33) 
the product of the orders of K and K’ is equal to the product 
of the orders of H and L. 

If the order of K/Z is m, the operations of K may be 
divided into the m sets 

Ds, BSD SEG, 0025 Bn, 
such that any operation of one set multiplied by any operation 
of a second gives some operation of a definite third set, and the 
group K/L is defined by the laws according to which the sets 
combine. 


* ‘‘Zuriickfiihrung einer beliebigen algebraischen Gleichung auf eine Kette 
yon Gleichungen,” Math, Ann. xxxtv, (1889), p. 33. 
+ ‘“Traité des substitutions,” (1870), p. 42. 
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Consider now the m sets of operations 
REA SEES SC os ie 

No two operations of any one set can be identical. If 

operations from two different sets are the same, say 
Spky aa Sky’, 
where k,’ and k,’ are operations of K’, then 
Sq Sp = kh’, 

some operation of K’. But S,S, is an operation of K; hence, 
as it belongs both to K and K’, it must belong to L, so that 


Sp = Sql, 
where J is some operation of Z. This however contradicts the 


supposition that the operations S, Z and S,Z are all distinct. It 
follows that the operations of the above m sets are all distinct. 


Now they all belong to the group H; and their number, 
being the order of K’ multiplied by the order of K/Z, is equal 
to the order of H. Hence in respect of the self-conjugate sub- 
group K’, which H contains, the operations of the group H can 
be divided into the sets 

KES Lai, teen 


and the group H/K’ is defined by the laws according to which 
these sets combine. But if 


Spl. Sol =S,5, 
then necessarily 
Sy AG yk = SeRe 
Hence the groups H/K’ and K/L are simply isomorphic. In 


precisely the same way it is shewn that H/K and K’/L are 
simply isomorphic, 


Corollary. If H coincides with G, K and K’ are maximum 
self-conjugate sub-groups of G. Hence if K and KX’ are maximum 
self-conjugate sub-groups of G, and if Z is the greatest group 
common to &K and K’, then G/K and K’/L are simply isomor- 
phic; as also are G/K’ and K/L. 


Now G/K and G/K’ are simple groups; and therefore, K /L 
and K’/L being simple groups, Z must be a maximum self- 
conjugate sub-group of both K and K’. 
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50. We may now at once proceed to prove by a process of 
induction the properties of the composition-series of a group 
stated at the end of § 48. Let us suppose that, for groups 
whose orders do not exceed a given number 7, it is already 
known that any two composition-series contain the same 
number of groups and that the factor-groups defined by them 
are the same except as regards their sequence. If G,a group 
whose order does not exceed 2n, has more than one composition- 
series, let two such series be 


Gwinn ae ee 
and GG ATG AE. 
If H is the greatest common sub-group of G, and G;’, and if 
D5 ES BR eS 


is a composition-series of H, then, by the Corollary in the 
preceding paragraph, 

EP AES Dah Whe be Soap 
and NG ald tel ee ene, 


are two composition-series of G which contain the same number 
of terms and give the same factor-groups. For it has there 
been shewn that G/G, and G,'/H are simply isomorphic; as 
also are G/G, and G,/H. Now the order of G,, being a factor 
of the order of G, cannot exceed n. Hence the two composition- 
series 

cringls pemecbae or 
and Gul} Jae, 


by supposition contain the same number of groups and give the 
same factor-groups ; and the same is true of the two composition- 
series 

Gy, Gy’, ane 
and TLR are ok 


Hence finally, the two original series are seen, Ly comparing 
them with the two new series that have been formed, to have 
the same number of groups and to lead to the same factor- 
groups. The property therefore, if true for groups whose order 
does not exceed n, is true also for groups whose order does not 
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exceed 2n. Now the simplest group, which has more than one 
composition-series, is that defined by 
A=, B=H, AB=BA. 

For this group there are three distinct composition-series, Viz. 

{A, B}, {A}, #; 

{A, B}, (Bj, 4; 
and {A, B}, {AB}, EF: 
and for these the theorem is obviously true. It is therefore 
true generally. Hence :— 


THEOREM II. Any two composition-series of a group consist 
of the same number of sub-groups, and lead to two sets of factor- 
groups which, except as regards tie sequence in which they occur, 
are identical with each other. 


The definite set of simple groups, which we thus arrive at 
from whatever composition-series we may start, are essential 
constituents of the group: the group is said to be compounded 
from them. The reader must not, however, conclude either 
that the group is defined by its set of factor-groups, or that it 
necessarily contains a sub-group simply isomorphic with any 
given one of them. 


51. It has been already pointed out that the groups in a 
composition-series of G are not necessarily, all of them, self- 
conjugate sub-groups of @. 


Suppose now that a series of groups, each contained in the 
preceding one, 
G 2H Sorter ee re, 
are chosen so that each one is a self-conjugate sub-group of G, 
while there is no self-conjugate sub-group of G contained in any 
one group of- the series and containing the next group. 


Definition. The series of groups, obtained in the manner 


Just described, is called a chief-composition-series, or a chief- 
series of G. 


It should be noticed that such a series is not necessarily 
obtained by dropping out from a composition-series those of its 
groups which are not self-conjugate in the original group. 
It will be seen later that the composition-series of a group 
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whose order is the power of a prime can be chosen, either 
(i) so that every group of the series is a self-conjugate sub- 
group, or (ii) so as to contain any given sub-group, self- 
conjugate or not. 

A chief composition-series of a group is not necessarily 
unique; and when a group has more than one, the following 
theorem, exactly analogous to Theorem II, holds: 


THEOREM III. Any two chief-composition-series of a group 
consist of the same number of terms and lead to two sets of 
Jactor-groups, which, except as regards the sequence in which they 
occur, are identical with each other. 


The formal proof of this theorem would be a mere repetition 
of the proof of § 50, Theorem I itself being used to start from 
instead of its Corollary; it is therefore omitted. 


Although it is not always possible to pass from a composition- 
series to a chief-series, the process of forming a composition- 
series on the basis of a given chief-series can always be carried 
out. Thus if, in a chief-series, H,,, is not a maximum self- 
conjugate sub-group of H,, the latter group must have a 
maximum self-conjugate sub-group G,,, which contains H,,,. 
If H,4; is not a maximum self-conjugate sub-group of G,,,, then 
such a group, ,,., may be found still containing H,,,; and this 
process may be continued till we arrive at a group G,,,4, of 
which H,,, is a maximum self-conjugate sub-group. A similar 
process may be carried out for each pair of consecutive terms 
in the chief-series; the resulting series so obtained is a com- 
position-series of the original group. 


52. The factor-groups H,/H,4, arising from a chief-series 
are not necessarily simple groups. If between H, and H,,, no 
groups of a corresponding composition-series occur, the group 
H,/H,4, is simple; but when there are such intermediate 
groups, H,/H,,, cannot be simple. We proceed to discuss the 
nature of this group in the latter case. 

Let G be multiply isomorphic with G’, so that the self- 
conjugate sub-group H,4, of G corresponds to the identical 
operation of G’. Also let 


/ / / 
A cad hp cs) a ad 8 LE aa! 8 Faas 


70 MINIMUM [5 


be the sub-groups of G’ which correspond to the sub-groups 
Jey H,, O08) H;, Hox; sey) Hy; Fy 41 


of G. Since H, contains H,,,, H,’ must contain H’y,,; and 
since H>,, is self-conjugate in G, H’,,, is self-conjugate in G’. 
Also if G’ had a self-conjugate sub-group contained in H,’ and 
containing H’,,,, G would have a self-conjugate sub-group 
contained in H, and containing H,,,. This is not the case, 
and therefore 

Gite soy aaa ele 


is a chief-series of G’. Hence H,/H,,, is simply isomorphic 
with H,’, the last group but one in the chief-series of G’. 


Definition. If I is a self-conjugate sub-group of G, and 
if G has no self-conjugate sub-group, contained in I’, whose 
order is less than that of I, then Tis called a minimum self- 
conjugate sub-group of G. 


Making use of the phrase thus defined, the discussion of the 
factor-groups H,/H,4, of a chief-series is the same as that of the 
minimum self-conjugate sub-groups of a given group. 


53. To simplify the notation as much as possible, let J be 
a minimum self-conjugate sub-group of G; and, if J is not a 
simple group, suppose that 7, is a minimum self-conjugate sub- 
group of J. Then 2, must be one of a set of m(>1) conjugate 
sub-groups in G, say 
Gis ta tant 


each of which is self-conjugate in J. 


If 2, and 7, had a common sub-group j, it would be a self- 
conjugate sub-group of J contained in 7, i.e. 7, would not be a 
minimum sub-group of J. Hence no two of the groups 
%, ty) +++) Im have a common sub-group other than EF. Consider 
now the direct product {2,, 7} of 7, and 7. It isa self-conjugate 
sub-group of Z. If it contains all the m sub-groups of the set, 
it contains a self-conjugate sub-group of G and must therefore 
coincide with J. If it does not contain 7, it can have no sub- 
group in common with 2;, or else 7; would not be a minimum 
sub-group. In this latter case consider the direct product 
{t1, %, ts} Of 2, % and 2. If it contains all the m sub-groups 
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of the set it coincides with J. If it does not contain %,, it can 
have no sub-group in common with %,, and the direct product 
{t1, %2, ts, %} is a self-conjugate sub-group of J. Continuing 
thus, if must be possible to select a certain set of s sub-groups 
from the conjugate set of m, such that I is the direct product 
of %, t,...,%. If 2, were not a simple group and if 7 were a 
minimum self-conjugate sub-group of 7, then each of the 
QroupS %, %,...,% would be the direct product of t(>1) groups 
isomorphic with 7 and J would be the direct product of st 
groups simply isomorphic with j, so that 2, would not be a 
minimum self-conjugate sub-group of J. Hence 7, must be a 
simple group; and I is the direct product of s simply iso- 
morphic simple groups. 


Hence :— 


THEOREM IV. Jf between two consecutive terms H, and H,., 
in the chief-composition-series of a group there occur the groups 
Gri, Gray +++) Gr,sa Of @ composition-sertes ; then (i) the factor 
groups 

HIG Gig: 35 Geral Gras BS sieiy GeafHeen 
are all simply isomorphic, and (11) H,/H,4; ts the direct product 
of s groups of the type H,/G,,1. 


Corollary. If the order of H,/H,4, is a power, p’, of a 
prime, H,/H,,, must be an Abelian group whose operations, 
except J, are all of order p. 


54. A chief-series of a group G can always be constructed 
which shall contain among its terms any given self-conjugate 
sub-group of G. For if I is a self-conjugate sub-group of G, 
and if G/I is simple, we may take [ for the group which 
follows G in the chief-series. If on the other hand G/T is not 
simple, it must contain a minimum self-conjugate sub-group. 
Then I, the corresponding self-conjugate sub-group of G, 
contains '; and if there were a self-conjugate sub-group of G 
contained in I’, and containing I, the self-conjugate sub-group 
of G/T, which corresponds to T;, would not be a minimum 
self-conjugate sub-group. We may now repeat the same 
process with T',, and so on; the sub-groups thus introduced 
will, with G and TI, clearly form the part of a chief-series 
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extending from G@ toT’. The series may be continued from I, 
till we arrive at the identical operation, in the usual way. 


55. It will perhaps assist the reader if we illustrate the fore- 
going theory by one or two simple examples. We take first a group 
of order 12, detined by the relations 


A?= Ea = i, AB= BA, 
PLES ROARS BR“ BREASE*: 
From the last two equations, it follows that 
ARK =A, 


and therefore R transforms the sub-group {A, B} of order 4 into 
itself; so that this sub-group is self-conjugate, and the order of the 
group is 12 as stated. The self-conjugate sub-group {A, B} thus 
determined is clearly a maximum self-conjugate sub-group. Also it is 
the only one. For if there were another its order would be 6, and 
it would contain all the operations of order 3 in the group. Now 
since {R#} is only permutable with its own operations, the group 
contains 4 sub-groups of order 3, and therefore there can be no 
self-conjugate sub-group of order 6. The three cyclical sub-groups 
{A}, {B} and {AB} of order 2 are transformed into each other by A, 
and therefore no one of them is self-conjugate. 


Hence the only chief-series is 
{R, A, By, {A, By, #, 
and there are three composition-series, viz. 
{R, 4, B, {4, BY, {4}, EB; 
(R, 4, Bl, {4, Bl, {Bh B; 
and {hy A, B}, (A, BY gta Bi se. 
The orders of the factor-groups in the chief series are 3 and 2%, 
and the group of order 2? is, as it should be, an Abelian group whose 


operations are all of order 2. The composition-factors are 3, 2, 2 in 
the order written. 


56. Asa rather less simple instance, we will now take a group 
generated by four permutable independent operations A, B, P, Q, of 
orders 2, 2, 3, 3 respectively and an operation R of order 3, for 
which 

ROAR=B, R"BR=AB, R7PR=P, R3QR=QPt. 


The sub-group {A, B, P, Q}, of order 36, is clearly a maximum 
self-conjugate sub-group, and therefore the order of the group is 108. 


* The reader will notice that B can be eliminated from these relations, and 
that the group can be defined by 4?=E, R3=E, (AR)3=E. The structure of 
the group however is given, at a glance, by the equations in the text. 

+ Here again the group can clearly be defined in terms of 4, Q and R. 
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Since A, B and AB are conjugate operations, every self-conjugate 
sub-group that contains A must contain B; and since Q and QP are 
conjugate, every self-conjugate sub-group that contains Q must 
contain P, Hence the only other possible maximum self-conjugate 
sub-groups are those of the form {A, B, P, RQ*}; and since 


QURQ*O = RE*P™, 
these groups actually are self-conjugate. The same reasoning shews 
that the only maximum self-conjugate sub-group of {A, B, P, Q} or 
of {A, B, P, RQ*}, which is self-conjugate in the original group, is 
{A, B, P}; and the only maximum self-conjugate sub-groups of the 


latter, which are self-conjugate in the original group, are {A, B} and 
{P\. Hence all the chief-series of the group are given by 


4D, tO}, {A, B}, 
{R, A, B, P, Q}, or {4,B, Pi, or 
{A, B, P, RQ, 1 Ph, 


Since {A, B, P, Q! is an Abelian group, all of its sub-groups are 
self-conjugate. Hence if G,, G,., and G; are any maximum sub-groups 
of {A, B, P, Q}, G, and G, respectively, then 

{R, A, B, P,Q}, {4, BP, @}, Gi, G., Gs, # 
is a composition-series. 

Again, since A and B are conjugate in {A, B, P, RQ*}, the only 
maximum self-conjugate sub-groups of this group are those of the 
form {A, B, P*(RQ*)"}. If y is zero, this sub-group is Abelian; and 
we may take for the next term in the composition-series any 
maximum sub-group g, of this Abelian sub-group, and for the last 
term but one any sub-group g, of g,. But if y is not zero, 
{A, B, P*(RQ*)"} can only be followed by {4, B}. Hence the 
remaining composition-series are of the forms :— 

{R, A, D; 1665 Q\, {A, B, id RQ}, {A, B, ey Joa, Is) &, 
and 

{R, A, B, P, Q}, {A, B, P, RQ*}, {4, B, P* (RQ*)"}; 
{A, B}, {A} or {B} or {AB}, £. 
Tt should be noticed that if, in the last of these series, we drop out 
the terms which are not self-conjugate in the original greup, here 
the third and fifth terms, we do not arrive at a chief-series. This 
illustrates a remark made in § 51. 


57. TueorEem V. Jf H is a sub-group of G, each com- 
position-factor of H must be equal to or be a factor of some 
composition-factor of G. 
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If G@ is simple, its only composition-factor is equal to its 
order: the theorem in this case is obvious. 


If G is not simple, let G,,, be the first term in a com- 
position-series of G which does not contain H; and let G, be 
the term preceding G,,,. If H, is the greatest common sub- 
group of G4, and H, then H, is a self-conjugate sub-group 
of H. For every operation of H transforms both H and G4 
into themselves; and therefore every operation of H transforms 
H,, the greatest common sub-group of H and G,.,,, into itself. 
Now the order of {H, G,4,:} is equal to the product of the 
orders of H and G,,, divided by the order of H,; and {H, G+} 
is contained in G,. Hence the order of H/H, is equal to or is 
a factor of the order of G,/G,.,. If then a composition-series 
of H be taken, containing the term H,, the orders of the factor- 
groups, formed by those terms of the series terminating with 
H,, are equal to or are factors of the order of G,/G,.,. The 
same reasoning may now be used for H, that has been applied 
to H; and the theorem is therefore true. 


Corollary. If all the composition-factors of G are primes, 
so also are the composition-factors of every sub-group of G. 


58. When a group G does not coincide with its derived 
group G,, a chief-series may be formed in which G;, occurs. 
Since G/G, is Abelian, each factor-group of the corresponding 
composition-series between G and G, has a prime for its order. 
Hence if @ is a soluble group (§ 40), ie. if its series of 
derived groups terminate with £, all of its com position-factors 
are primes. The converse is obviously true, for if all the 
composition-factors are primes, neither the group itself nor any 
self-conjugate sub-group can coincide with its derived group. 
A soluble group might therefore be equally well defined as one 
all of whose composition-factors are primes. 


A soluble group of order ptg®...r%, where p, g,..., 7 are 
distinct primes, has a+ 8+...+ composition-factors ; these 


A+ 6+... ateee oa 
are capable of ( e asd distinct arrangements. 
a NOU | 


For a specified group the composition-factors may, as we 
have already seen, occur in two or more distinct arrangements ; 
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but it is immediately obvious that two groups of the same 
order cannot be of the same type, i.e. simply isomorphic, unless 
the distinct arrangements, of which the composition-factors are 
capable, are the same for both. A first step therefore towards 
the enumeration of all distinct types of soluble groups of a 
given order, will be to classify them according to the distinct 
arrangements of which the composition-factors are capable ; for 
no two groups belonging to different classes can be of the same 
type. 

The case, in which the composition-factors are capable of all 
possible arrangements, is one which will always occur. Taking 
in this case 8 q’s followed by a p’s for the last a + 8 composition- 
factors, the group contains a sub-group G’ of order ptg®. In 
the composition-series of this group, with the composition- 
factors taken as proposed, there is a sub-group H of order p* 
contained self-conjugately in a sub-group H, of order p*g. This 
sub-group H, is contained self-conjugately in a group H, of 
order ptg. Hence (Theorem II, Cor. IV, § 37) H is con- 
tained self-conjugately in H,. Again, H, is contained self- 
conjugately in a group H, of order p*q’, and therefore again H 
is self-conjugate in H;. Proceeding thus, we shew that H is 
self-conjugate in G’. It follows that n, the number of 
conjugate sub-groups of order p* contained in the group, is 
not a multiple of g. Now gq may be any one of the distinct 
primes other than p that divide the order of the group. Hence 
finally the group contains a self-conjugate sub-group of order 
p*. In the same way we shew that it contains self-conjugate 
sub-groups of orders q®,..., 7%. The group must therefore be 
the direct product of groups whose orders are p%, ®,..., r7. 


Hence :-— 


THEOREM VI. A soluble group, the composition-factors 
of which may be taken in any order, is the direct product of 
groups whose orders are powers of primes. 


59. In illustration of the preceding paragraph, and in part for 
the value of the results themselves, we will now determine all 
distinct types of group whose orders are of the form pg, where p 
and q are distinct primes. A discussion of the case where the order 
is of the form pq has already been given in § 36. It will here be 
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assumed, as is actually the case, that such groups are soluble. The 
truth of this statement, which is not difficult to verify directly, 
follows immediately from Sylow’s theorem (Chap. Ix). 


If the composition-factors are susceptible of all possible arrange- 
ments, the group is the direct product of groups of orders p* and q, 
and therefore (§ 36) is Abelian. 


If the two arrangements p, p, g and q, p, p are possible, there 
are self-conjugate sub-groups of orders p? and q; the group again 
is Abelian, and all three arrangements are possible. 


There are now five other possibilities. 


I. p, p, q and p, q, p, the only possible arrangements. 


There must be here a sub-group of order pg, containing self: 
conjugate sub-groups of orders p and qg and therefore Abelian. Let 
this be generated by operations Pand Q, of orders pand g. Since the 
group has sub-groups of order p’, there must be operations of orders 
p or p*, not contained in the sub-group of order pg, and permutable 
with P. Let #& be such an operation, so that A? belongs to the 
sub-group {P, Q}. # cannot be permutable with Q, as the group 
would be then Abelian; hence 


R QR = fa 
so that R-?QR? = Q”, 
and a? = 1 (mod. q). 


This case can therefore only occur if p isa factor of g—1. There are 
two distinct types, according as R is of the order p or of order p?; ice. 
according as the sub-groups of order p? are non-cyclical or cyclical. 
If a and £ are any two distinct primitive roots of the congruence 


a? = 1 (mod. q), 
the relations OR = Qs, 
and R-ORS=@, 


do not lead to distinct types, since the latter is reduced to the former 
on replacing & by #*, where 


B = ao” (mod. q). 
The two types are respectively defined by the relations 
Qi= Hk, PP- KF, R°=-£, P“QP=9Q, 
EAP R= Peneone=.Ow 
and Qi=H, Re=#F, R7QR=Q. 


In each case, a is a primitive root of the congruence o? = 1 (mod. q). 
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II. p, 9, p and q, p, p, the only possible arrangements. 

There must be a self-conjugate sub-group of order pq, in which 
the sub-group of order q is not self-conjugate, and a self-conjugate 
sub-group of order p*. The sub-group of order pg must be given by 

Pe = E, Q2= #, QPQ = P*, 
at = 1 (mod. p) ; 
so that in this case g must be a factor of p—1. If the sub-group of 
order p* is not cyclical, there must be an operation & of order p, not 
contained in the sub-group {P, Q}. Any such operation must be 
permutable with /. Moreover since the sub-group of order pq is 
self-conjugate and contains only p sub-groups of order gq, the 
sub-group {Q} must be permutable with some operation of order p. 
Hence we may assume that # is permutable with {Q}, and, since 
p>4q, with Q. 
We thus obtain a single type defined by 
Peak, Qt!=H, Q7PQ=Ps, 
ke=F, QR=RFQ, Fe Mig a, 
It is the direct product of {#} and {P, Q}. 


If the sub-group of order p’ is cyclical, all the operations, which 
have powers of p for their orders and are not contained in the sub- 
group {P, Q}, must be of order p*. There can therefore be no 
operation of order p, which is permutable with {Q}; and there is no 
corresponding type. 


ae P; P, q, the only possible arrangement. 
There must be a self-conjugate sub-group of order pg, which has 
no self-conjugate sub-group of order p ; it is therefore defined by 
Preah, = Ey, Par = 0", 
a? = 1 (mod. qg) ; 
so that here p must be a factor of g—1. 


If the sub-groups of order p? are not cyclical, there must be an 
operation 2’ of order p, not contained in this sub-group and per- 
mutable with P. Hence 


R'QR =Q; 
and if B =a” (mod. q), 
then R’P-* is an operation of order p, which is not contained in the 
sub-group of order pg and is permutable with Q. It is therefore a 
self-conjugate operation of order p. Hence p, q, p is a possible 


arrangement of the composition-factors, and there is in this case 
no type. 
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If the sub-groups of order p” are cyclical, there must be an opera- 
tion F of order p*, such that 
ia FF, 


Hence RAQR= QF, 
where £ is a primitive root of the congruence 
B” =1 (mod. q). 
This case then can only occur when p’ is a factor of g—1; and we 


again have a single type defined by 
RPe-F, Qt=#, R7QR=@. 


1 DP, 4, p, the only possible arrangement. 


Here the self-conjugate sub-group of order pg must be given by 
Pe &, QI=F£, Q°PQ=P*, 
a! = 1 (mod. p), 


and q must be a factor of p—1. As in II, there must be an 
operation & of order p, permutable with {@} and therefore with ¥ ; 
and since # transforms {/, @} into itself, it must be permutable 
with P. This however makes the sub-group {P, F} self-conjugate, 
which requires q, p, p to be a possible arrangement of the composi- 
tion-factors. Hence there is no type corresponding to this case. 


ve q, P, p, the only possible arrangement. 


If the sub-group of order p? is cyclical, and is generated by P, 
while Q is an operation of order g, we must have 


divers 
where a?= 1 (mod. p’). 


Here g must be a factor of p—1; since the congruence has just 
q—1 primitive roots, there is a single type of group. 


If the sub-group of order p? is not cyclical, it can be generated 
by two permutable operations P, and P, of order p, and it contains 
p +1 sub-groups of order p. If an operation Q of order g is permu- 
table with no sub-group of order p, p + 1 must be divisible by go vIE 
on the other hand, Q is permutable with one sub-group of order D; 
it is necessarily permutable with one of the remaining sub-groups of 
that order. 

Taking the latter case first, P, and P, may be so chosen that 


QTAWHaLY, OPQ = PF 


Now if either a or 8, say B, were unity, then {Q, P,} would be a 
self-conjugate sub-group and p, g, p would be a possible arrangement 
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of*the composition-factors. Hence neither a nor £ can be unity, and 
we may take 


Q°P,9 — P,, QP.Q = Pos 
where a is a primitive root of 


at = 1 (mod. p), 
and & is not zero. 


It remains to determine how many distinct types these equations 
contain. When q = 2, the only possible value of # is unity ; and there 
is a single type. When q is an odd prime, and we take 


Ma, Piero. f.—L,, ey =.1.(mod. 9), 
the equations become 
QP OY =P%, OPQ =P", 
and therefore the values 2 and y of the index of a, where 
xy = 1 (mod. q), 


give the same type. Now the only way, in which the two equations 
can be altered into two equations of the same form, is by replacing 
Q by some other operation of the group whose order is g and by 
either interchanging /, and P, or leaving each of them unchanged. 
Moreover the other operations of the group whose orders are q are 
those of the form Q'P,"P,", where / is not zero, and this operation 
transforms P, and P, in the same way as Q'. Hence finally, the 
values # and y of the index will only give groups of the same type 
when 
xy = 1 (mod. 9g). 

There are therefore 3 (q¢ + 1) distinct types, when gq is an odd prime; 
they are given by the above equations. 


Suppose next, that Q is permutable with no sub-group of order p. 
We may then, by suitably choosing the generating operations of the 
group of order p’, assume that 


OBPO SP ESMOnP, QS Perey: 
If now QP Get = PP Pe, 
then Oy.1= 48x, B41 = % + BB, (mod. p), 
ana therefore Bo+1— BBx—-%Bx-1 = 9 (mod. p). 
Hence if «, and 1, are the roots of the congruence 
&—Bc—a =0 (mod. p), 
p2tt — yet 


then Bo== 


tg — 
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Now since Q¢ is the lowest power of Q that is permutable with 
P,, Bq-1 must be the first term of the series f,, B., ... which vanishes. 
Hence q is the least value of 2 for which 


lye = 4’, 
and therefore the congruence 
?—Bi.—-a = 0 
is irreducible. Moreover a,_, must be congruent to unity, and 
therefore 


) 


q—1 __ , q-1 
l=- Sept Bok a = yf. 
pene! 
From the quadratic congruence satisfied by 1, it follows that 
a=—-Y*1=-1, B=H+ (mod. p); 


Pe pP(e+1) _ 2+ 


Bz = 


Finally, we may shew that, when g is a factor of p+1, the 
equations 


and thence i 
Pe’ Pt 


Prelit i=fy Gat, Ps = Pek o 
QIPQ=P,, OPQ =P Pt, 
where is a*primitive root of the congruence 
= 1 (mod. p), 
define a single type of group, whatever primitive root of the con- 
gruence is taken for t. 
Thus from the given equations it follows that 
OD CE a pa? area Ps, say, 

and QUP LP = (PtP (Pie PP 

= P,8:82-1—*21B= Piortitbs 

ce gy eat e 


If then we take P,, P; and Q* as generating operations in the place 
of P,, P, and Q, the defining relations are reproduced with «” in the 
place of «. The relations therefore define a single type of group*. 


We have, for the sake of brevity, in each case omitted the 
verification that the defining relations actually give a group of 
order p*g. This presents no difficulty, even for the last type; for 
the previous types it is immediately obvious. 


* On groups whose order is of the form p°q the reader may consult ; Hélder, 
‘Die Gruppen der Ordnungen p°, pq?, pqr, p%,” Math. Ann. xu (1893), in 
particular pp. 335—360; and Cole and Glover, ‘On groups whose orders are 
products of three prime factors,” Amer. Journal, xv (1893), pp. 202—214. 
Groups of order p*q are classified by Western, “Groups of order pq,” Proc. 
L. M. 8S. Vol. xxx. (1899), pp. 209—263. 


CHAPTER VI. 


ON THE ISOMORPHISM OF A GROUP WITH ITSELF. 


60. Ir is shewn in § 24 that, if all the operations of a 
group are transformed by one of themselves, which is not self- 
conjugate, a correspondence is thereby established among the 
operations of the group which exhibits the group as simply 
isomorphic with itself. 


In an Abelian group every operation is self-conjugate, and 
the only correspondence established in the manner indicated is 
that in which every operation corresponds to itself. If however 
in an Abelian group we take, as the operation which corresponds 
to any given operation S, its power S“, where uw is any number 
relatively prime to the order of the group, then to S7 will 
correspond S*7* or (ST7')*; and the correspondence exhibits 
the group as simply isomorphic with itself. In these ways it 
is possible for every group, except one whose operations are all 
of order 2, to establish a correspondence between the operations 
of the group, which shall exhibit the group as simply isomorphic 
with itself. Moreover, we shall see that in general there are 
such correspondences which cannot be established by either of 
the processes above given. We devote the present Chapter to 
a discussion of the isomorphism of a group with itself. It will 
be seen that, for many problems of group-theory, and in par- 
ticular for the determination of the various types of group 
which are possible when the factor-groups of the composition- 
series are given, this discussion is most important. 


61. Definition. A correspondence between the opera- 
tions of a group, such that to every operation S there 
corresponds a single operation S’, while to the product ST of 
two operations there corresponds the product S’T” of the 
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corresponding operations, is said to define an zsomorphism of 
the group with itself. That isomorphism in which each opera- 
tion corresponds to itself is called the zdentical isomorphism. 


In every isomorphism of a group with itself, the identical 
operation corresponds to itself; and the orders of two corre- 
sponding operations are the same. For if # and S were corre- 
sponding operations, so also would be # and S*; and therefore 
more than one operation would correspond to #. Again, if S and 
S’, of orders n and n’, are corresponding operations, so also are 
S” and S’”; and therefore n must be a multiple of n’. Similarly 
n’ must be a multiple of n; and therefore n and n’ are equal. 


If the operations of a group of order NV are represented by 
Se (= £), S,, eee, Savas Sy) 


and if, for a given isomorphism of the group with itself, S,’ is 
the operation that corresponds to S,(r=1, 2,..,, V), the iso- 
morphism will be completely represented by the symbol 


Ls Sy, +26) Oya, Sy | 
Sy "Sy eee Sa Oy 


In this symbol, two operations in the same vertical line are 
corresponding operations. When no risk of confusion is 
thereby introduced, the simpler symbol 


Ls 


62. An isomorphism of a group with itself, thus defined, 
is not an operation. The symbol of an isomorphism however 
defines an operation. It may, in fact, be regarded as a per- 
mutation performed upon the WV letters which represent the 
operations of the group. Corresponding to every isomorphism 
there is thus a definite operation; and it is obvious that the 
operations, which correspond to two distinct isomorphisms, are 
themselves distinct. The totality of these operations form a 


group. For let 
S aad SZ 
ei, an Ky 


be any two isomorphisms of the group with itself. ‘Then if, as 


is used. 
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hitherto, we use curved brackets to denote a permutation, we 


ig (5)($)=(8) 


But since gy’ is an isomorphism, the relation 


Sp5,= 58 
requires that Sp 8, = S,’. 
; ll ‘ : ; 
And since gv | is an isomorphism, the relation 
Seen = Se 
requires that 5 Dg air 
Hence if Dplg=y 
then Dy So = hr % 


and therefore Bs is an isomorphism. 


The product of the permutations which correspond to two 
isomorphisms is therefore the permutation which corresponds 
to some other isomorphism. 


The set of permutations which correspond to all the isomor- 
phisms of a given group with itself, therefore form a group. 


Definition. A group, which is simply isomorphic with 
the group thus derived from a given group, is called the 
group of isomorphisms of the given group. 

It is not, of course, necessary always to regard this group as 
a group of permutations performed on the symbols of the 
operations of the given group. But however the group of 
isomorphisms may be represented, each one of its operations 
corresponds to a definite isomorphism of the given group. To 
avoid an unnecessarily cumbrous phrase, we may briefly apply 
the term “isomorphism” to the operations of the group of 
isomorphisms. So long as we are dealing with the properties 
of a group of isomorphisms, no risk of confusion is thereby 
introduced. Thus we shall use the phrase “the isomorphism 


te) ” as equivalent to “the operation of the group of isomor- 


” 


‘ : S 
phisms which corresponds to the isomorphism | a ‘ 
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63. If & is some operation of a group G, while for S each 
operation of the group is put in turn, the symbol 


[sss] 


defines an isomorphism of the group. For if 

SpSq =S;; 
then SS. Ngee Oph ees 
and £18, is an operation of the group. An isomorphism of a 
group, which is thus formed on transforming the operations of the 
group by one of themselves, is called an inner isomorphism. 
All others are called outer* isomorphisms. If Ea is an outer 


isomorphism, the isomorphisms 


[5] sss] 


when for > each operation of the group is taken successively, 
are said to form a class of outer isomorphisms. 


THEorEM I. The totality of the inner isomorphisms of a 
group G form a group isomorphic with G; this group ts a self- 
conjugate sub-group of the group of isomorphisms of Gt. 

The product of the isomorphisms 


(sys) ™ (s-5e") 
is given by 


(sss) (sS.9x) = (oes) (tans 
253) \2/ 1837] 5 (See (s:a3-1ssy') 
a! ( Ss 
i. Sg-igsS) 
=(sriss) 
oe yy ae Se: ? 
where pad SRE 
The product of two inner isomorphisms is therefore another 
* Inner and outer isomor 


contragredient. 


t Holder, ‘‘Bildung zusammengesetzter Gruppen,” Math. A 
feces g ppen, a nn. Vol. xLv1 


phisms are also sometimes called cogredient and 
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inner isomorphism ; hence the inner isomorphisms form a group. 
Moreover, if we take the isomorphism 


(sss) 


as corresponding to the operation & of the group G, then to 
every operation of G there will correspond a definite inner 
isomorphism, so that to the product of any two operations 
of G there corresponds the product of the two corresponding 
isomorphisms. The group G@ and its group of inner isomorph- 
isms are therefore isomorphic. If G contains no self- 
conjugate operation, identity excepted, no two isomorphisms 
corresponding to different operations of G can be identical ; 
and therefore,,in this case, G is simply isomorphic with its 
group of inner isomorphisms. If however G contains self- 
conjugate operations, forming a self-conjugate sub-group H, 
then to every operation of H there corresponds the identical 
isomorphism; and the group of inner isomorphisms is simply 
isomorphic with G/H. 


Let now (e,) 


be any isomorphism. Then 


(s)- ee ke, ic (is) Biel en 
if (55) ey 


me bee) 


The isomorphism (s therefore transforms every inner 


isomorphism into another inner isomorphism. It follows that 
the group of inner isomorphisms is self-conjugate within the 
group of isomorphisms. 


64. Let G be a group of order NV, whose operations are 
Seu ); Sa, oeey Sy-1 Sy3 
and let Z be the group of isomorphisms of G. We have seen 
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in § 20 that G may be represented as a group of regular per- 
mutations performed on the WV symbols 


Si, Dalen Sy, Sy; 
and that, when it is so represented, the permutation which 
corresponds to the operation Sz is 


Ses. eae ey 
(68, Sei5n5- <8) Sy aN, 6,8)? 


(s3,): 


When @ is thus represented, we will denote it by G’. We 
have already seen that Z can be represented as a permutation 
group of the same NV symbols; a typical substitution of Z, when 
it is so represented, is 

& Sy,000A Saas rie 
Sas: Sa sees ee oe 


or more shortly 


or more shértly er ? 


When J is thus represented, we will denote it by LZ’. It is 
clear that the two permutation groups G’ and L’ have no 
permutation in common except identity. For every permutation 
of L’ leaves the symbol S, unchanged; and no permutation of 
G’, except identity, leaves S, unchanged. 


wow (8)(8)(8)-(S) (SS) 


- (a) 


Every operation of L’ is therefore permutable with @’, 
Hence if M is the order of L, the group {@’, L”, which we will 
call K’,is a permutation group of order NM on the NV symbols, 


Hei f : S S 
containing G’ self-conjugately. Furth ( ) ( 
g Jugately urther { «, transforms g ee 


into ( ; ; and these two permutations of @’ correspond to 
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the operations S, and S, of G. Hence the isomorphism, 
established on transforming the permutations of G@’ by any 


permutation ey of L’, is the isomorphism denoted by the 


symbol ( a ; 


‘ S : : ‘ ‘ 
Since @ cee is a permutation of L’, the permutation 


(s a a) ee ), a es) , belongs to K’.. Hence K’ contains 


the set of permutations 


These form (§ 20) a group @”, simply isomorphic with (’ 
and such that every permutation of @” is permutable with 
every permutation of G’. Moreover (J.c.), the permutations of 
G” are the only permutations of the NV symbols which are 
permutable with each of the permutations of G’. 


Suppose now that = is any permutation of the NV symbols 
which is permutable with G’. When the permutations of 
G’ are transformed by &, the resulting isomorphism is iden- 


tical with that given by some permutation, say (ih of ala 


Hence Sane is a permutation of the NV symbols which is 


permutable with every permutation of G’. It therefore belongs 
to @”; and hence = belongs to K’. It follows that A’ contains 
every permutation of the N symbols which is permutable 
with G’. 

The only permutations common to G’ and G” are the self- 
conjugate permutations of either. The factor-group K’/{@’, G”} 
is simply isomorphic with Z/g, where g is the group of inner 
isomorphisms of G contained in ZL. The groups G’ and G” are 
identical only when G’ is Abelian; in this case, g consists of 
the identical operation alone. 


Definition. A group K, simply isomorphic with the 
permutation group K’ which has just been constructed, we 
shall call the holomorph of G. 
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The permutation group K’ contains both G and G" self- 
conjugately and consists of every permutation of the N symbols 
which is permutable with both G’ and G”. Now 


(s-) 


is a permutation of the NV symbols which, when G’ is not 
Abelian, so that G’ and G” are not identical, is not an iso- 
morphism of @ and is therefore not contained in K’. Moreover 


(5) (ss,) (s-4)= (ss) 


no transforms G’ into G” and G”’ 


into G’. It therefore transforms the permutations that are 
permutable with G’ into those that are permutable with G@”; 
i.e, it must transform K’ into itself. The group K’ is therefore, 
when G’ is not Abelian, contained self-conjugately in the group 


\K B3 ( Aah of double its order, and in this group G’ and G” are 


so that the permutation ( 


conjugate sub-groups. 
65. An isomorphism must change any set of operations, 
which are conjugate to each other, into another set which are 


( ) 
S’ 


be the isomorphism, and if 

Sa SaNe= Dy, 
then Veta A= Oe, 
so that S,’ and S,' are conjugate operations when S, and S, are 
conjugate. An inner isomorphism changes every set of con- 
jugate operations into itself; and all the members of a class 
of outer isomorphisms permute the conjugate sets in the 


same way. If 
(3) 


is an isomorphism which changes every conjugate set of opera- 
tions of G@ into itself, and if 
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is any isomorphism of G, then the isomorphism 


(s-) (5) (s") 


changes every conjugate set into itself. It follows that those 
isomorphisms, which change every conjugate set of operations 
into itself, form a self-conjugate sub-group of the complete 
group of isomorphisms. This sub-group clearly contains the 
group of inner isomorphisms and may be identical with it. 


No case is known of an outer isomorphism which changes 
each conjugate set of operations into itself. On the other 
hand, it is still an open question whether or no such iso- 
morphisms exist. 


If now (5) is any isomorphism of G@ of order n, the 


permutations 


a and (aa (B= TA OW ec , WV), 


generate a group of order Wn. When J is used to represent 
the isomorphism, this group may be denoted by {J, G}; as shewn 
above, it contains G self-conjugately. Suppose that n is prime 
and is not a factor of NV. The operation J is not permutable 
with every operation of G; and therefore (§ 26) there must be 
operations S of G which are permutable with no operation of 
the conjugate set to which J belongs. The number of opera- 
tions which in {J, G@} are conjugate to such an operation S 
must be a multiple of n; and since n is not a factor of JV, this 
conjugate set of operations must be made up of m distinct 
conjugate sets of operations in G. The isomorphism J must 
therefore interchange some of the conjugate sets of G. 


The same result is clearly true if the order n of J has any 
prime factor not contained in NV. Hence :— 


THEOREM II. An isomorphism of a group G, whose order 
contains a prime factor which does not occur in the order of G, 
must interchange some of the conjugate sets of G. 
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66. If the isomorphism fo or J leaves no operation 


except identity unchanged, it must in {J, G} be one of NV 
conjugate operations. For if 


Se IS, =e Uy, 
J would be permutable with S,S,~1, which is not the case. 
These V conjugate operations are 


TIS, FS, se 


and since the first transforms every operation of G, except 
identity, into a different one, the same must be true of all the 
set. If now J transformed any operation S into a conjugate 
operation 278%, JZ would transform S into itself; hence 
J must transform every conjugate set of @ into a different 
conjugate set. 


The special cases in which the order of Jis two or three may here 
be considered. Representing the V operations conjugate to J by 


Bd Pes fee te er eae 

the WV operations of G, when the order of J is 2, are 

oY ARGS Pe ee , JJy_y. 
Now RS Fe Ee 6 ESS 6 re 
so that J transforms every operation of G into its inverse, But if 

oe Sane 

and GM I 
then ISH ECT Iai! Grd ARS Ie 


Now as S’T” is the operation into which the isomorphism 
transforms S7, it must be (SZ’)", and therefore 


ST a0s; 
The group G@ is therefore an Abelian group of odd order. 
When the order of J is 3, let 8’, 8”, ...... , S” or C be a set of A 


conjugate operations in G. In {J, G} the set forms part of a conju- 
gate set of 3h operations, consisting of CO, JCJ, JCJ—. 


Now rahe fa Aol ISIS (8 de) =a, 
and SOO ESO Each Ga CS = A. 
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Hence J~'S'J and JS’J~! are permutable, and each is similarly 
shewn to be permutable with S’. Also since, for J, any one of its 
N conjugates may be used, S’ is permutable with every operation of 
each of the sets J-'CJ and JCJ~.. Moreover since S’ is permutable 
with J78"J and with JS” J-1, it is permutable with S”. Hence G 
must be such that every two of its operations which are conjugate 
are permutable. It is easy to shew from this that G must be the 
direct product of groups whose orders are powers of primes; these 
groups themselves being subject to definite limitations*. 


67. Any sub-group H of G is transformed by an isomorph- 
ism into a simply isomorphic sub-group H’: but H and H’' 
are not necessarily conjugate within G. If however the set of 
conjugate sub-groups 


are the only sub-groups of G of a given type, every isomorph- 
ism must interchange them among themselves. 


Suppose now that this is the case and that no operation of 
G is permutable with each of the conjugate sub-groups 


hak il a he Re the san Bis 


Let J be any operation, of order yw, that transforms G and each 
of the set of m conjugate sub-groups, into itself. Then J* is 
the lowest power of J that can occur in G, since no operation 
of G transforms each of the m sub-groups into itself. Now in 
{J, G}, the greatest sub-group that contains H, self-conjugately 
is {J, I,}, I, being the greatest sub-group of @ that contains H, 
self-conjugately. Also, in {J, (} the set of sub-groups {J, J,}, 
(r=1, 2, ...,m), is a complete conjugate set. Now the set of 
groups 


have by supposition no common operation except identity; and 
therefore the greatest common sub-group of 


lela tad oda as Sonata 
is {J}. Hence {J} is a self-conjugate sub-group of {J, G}; and 
since G is also a self-conjugate sub-group of {J, G}, while {J} 
and @ have no common operation except identity, J must be 


* Burnside, ‘On groups in which every two conjugate operations are per- 
mutable,” Proc. L. M. S. Vol. xxxv (1902), pp. 28—37. 
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permutable with every operation of G. Every operation 
therefore which is permutable with G, and with each of the 
sub-groups 

TL eld ane dae lla 
is permutable with every operation of G. Thus finally, no 
outer isomorphism can transform each of the sub-groups 
Ti Ltenece , m) into itself. Hence:— 


THeorEM III. If the conjugate set of m sub-groups 
1s ee ihe 


contains all the sub-groups of G of a given type, and vf no 
operation of G is permutable with each sub-group of the set, then 
to each isomorphism of G there corresponds a distinct permuta- 
tion of the m sub-groups. 


68. Definition. Any sub-group of a group G which is 
transformed into itself by every isomorphism of G, is called* a 
characteristic sub-group of G. 


A chafacteristic sub-group of a group @ is necessarily a 
self-conjugate sub-group of G; but a self-conjugate sub-group 
is not necessarily characteristic. A simple group, having no 
self-conjugate sub-groups, can have no characteristic sub- 
groups. Let G be any group, and let K be the holomorph 
of G. A characteristic sub-group of G is then a self-conjugate 
sub-group of K’; and conversely, every self-conjugate sub-group 
of K which is contained in G isa characteristic sub-group of G. 

Suppose now a chief-series of K formed which contains 
G. If G@ has no characteristic sub-group, it must be the 
last term but one of this series, the last term being identity. 
It follows by § 53 that G must be the direct product of a 
number of simply isomorphic simple groups. Hence:— 


THEOREM 1V. A group, which has no characteristic sub- 


group, must be either a simple group or the direct product of 
simply isomorphic simple groups. 


The converse of this theorem is clearly true. 


* Frobenius, ‘‘ Ueber endliche Gruppen,” Berliner Sitzungsberichte, 1895, 
p. 183. 
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69. Suppose now that G@ is a group which has character- 
istic sub-groups; and let 


Greener Ho Os AA os ed ,£ 


be a series of such sub-groups, each containing the one that 
follows it and chosen so that, for each consecutive pair G, and 
G44, there is no characteristic sub-group of @ contained in G, 
and containing G,4,, except G,,, itself. Such a series is called * 
a characteristic series of G. 


It may clearly be possible to choose such a series in more 
than one way. If 


, 
G, G, p> teeeee ) Ge Gis ee eeee , E 


be a second characteristic series of G,and if K is the holomorph 
of G, then 


HT. wh; EGG, Rod GGek, tine, 
ane ea pak ee gta! pu. Geng AV Sg cats 


are two chief-series of K. In fact, if K had a self-conjugate 
sub-group contained in G, and containing G;,,,, then G would 
have a characteristic sub-group contained in G, and containing 
Gyi1- The two chief-series of K coincide in the terms from K 
to G inclusive. Hence the two sets of factor-groups 


CEG AO) ae sirens 5 Gy Opec tees 
and CG GAG Giggs naa Gi rete siete 
must be equal in number and, except possibly as regards the 
sequence in which they occur, identical in type. Moreover, each 


factor-group must be either a simple group or the direct product 
of simply isomorphic simple groups. 


70. The isomorphisms of a given group with itself are 
closely connected with the composition of every composite group 
in which the given group enters as a self-conjugate sub-group. 
Let G be any composite group and H a self-conjugate sub- 
group of G. Then since every operation of G transforms H 
into itself, to every such operation will correspond an iso- 
morphism of H with itself. If 8 is an operation of @ not 
contained in H, and if the isomorphism of H arising on 


* Frobenius, “ Ueber auflésbare Gruppen 11,” Berliner Sitzungsberichte, 1895, 
p. 1027. 
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transforming its operations by S is an outer isomorphism, so 
also is the isomorphism arising from each of the set of opera- 
tions SH. In this case, no one of this set of operations is 
permutable with every operation of H. If however the 
isomorphism arising from S is an inner isomorphism, there 
must be some operation h of H which gives the same iso- 
morphism as S; and then Sh is permutable with every 
operation of H. In this case, the set of operations SH will 
give all the inner isomorphisms of H. 


Suppose now that H, is that sub-group of G which is formed 
of all the operations of G that are permutable with every 
operation of H. Then to every operation of G, not contained 
in {H, H,}, must correspond an outer isomorphism of H; and 
to every operation of the factor-group G/{H, H,} corresponds 
a class of outer isomorphisms. If then JZ is the group of 
isomorphisms of H, and if L, is that self-conjugate sub-group 
of Z which gives the inner isomorphisms of H, G/{H, H,} must 
be simply isomorphic with a sub-group of L/Zy. 

If now H contains no self-conjugate operation except 
identity, H and H, can contain no common operation except 
identity. Hence, since every operation of H is permutable 


with every operation of H,, {H, H,} is in this case the direct 
product of H and H,. 


If, further, Z coincides with H, so that H admits of no 
outer isomorphisms, G/{H, H,} must reduce to identity. In 
this case, G is the direct product of H and H,. 


Definition. A group, which contains no self-conjugate 
operation except identity and admits of no outer isomorphism, 
is called* a complete group. 


One result of the present paragraph may be expressed in 
the form:— 


THEOREM V. A group, which contains a complete group as 
a self-conjugate sub-group, must be the direct product of the 
complete group and some other groupt. 


* Holder, ‘‘ Bildung zusammengesetzter Gruppen,’ Mat 
(1895), p. 325. ppen,” Math. Ann. Vol, xuvr 
+ Ibid. p. 325. 
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Ex. If @ is a complete group of order NV, shew that the order 
of K, the holomorph of G, is V?, and that the order of the holo- 
morph of & is 2N4 


71. TuHroreM VI. Jf G isa group with no self-conjugate 
operations except identity; and if the group of inner isomor- 
phisms of G is a characteristic sub-group of L, the group of 
wsomorphisms of G; then L is a convyplete group*. 


With the notation of § 64, the operations of Z may be 
represented by the permutations 


(s) 


The group of inner isomorphisms, which we will call G@’, is given 
by the permutations 


S 
Cea @ay dee Nisan): 


it is simply isomorphic with G. 


Now @a ( atiers| , a (ome 


= S . 

> (s/-138,) 
and therefore no operation of Z is permutable with every 
operation of G’. Hence every isomorphism of G’ arises on 
transforming its operations by those of Z. Suppose now that J 
is an operation which transforms JL into itself. Since G’ is by 
supposition a characteristic sub-group of Z, the operation J 
transforms G’ into itself. If J does not belong to ZL, we may 
assume that J is permutable with every operation of G’. For if 
it is not, it must give the same isomorphism of G’ as some 
operation & of LZ; and then J is permutable with every 
operation of G’, and is not contained in LZ. Now J being 
permutable with every operation of G’, we have 


J—s—9sJ = ss, 
where s is any operation of LZ, and g any operation of G’. 


* Holder (loc. cit. p. 331) gives a theorem which is similar but not quite 
equivalent to Theorem VI. 
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Moreover JgJ" =, 
and therefore Js Sg Js J = s~"gs. 


Hence s and J~'sJ give the same isomorphism of G’. Now 
no two distinct operations of Z give the same isomorphism of 
G’, so that s and J—sJ must be identical; in other words, J is 
permutable with every operation of Z. Hence Z admits of no 
outer isomorphisms. Moreover, G’ has no self-conjugate opera- 
tions, and no operation of Z is permutable with every operation 
of G’; hence Z has no self-conjugate operations. It is therefore 
a complete group. 


Corollary. If G is a simple group of composite order, or 
if it is the direct product of a number of isomorphic simple 
groups of composite order, the group of isomorphisms L of @ is 
a complete group. 


For suppose, if possible, in this case that G@ is not a 
characteristic sub-group of Z; and that, by an outer isomorph- 
ism of Z, Gis transformed into G;. Then G; is a self-conjugate 
sub-group of LZ; and each of the groups G and G, transforms 
the other into itself. Hence (§ 34) either every operation of G 
is permutable with every operation of G,, or G and G, must 
have acommon sub-group. The former supposition is impossible 
since no operation of J is permutable with every operation of @. 
On the other hand, if G and G, have a common sub-group, it 
is a self-conjugate sub-group of Z and it therefore is a charac- 
teristic sub-group of G. Now (§ 68) G@ has no characteristic 
sub-groups, and therefore the second supposition is also impos- 
sible. It follows that, in this case, G is a characteristic sub-group 
of L, and that L is a complete group. 


72. THroreEM VII. Jf G@ ts an Abelian group of odd order, 
and if K is the holomorph of G; then when @ is a characteristic 
sub-group of K, the latter group is a complete group. 


Since G is of odd order, there is an isomorphism of order two 
changing each operation of G into its inverse, leaving E only 
unchanged. Hence K has no self-conjugate operation except Z. 
If Q is an operation of K of order two giving this isomorphism, 
then in K there are just N operations conjugate to Q, viz. 
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QS; («= 1, 2,..., VW), where S;(¢=1, 2,..., NV) are the operations 
of G. 

Since G is a characteristic sub-group of K, every isomorphism 
of K permutes these V operations among themselves; and since 
no operation of K is permutable with all of them, it follows by 
§ 67 that no isomorphism of K can be permutable with all of 
them. Let J be an operation which transforms X into itself. 
As in §71 we may without loss of generality assume that J is 
permutable with every operation of G. If 


JQI = QS, 
there is an operation of G such that 
S°Q5;= QS, 


and JS;-' is permutable with Q, and therefore with each of the 
NV operations QS; (t= 1, 2,..., V). But the only isomorphism of 
K for which this is true is the identical isomorphism. Hence 
J gives an inner isomorphism of K; or K admits no outer 
isomorphisms. It has been seen that K has no self-conjugate 
operation except Z, and it is therefore a complete group. 


73. Weend the present chapter with the following theorem, 
which, though not directly connected with those that precede it, 
is of some importance in dealing with groups of isomorphisms. 


THeEorEM VIII. If H is a self-conjugate sub-group of G, the 
order of an isomorphism of G, which transforms every operation 
of each of the groups G/H and H into itself, is a factor of the 
order of H. 


If S is any operation of G not contained in H, the 
isomorphism will change S into Sh, where h is some operation 
of H. If then m is the order of h, the isomorphism transforms 


SASS ase kas , Shim 


cyclically ; and therefore it transforms all the operations of the 
set SH in cycles of m each. If 8’ is any operation of G not con- 
tained in SH, the isomorphisin will interchange the operations 
of the set S’H among themselves in cycles of m’ each, where m’ 
again is the order of some operation of H. The isomorphism, 


98 EXAMPLES [73 


when expressed as a permutation performed on the operations 


of G, will consist of a number of cycles of m, m’, ...... symbols ; 
and its order is therefore the least common multiple of 
MI 5) ain «8 Now if q is any prime that divides the order 


of H, and g” the highest power of g that occurs as the order 
of an operation of H, no power of q higher than q” can 
occur in any of the numbers m, m’, ...... ; and g” is therefore 
the highest power of g that can occur in their least common 
multiple. This least common multiple, which is the order of 
the isomorphism, must therefore divide the order of H. 


Ex. 1. If a group G admits an isomorphism, in which more 
than three quarters of its operations correspond to their inverses, 
then G must be Abelian. (G. A. Miller.) 


Ex. 2. If a group admits an isomorphism in which each 
operation corresponds to its th power, where yp is relatively prime 
to the order of the group, then the (u—1)th power of every opera- 
tion is self-conjugate. (J. W. Young.) 


Ex. 3. + If a group, of odd order V, admits an isomorphism of 
order 2, in which n, operations correspond to themselves and n, to 
their inverses, prove that 


N =n, (n, + 1). 
Hence shew that if n, > 4, the group must be Abelian. 


Ex. 4. Prove that the group of i = £ 
order 8, defined by SR ie Siders geen Tt is 


At= EF, B=E, (ABY=E, 


is simply isomorphic with the group itself, 


CHAPTER VII. 


ON ABELIAN GROUPS*. 


74. We shall now apply the general results, that have 
been obtained in the previous chapters, to the study of two 
special classes of groups; in the present chapter we shall deal 
particularly with Abelian groups (§ 24) whose operations are all 
permutable with each other. 


It is to be expected (and it will be found) that the theory of 
Abelian groups is much simpler than that of groups in general ; 
for the process of multiplication of the operations of such groups 
is commutative as well as associative. 


Every sub-group of an Abelian group is itself an Abelian 
group, since its operations are necessarily all permutable. For 
the same reason, every operation and every sub-group of an 
Abelian group is self-conjugate both in the group itself and in 
any sub-group in which it is contained. 


If G is an Abelian group and H any sub-group of G, then 
since H is necessarily self-conjugate, there exists a factor-group 
G/H, and this again must be an Abelian group. (The reader 
must not however infer that, if H and G/H are both Abelian, 


* On Abelian groups, the reader may consult Frobenius and Stickelberger, 
“Ueber Gruppen vertauschbarer Elemente,” Crelle’s Journal, Vol. Lxxxvi (1879), 
p. 217; and a very complete discussion in the second volume of Herr Weber’s 
Lehrbuch der Algebra. 

The name ‘Abelian group” has been applied by M. Jordan (Traité des sub- 
stitutions etc. pp. 171 et seq.) to an entirely different class of groups, whose 
operations are not permutable. Most writers, we believe, have used the phrase 
in the sense defined in the text. 

The connection of Abel’s name with groups of permutable operations is due 
to his having been the first to investigate, with complete generality, the applica- 
tion of such groups to the theory of equations, ‘‘ Mémoire sur une classe 
particuliére d’équations résolubles algébriquement,” Crelle’s Journal, Vol. 1v 
(1829), p. 181; or Collected Works, 1881 edition, Vol. 1, p. 478. 


md 
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then G@ is also Abelian. It is indeed clear that this is not 
necessarily the case.) 


75. If P and Q are permutable operations of order m and n, 
the order of their product is equal to or a factor of mn; for 


(PQy™ = (Pan (QY" = E, 
In particular if the orders of P and Q are powers of p, then 
PQ is either identity or has a power of p for its order. 


Let now G be any Abelian group of finite order V = p7q°...r7, 
where p, q,..-, 7 are distinct primes. By § 35 G must have 
operations of orders p, qg,..., 7. Let 


diged ag ty tern ee 4 


be those operations of G whose orders are respectively powers of 
Ps Yn» re The product of any two of the operations 


is either H or another operation of the set. Hence 
EO PE ee 


constitute a sub-group of G, which may be denoted by G,. Its 
order is a power of p (§ 35), say p*. Similarly 


E, Q, Q, Oy, ROTO 


constitute a sub-group of G, of order qg® ; and so on. 

Now it has been seen (§ 16) that any operation of order 
piq?...7°, where p, q,...,7 are distinct primes, can be represented 
in just one way in the form PQ...R, where P, Q...., R are 
permutable operations of orders p%, q’,..., 7° Hence every 
operation of G can be represented as the product of operations, 
one being chosen from each of the sub-groups Gy, Gy,..., G. 
No two of these sub-groups have a common operation except E, 
and their operations are all permutable. Their direct product 
(§ 31) is contained in G, and @ is contained in their direct 
product. Hence G@ is the direct product of Gp, Gq,..., Gp; and 
a =A, 9 = 83...) =). 
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THEOREM I. An Abelian group G of order p*q®...r’, where 
Ps Gees 7 are distinct primes, is the direct product of groups 
Ger Ug..s5 Ge OF orders (p*,"9",..., rv, “Lhe sub-group) Gs 
Formed of all the operations of G whose orders are powers of p 
with the identical operation. 


76. The first problem of pure group-theory that presents 
itself in connection with Abelian groups is the determination 
of all distinct Abelian groups of given order N. Let G, 
and G,' be two distinct Abelian groups of order p*, i.e. two 
groups which are not simply isomorphic. Then two Abelian 
groups of order WV, whose sub-groups of order p* are simply 
isomorphic with G, and G,’ respectively, are necessarily distinct. 
Since then @ is the direct product of Gy, Gq,..., G,, the 
general problem for any composite order NV will be completely 
solved when we have determined all distinct types of Abelian 
groups of orders p*, q®,...,7%. We may therefore, for the purpose 
of this problem, confine our attention to those Abelian groups 
whose orders are powers of primes. 


Th Ti Ph Pe. Pe of ordersip sips Ap ™are: acset of 
operations between which no other relations exist, except 


P;P; = P;P;, (Cees DE etice 8), 


they clearly generate an Abelian group of order p™, where 
M=m,+m,+...+m;. For if there are less than p™ distinct 
operations in the set 

W Sig Pa Rohe ph 


there must be relations of the form 
P“aP,%... Pi = E, 


contrary to supposition. The s operations P,, P,,..., P; are 
spoken of as a set of independent generating operations of the 
group. A fundamental question is whether an Abelian group of 
finite order always has such a set of independent generating 
operations. It is answered in the affirmative by the following 
investigation *, 

* This method of shewing that an Abelian group of finite order has a set of 


independent generating operations is due to Mr Hilton, Finite Groups (1908), 
pp. 126, 127. 
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Let G be an Abelian group whose order is a power of p, 
and let P, be an operation of G whose order p™ is not less than 
that of any other operation. Then every operation of @ satisfies 
the relation 

Se == FE, 
Consider the factor-group G/{P,}, which is Abelian. Let P’ be 
an operation of it, whose order p™ is not less than that of any 
other operation, and P a corresponding operation of G. The 
order of P is (§ 28) equal to or a multiple of p”™; and therefore 
m, is equal to or less than m,. Then if S is any operation of 
G, SP is contained in {P,}. If 


Pe pieesh 
then es PP Nee eas 
so that « is divisible by p™. If 2/p™ is y, then 
(PP,y)™ = E. 
Put PP,4=P,; 
then ? PP" =F, 


and no power of P,, distinct from H, occurs in {P,}. 


Consider next the factor-group G/{P,, P,}, which is Abelian. 
Let Q’ be an operation of it, whose order p™: is not less than the 
order of any other, and @ a corresponding operation of G. Then, 


if S is any operation of G, S?”* is contained in {P,, P,}, so that 
ms is equal to or less than m,. Moreover 


Qe = PPA, 
Qe™ = Poe eo? Pee a 
E= qe = P02 Pe pm 
Now Q?”" is contained in {P,}. Hence a is a multiple of p™s, 
say «,/p™ = y,. The last relation now becomes 
H= Po a 
so that a, is a multiple of p™, say a,/p™=y,. Put 
P= OPP, te 
then PBK = E, 


and no power of P3, distinct from Z, occurs in eas Gare 
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The operations P,, P,, P; thus determined are independent ; 
and the process may clearly be continued (considering next the 
factor-group G/{P,, P,, P,}) till a set of independent operations 
which generate G is arrived at. Hence :— 


TurorEM II. The operations of an Abelian group, whose 
order is a power of p, can always be represented in the form 


Ge ae Ga 


i — ee Le eS 
where the operations P,, P,,..., P, are connected by the relations 
Pe = f 
tattoo i Ge eee pera?) 


and by no others. 


It is convenient to suppose the m’s in descending order, so 


that 
Wn ee i SOS Pans see Z=™M;. 


78. It is clear, from the synthetic process by which it has 
been proved that an Abelian group of order p™ can be generated 
by a set of independent operations, that a considerable latitude 
exists in the choice of the actual generating operations ; and the 
question arises as to the relations between the numbers and the 
orders of distinct sets of independent generating operations. 


The discussion of this question is facilitated by a considera- 
tion of certain special sub-groups of G. If A and B are two 
operations of G, and if the order of A is not less than that of B, 
the order of AB is equal to, or is a factor of, the order of A. 
Hence the totality of those operations of G whose orders do not 
exceed p*, or in other words of those operations which satisfy 
the relation 

Se” = E, 
form a sub-group G,. The order of G, clearly depends on the 
orders of the various operations of G and in no way on a special 
choice of generating operations. Now if 


belongs to G,, then 
PSP ei name Rew = EF, 
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Hence if m4, is the first of the series 


in UMasecrans , Ms, 
which is less than pw, then aj44,..-... , 4, may have any values 
whatever; but a,(¢=1, 2,...... , 2) must be a multiple of p™™. 


It follows from this that G, is generated by the s indepen- 
dent operations 
Ie Pe en) Yee tee Bed ae iE ed APOE en B lay 
If then the order of G, is p’, we have 
& 
v= per + > M2. 
i+1 
The order of G,, the sub-group formed of all operations of G 
whose order is p, is clearly p’. 


79. Suppose now that by a fresh choice of independent 
generating operations, it were found that G could be generated 
by the s’ independent operations 


/ ? / 
¥ EB; ; fee. preeees ’ PY 
of orders Fike ay ia Pree ae 
where Wis uss Mane ace >mM,. 


If m’‘v4; is the first of this series which is less than pu, the 
order of G, will be p”, where 


s 


y=pi' + & mm. 
41 


The order of G, is independent of the choice of generating 
operations; so that for all values of wu 


v=D. 
Hence, by taking »=1, 
s=s', 
or the number of independent generating operations is indepen- 
dent of their choice, 
If now Mm=m: (t=t+1,0+2).... ofS); 
and Mm; >m;, 
and if we choose yw so that 


Mm>u>mM } 
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: s 
then y= pw + > M4, 
i+1 
, . 23 
and vy =u(t—1)+mi+ > m,. 
i+1 

The condition pop’ 

gives w= mM, 


in contradiction to the assumption just made. 
Similarly we can prove that the assumption m;’ > m, cannot 
be maintained. Hence 
M;= mM, 5 


and therefore, however the independent generating operations 
of G are chosen, their number is always s, and their orders are 


80. If G’ is a second Abelian group of order p™, simply 
isomorphic with G, and if 


v / 7 
Pele eee dl ele 
of orders | bac i BRA fie Ce 
where Stee es: >m' y 


are a set of independent generating operations of G’’, exactly the 
same process as that of the last paragraph may be used to shew 
that 


and Mera; (2 1) 2s hss ‘3), 

In fact, since corresponding operations of two simply iso- 
morphic groups have the same order, the order of G, must be 
equal to the order of G,’; and this is the condition that has 
been used to obtain the result of the last paragraph. 


Two Abelian groups of order p” cannot therefore be simply 
isomorphic unless the series of integers m,, ™,...... , mz is the 
same for each. On the other hand when this condition is satis- 
fied, it is clear that the two groups are simply isomorphic, since 
by taking P; and P;’ (¢=1, 2,...... , 8) aS corresponding opera- 
tions, the isomorphism is actually established. 
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The number of distinct types of Abelian groups of order p™, 
where p is a prime, i.e. the number of such groups no one of 
which is simply isomorphic with any other, is therefore equal 
to the number of partitions of m. When the prime p is given, 
each type of group may be conveniently, and without ambiguity, 
represented by the symbol of the corresponding partition. 
Thus the typical group G that we have been dealing with 
would be represented by the symbol (7, mz,...... , Mg). 


81. Having thus determined all distinct types of Abelian 
groups of order p™, a second general problem in this connec- 
tion is the determination of all possible types of sub-group 
when the group itself is given. This will be facilitated by the 
consideration of a second special class of sub-groups in addition 
to the sub-groups G, already dealt with. 


If S and S’ are any two operations of G, then 
SP" S’e* = (SS); 

and therefore the totality of the distinct operations obtained by 
raising eVery operation of G to the power p* will form a 
sub-group G), 

If Mm; > > Miz, 
then (Theorem II, § 77) 

PS ce gE ae ae pee. 
S being any operation of G. Hence G) is generated by the 7 
independent operations 
Pee ae Pes 


and the order of G) is pees 


Let now H of type (m, m,...... , mn) be any sub-group of G. 
The order of the group H,, formed of all the operations of H 
which satisfy the equation 

S? = Ff, 
is p' (§ 79). This group must be identical with or be a sub- 
group of G,, whose order is ps. Hence 
t<s, 
ie. the number of independent generating operations of any 
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sub-group of G is equal to or is less than the number of 
independent generating operations of @ itself. 


Again the sub-group H™) of H is a sub-group of the sub- 
group G™ of G@; and therefore, as has just been seen, the 
number of generating operations of H) must be equal to or 
less than the number of generating operations of G). Now 
the number of generating operations of H) is 7’, where 

Ny > fe > N41, 
and the number of generating operations of G) is 7, where 
mM; > b> M+}. 
Hence for each w 
w>V. 
If for each 7, 
Mm; > Nj 
this condition is obviously satisfied. If however 
mM, 2; = mi seeees , a) 
and Mati < Na+ 
then taking w= a4, 
1=6,¢7 26+ 1. 

Hence a necessary condition that G should contain a sub- 

group of type H is that, for each 2, 

NSM; 
while if this condition is satisfied a sub-group of the given type 
can be actually constructed. These results may be summed up 
as follows: 


THEOREM III. The number of distinct types of Abelian 
groups of order p™, where p is a prime, is equal to the number of 
partitions of m; and each type may be completely represented 
by the symbol (m,, 1Mo,...-+. , ms) of the corresponding partition. 
If the numbers in the partition are written in descending order, 
a group of type (m,, Mo,-..++ , ms) will have a sub-group of type 
(oth gi att.-. , nt), When the condrtions 

tas: 
nem; (1 = 1, 2, sferelernr yt) 
are satisfied; and the type of every sub-group must satisfy these 
conditions. 
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82. Every sub-group of an Abelian group is self-conjugate, 
and if the group is cyclical every sub-group is obviously a 
characteristic sub-group. In general however an Abelian 
group will contain sub-groups which are not characteristic. 
Now it follows immediately from § 68 that the only Abelian 
groups which have no characteristic sub-group are those of 
order p™ and type (1,71). -.-. , to m units). We proceed to 
form a characteristic series for an Abelian group which is not 
of this type*. Suppose that the group @ is generated by a set 
of independent operations, of which n, are of the order 


while qe Maite 52 Ure 


The sub-group G, (§ 78), formed of the operations of G 
which satisfy the relation 


is clearly a characteristic sub-group. As a first step towards 
forming the characteristic series, we may take the set of 
groups 

Riga (=), Gin 5h means sass mite is tus 
for this is a set of characteristic sub-groups such that each 
contains the one that follows it. 


Now the sub-group G® (§ 81), formed of the distinct 
operations that remain when every operation of G is raised 
to the power p”, is also a characteristic sub-group; and since 
the operations common to two characteristic sub-groups also 
form a characteristic sub-group, the sub-group K,, , (common to 
G, and G)) is characteristic. It follows from this that G, will 
be the last group but one of a characteristic series only when 
r=1. If r>1, G, is not contained in G-1), and the 
common sub-group Ky, m1 of these two is characteristic. 
If r>2, this sub-group again is not contained in @™%-2-); 
and the common sub-group Ky, m, Of G, and Gi» is a 
characteristic sub-group contained in Ky, m,,-+ Continuing 
thus, we form between G, and E the series 


Gy , K,, M,_4—1) Ky My, _g—losseees ) Ti my—1s E. 


* Frobenius, ‘‘ Ueber auflésbare Gruppen 11,” Berliner Sitzungsberichte, 1895, 
pp- 1028, 1029. 
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In a similar way, between G@, and G,_, we introduce such of 
the series 


iGo, de Mrieens Oana ints it aay, DODO ? Noes Ws Sen 
as are distinct, the symbol m,— a being replaced by zero where 
it is negative. 

From the original series we thus form a new one, in which 


again each group is characteristic and contains the following. 
This series may be shewn to be a characteristic series. 


Let Daas 18 ME pete es Mn ins 
be the mn, generating operations of G, whose orders are Wes 
Then if {G,4, Ke, ma} and {G@.4, K.,m,.-a} aré distinct, the 
generating operations of the latter differ only from those of the 
former in containing the set 


pms—at1 é 
ie we Pa Coo oer nu): 
in the place of 
pits 
diet Sek C8 BO , M3) 


Now any permutation of the n, generating operations 
Ja egy Gar Dn proiateters ' Ns), 


among themselves, the remaining generating operations being 
unaltered, must clearly give an isomorphism of G with itself; 
and therefore no sub-group of G, contained in {Gy_,, Ka, m—a} 
and containing {G,4, Ka, m,_.—0}s can be a characteristic sub- 
group. This result being true for every pair of distinct groups 
which succeed each other in the series that has been formed, 
it follows that the series is a characteristic series. It may be 
noticed that, if T and I” are any two consecutive sub-groups in 
a characteristic series of G, the order of I'/I” must be p’, where v 


is one of the r numbers n,, and its type is (1, 1,...... to v units). 


83. It is clear that the Abelian group of order p™ and 
Lye sly Le Lesa , with m units) is of special importance in 
the general theory, and we shall here discuss one or two of its 
simpler properties. 

Since the generating operations of the group are all of order 
p, every operation except identity is of order p; and therefore 
the type of any sub-group of order p* is (1, 1, 1....... to s units). 
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In choosing a set of independent generating operations, we 
may take for the first, P,, any one of the p”—1 operations of 
the group, other than identity. The sub-group {P,} is of order 
p; and therefore G has p™ — p operations which are not contained 
in {P,}. If we choose any one of these, P,, it is necessarily 
independent of P,, and may be taken as a second generating 
operation. The sub-group {P,, P,} is of order p? and type 
(1, 1); and G has p™ — p? operations which are not contained in 
this sub-group. If P; be any one of these, no power of P, 
other than identity is contained in {P,, P,}; and P,, P,, P; are 
therefore three independent operations which generate a sub- 
group of order p*. This process may clearly be continued till 
all m generating operations have been chosen. If then the 
position which each generating operation occupies in the set of 
m, when they are written in order, be taken into account, there are 


(p™ — 1) (p™— p) (p™ — p*).--+-(p™ — p™) 
distinct ways in which a set may be chosen. If on the other 
hand the sets of generating operations which consist of the 
same operations written in different orders be regarded as 
identical, the number of distinct sets is 
(p™ — 1) (p™ — p).+----(p™ = p™™) 


m! 


84. No operation P of the group can belong to two distinct 
sub-groups of order p except the identical operation. Hence 
since every sub-group of order p contains p—1 operations 
besides identity, G@ must contain (p™—1)/(p —1) sub-groups of 
order p. 


Let Nim,» be the number of sub-groups of G of order p’, so 

that 
Ne eS ie zat : 
’ p = 5 il 

There are, in G, p”™ — p* operations not contained in any given 
sub-group of order p*. If P occurs among these operations, so 
SOR OM La sic. , Pr, Hence there are (p™ — p*)/(p — 1) 
sub-groups of order p in G which are not contained in a given 
sub-group of order p’. Hach of these may be combined with 
the given sub-group to give a sub-group of order p*+. When 
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every sub-group of order p* is treated in this way, every sub- 
group of order p*t! will be formed and each of them the same 
number, 2, of times. Hence 


LN in, s+1 = ips wae . 


Now a sub-group of order p** contains V,,,,, sub-groups of 
order p’, and (p** — p*)/(p — 1) sub-groups of order p which are 
not contained in any given sub-group of order p*. Hence 


ee aa axis 
c= Fe Vee 8 
N, pee 
and therefore N ip , 
a Vee 8 Pp =i 


We will now assume that 


Driers ANS. oy). i Oar aal) 
SG DGr= 1)... 1a” 
for all values of m and for values of ¢ not exceeding s. This 
has been proved for s=1. Then it follows, from the above 
relation, that 
N,, seriairs WARY bil) plenty (p”-* — 1) 
: (p —1) (pp? = 1). (peri) i 
that is to say, if the result is true for values of t not exceeding 
s, it is also true when t=s+1. Hence the formula is true 
generally. 


It may be noticed that 


Ne pat ence 
BD see Liga Leer tee , P,, are independent generating opera- 
tions of an Abelian group @ of order p™ and type 
(Lil eee , to m units), 
an isomorphism of the group with itself is given by 
eae Pa ea oad apes 
Gee” Py) 


where P’,, P’,,..., P’» is any other set of generating operations. 
The order of the group of isomorphisms of G is therefore, by 
§ 83, 

(p™—1)(p™ — p)..---.(p™ — p™), 
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and the order of the holomorph X of G is this number multi- 
plied by p™ If @ were not a characteristic sub-group of K, 
and if G’ were conjugate to @ in the group of isomorphisms of 
K, then {G, G} would be a self-conjugate sub-group of K. 
Since G has no characteristic sub-group, G and G’ can have no 
common sub-group; and therefore every operation of G would be 
permutable with every operation of G. But the only operations 
of K which are permutable with every operation of G are the 
operations of G itself. Hence @ must be a characteristic sub- 
group of K, and therefore, § 72, if p is an odd prime, K is 
complete. 


86. If G is any Abelian group whose order is a power of 

p and if 

Goulg, laacet pf Bevel, 
is a characteristic series of G, every isomorphism of G must 
transform each of these groups into itself; and therefore also 
must transform each factor-group I’,/T’,,, into itself. Let I be 
an isomorphism which transforms each operation of T,/T.., and 
T4, into ftself Then, § 73, the order of J is a power of p. 
Hence the only isomorphism which transforms each operation 
of each of the groups 

GUD ile hig. seco Aaa Ae he 

into itself and is of order prime to p is the identical isomor- 
phism. Now [I,/I,, is an Abelian group of type 

AUR a Becdoeee to v units). 
Hence if k be the greatest value of v for the above series of 
factor-groups, the order of any isomorphism of G, if prime to Pp, 
must divide the order of the group of isomorphisms of an 


Abelian group of order p* and type (1, 1,...... to k units). 
In other words it must be a factor of 


(pt = Wo eed) raed Die di). 


With the notation of § 82, k is the greatest of the numbers 
ms. Hence: 


THEOREM IV. Jf G is an Abelian group, generated by n, 
operations of order p™, nz operations of order p™,...... » Ny 
operations of order pr, and if k is the greatest of the numbers 
1, eile ae een , n,, then any operation whose order is relatively 
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prime to (p*—1)(pF -1)...... (p—1) p which is permutable 
with G, is permutable with every operation of G. 


87. An Abelian group G of order p,%p,%...... Pn™ is the 
direct product of Abelian groups G,, Gy,...... , G, of orders 
Poy. DyPyoeewn: , Pr. If I is any isomorphism of G,, then @ 
obviously admits an isomorphism in which the operations of G, 
undergo the isomorphism J, while the operations of G,,...... LEA 
undergo the identical isomorphism. This isomorphism is 
clearly permutable with any isomorphism of @ in which the 
operations of G, undergo the identical isomorphism. Hence 
the group of isomorphisms of G is the direct product of the 
groups of isomorphisms of G,, G,...... , @,; and similarly the 
holomorph of G is the direct product of the holomorphs of 
Gy Gaerne iia 


If m is the least common multiple of the orders of the 
operations of an Abelian group, or in other words if the group 
has operations of order m and no operations of order greater 
than m, and if w is any number less than and prime to m, then 


(se) 


gives an isomorphism of the group. In fact the operations 
S"“, when for S each operation of the group is written in turn, 
are all distinct, and if 


ST =U, 
then pte bane Ufa 


When for yp each of the ¢ (m) numbers, less than and prime 
to m, is taken in turn, ¢ (m) distinct isomorphisms thus arise, and 
they clearly form a sub-group of the group of isomorphisms. 


S 
Let ( 
be any isomorphism of the group. Then 
S\ es. = eae 
(s) (se) () = (sx) = (s+): 
and therefore each of the isomorphisms ( ae is self-conjugate 


in the group of isomorphisms. 
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88. We shall now discuss the groups of isomorphisms of certain 
Abelian groups, taking first the case of a cyclical group G, of prime 
order p, generated by an operation P. Every isomorphism of such 
a group must interchange among themselves the p — 1 operations 


PoP pee 


and therefore any isomorphism of the group may be represented by 


(>): 


Now the nth power of this isomorphism is 


1% 
j Eeaegl Oe 
Hence if a is a primitive root of the congruence 
a?-1_ 1 =0, (mod. p), 


the group of isomorphisms is a cyclical group generated by the 


isomorphism 
P 
(>.): 


Further, if S is an operation satisfying the relations 
. S128, SPS = Po, 
where a is a primitive root of p, {S, P} is the holomorph of @. 
Since {P} is clearly a characteristic sub-group of {S, P}, the 


latter is a complete group. 


Consider next the case of any cyclical group; and suppose, first, 
that G is a cyclical group of order p”, where p is an odd prime; and 
let it be generated by an operation S. The group contains p”™ (p— 1) 
operations of order p”; and if S’ is any one of these, 


(s) 


defines an sSDNOTpHUSM, The group of isomorphisms is therefore a 
group of order p""(p—1). Moreover, since the congruence 


oP) 1 =0, — (mod. p”), 


has primitive roots, the group of isomorphi 
The holomorph of @ is defined by ake 


is a cyclical group. 
se" 2 E, Je" -1) a E, Jo3 SJ = S*, 
where a is a primitive root of the congruence 


a") _1=0, (mod. p"). 
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If Gisa cyclical group of order 2”, it follows, in the same way, 
that the group of isomorphisms is an Abelian group of order 2"71, 
In this case, however, the congruence 


aie (mod. 2"), n> 2, 


has no primitive root, and therefore the group of isomorphisms is not 
cyclical. 


Now 5°" =1 (mod. 2), 
and Be = 1+ 2-2 (mod. 2"). 


The powers of the isomorphism 


S 
(s 
then form a cyclical group of order 2"-?; and the only isomorphism 
of order 2 contained in it is 
S 
(Age) 7 


Hence on and ea iS 


the latter not being contained in the sub-group generated by the 
former, are two permutable and independent isomorphisms of orders 
2"~2 and 2. They generate an Abelian group of order 2"~1, which is 
the group of isomorphisms of G. The corresponding holomorph is 
given by 


SP iB ah, dg a Iya =ded, 
TIS Tues 85) WIS T= 8st. 


If G@ is a cyclical group of order 4, its group of isomorphisms is 
clearly a group of order 2. 

The nature of the group of isomorphisms and of the holomorph 
of any cyclical group follow from these particular cases by the pre- 
ceding paragraph. 


Ex. 1. Prove that the holomorph of any cyclical group of odd 
order is a complete group. 


Ex. 2. If @ is a cyclical group of order 8 and if X is the 
holomorph of G, prove that @ is not a characteristic sub-group of X, 
With the above notation, and n=3, shew that {S, J,, J,} admits the 
outer isomorphism 

S, Ji, J, ) 
(5, Jy, Sa) 


116 GROUPS OF ISOMORPHISMS [89 


89. We shall next consider the group of isomorphisms of an 
Abelian group of order p” and type (1, 1,... to m units). Such a 
group is generated by nm independent permutable operations of 


order p, say Es: " 
BAD aah} ae vadegt 


We may therefore begin by determining under what conditions 


the symbol 
P, 
(eee tse eee 3) i os 1, 2, ce yiae ’ n); 


defines an isomorphism. This symbol replaces the operation 
TERN TE, boo Le DY Leib ima ae P,», where 


Yy = Ay, + Ay +....-- + Cin has 
Yo = AnH, + Ong at ass000 + Aon Ly 5 (cde 
Yn = Any By + Ange +... + Onn@ny 
Unless the p” operations P,% P.% ...... P,¥ thus formed are all 
distinct, when for P,*: P,% ...... P,% is put successively each of the p” 


operations of the group, the symbol does not represent an isomorphism. 
On the other hand, when this condition is satisfied, the symbol 
represents a permutation of the operations among themselves which 
leaves the niultiplication table of the group unchanged; it is there- 
fore an isomorphism. 


If this condition is satisfied, 2, a, ...... ,%, moust be definite 
numbers (mod. p), when y, Yo, ...-.- » Yn are given; and therefore 
the above set of m simultaneous congruences must be capable 
of definite solution with respect to the a’s. The necessary and 
sufficient condition for this is that the determinant 


115 Ayoy «-eeee » Ain 
Gogh Gen seeeene- Gen 
Ary Ung +++ » nn 


should not be congruent to zero (mod. p). 


Every distinct set of congruences of the above form, for 
which this condition is satisfied, represents a distinct isomorph- 
ism of the group, two sets being regarded as distinct if the 
congruence 


Ors = Ons (mod. ie ) 


does not hold for each corresponding pair of coefficients. Moreover, 
to the product of two isomorphisms will correspond the set of con- 
gruences which results from carrying out successively the operations 
indicated by the two sets that correspond to the two isomorphisms. 
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The group of isomorphisms is therefore simply isomorphic with the 
group of operations defined by all sets of congruences 


Yy = My L, + Ayya t+ ...... + Gn Ln » 
= Ag, Hy + Ann He F eee... + Ao, X, 
Y2 aq Uy 22 Lo on&n (mod. p) 
Yr, S Up hy rh Dag Mg aes + Onn®ns 
for which the relation 
Oh igetipkposcane a Ghee 
Cs Cn en £0 ure 
‘ mod. p) 

Ani» Ang, ++++++ » Inn 


is satisfied. Its order has been determined in § 85. 


90. The group thus defined is of great importance in many 
branches of analysis. It is known as the linear homogeneous group. 
In a subsequent Chapter we shall consider some of its more 
important properties. 


The holomorph of an Abelian group of order p" and type 
(1, 1, ... to ~ units), can similarly be represented as a group of 
linear transformations to the prime modulus p. Consider, in fact, 
the set of transformations 


Yy = Ay Hy + AyyLyt «00... + Ginn + 04, 
Og Oy + Ang lg see + Ayn Ly + 8: 

he eo Boe, ee Bee) 
n= UyEny + Aggy t 2... + Ann Ln + On, 


where the coefficients take all integral values (mod. p) consistent 
with 


Orsi, Chey c00000 5 Gees | 
ae, Gop codecs 5 he +0 
Creer ity Gbsace 5 Any | 


The set of transformations clearly forms a group whose order is 
(p" —1) (p"—p).--: (p" — p""1) p”. The sub-group formed by all the 
transformations 


Yy =U + Oy, Yo = Lot dy, ...-- + Yn = %m + by, (mod. P)s 


is an Abelian group of order p” and type (1, 1, ... tom units), and it 
is a self-conjugate sub-group. Moreover, the only operations of the 
group, which are permutable with every operation of this self-con- 
jugate sub-group, are the operations of the sub-group itself ; and, 
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since the order of the group is equal to the order of the holomorph 
of the Abelian group, it follows that the group of transformations 
must be simply isomorphic with the holomorph of the Abelian 


group. 


Ex. 1. Shew that a group whose operations except identity are 
all of order 2 is necessarily an Abelian group. 


Ex. 2. Prove that in a group of order 16, whose operations 
except identity are all of order 2, the 15 operations of order 2 may 
be divided into 5 sets of 3 each so that each set of 3 with identity 
forms a sub-group of order 4; and that this division into sets may 
be carried out in 56 distinct ways. 


Ex. 3. If @ is an Abelian group and H a sub-group of G, 
shew that G contains one or more sub-groups simply isomorphic 
with G/H. 


Ex. 4. If the symbols in the successive rows of a determinant 
of n rows are derived from those of the first row by performing on 
them the permutations of a regular Abelian group of order n, prove 
that the determinant is the product of » linear factors. 

(Messenger of Mathematics, Vol. xxi. p. 112.) 


Ex. 5. Discuss the number of ways in which a set of inde- 
pendent generating operations of an Abelian group of order p™ 
and given type may be chosen. Shew that, for a group of type 


(iiery Sas sees »™,), where m,>m,>...... >m,, the number of ways is 
of the form p*(p—1)'; and in particular that for a group of order 
pe") and type (n, n—l, ...... , 2, 1), the number of ways is 


p’ (p—1)", where v= 4n(n+1)(2n + 1)—n., 


Ex. 6. Shew that for any Abelian group a set of independent 
generating operations 


’ v 
Si, 82, very Droay Ss vey Sa 


can be chosen such that, for each value of r, the order of S,. is equal 
to, or is a factor of, the order of S,_,. 


Ex. 7. Prove that an isomorphism, whose order is a power of p, 
of an Abelian group of order p” and type (1, 1, ... to m units) 
must transform into themselves a series of sub-groups of orders 
p™*, p™*, ..., p, each of which contains the next. Shew that if 
such an isomorphism leaves just p operations unchanged, it can, by 
suitably choosing the generating operations, be expressed in the form 


( P,, Lay la AM I D pts ph) 
Pals P,P3, He Ere RM Watery wi one ; 


and that, if m <p, its order is p. 


CHAPTER VIII. 


ON GROUPS WHOSE ORDERS ARE THE POWERS OF 
PRIMES. 


91. Havine in the last chapter dealt in some detail with 
Abelian groups of order p™, where p is a prime, we shall now in- 
vestigate some of the more important properties of groups, which 
have the power of a prime for their order but are not necessarily 
Abelian. Besides illustrating and leading to many interesting 
applications of the earlier results, the discussion of groups, whose 
order is the power of a prime, will be found in many ways to 
facilitate the subsequent discussion of other groups, whose order 
is not thus limited. 


92. If G isa group whose order is p™, where p is a prime, 
the order of every sub-group of G must also be a power of p; and 
therefore (§ 25) the number of operations of G which are con- 
jugate with any given operation must be a power of p. The 
identical operation of @ is self-conjugate. Hence the equation 
of § 26 becomes in this case 


pm=1+ p + p% + ...... + p*. 
This equation can only be true if p*—1 of the indices 
Ca} Oesexenee are zero, s being some integer not less than unity. 


Therefore G must contain p* (s>1) self-conjugate operations, 
which form (§ 27) a self-conjugate sub-group*. Hence :— 


THEOREM I. Every group whose order is the power of a 
prime contains self-conjugate operations, other than the identical 
operation ; and no such group can be simple. 


* Sylow, Math. Ann. (1872), p. 588. 
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93. If H, of order p’, is the central, i.e. the sub-group 
formed of the self-conjugate operations, of G, whose order is 
p™, then G/H or G’ of order p™~* must have a central K’. Let 
K be the corresponding sub-group, necessarily self-conjugate, 
of G. Then again G/K, being a group whose order is a power 
of p, must have a central. This process may be continued till 
we arrive at a factor-group which is its own central, that is to 
say, which is Abelian. 


Hence G must contain a series of self-conjugate sub-groups, 
H,, HE a2 Goes HS E, 


such that, for each 7, H;_,/H; is the central of G/H;, H, being 
the group G itself and H,,,, the identical operation L. 


From its formation it is obvious that each of these sub-groups 
is a characteristic sub-group of G. Each factor-group 


jag eae, G= i. Tae n+ 1) 


is an Abelian group on whose type in general there is no 
necessary limitation. The first factor-group G@/H, however 
cannot be cyclical*. In fact, if G/H, were a cyclical group 
of order p*, the operations of G/H, could be arranged in the 
sets 

Hy Hat P A 1 pt aie ee 


where P?* belongs to H,/H,. But since the operations of H,/H, 
are self-conjugate in G/H,, this involves that G/H, is the 
Abelian group generated by P and H,/H,, which by supposition 
is not the case. 


94 Since G/H, is Abelian the derived group of @ is 
contained in H, (§ 39), and is therefore necessarily distinct 
from G. Hence :— 


TueoreM II. A group whose order is the power of a prime 
as necessarily distinct from its derived group ; and its series of 
derived groups terminates with the identical operation. 


Let 7, Gasset, Ceara 


be the series of derived groups of G. Each of these again is 
obviously, from its mode of formation, a characteristic sub-group 


* Young, American Journal, vol. xv. (1893), p. 182. 
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of G; and each of the factor-groups G;_,/G; is an Abelian group. 
Moreover, since G, is containe4 in H,, G/G, cannot be a cyclical 
group. Either of the series of groups 
G, f,, as Ae fake. E, 

or Oe, 7 Gees Go ahi 
may clearly be used to form a chief-series for G. If p* is the 
order of H;_,/H;, then, since each of these factor-groups is 
Abelian, a series of t—1 groups may be interpolated between 
H;_, and H;, say 

a Oe wie al CN OG EE: 
each of which is self-conjugate in G and is contained in the 
preceding, while Kj_,/K; is of order p. The complete series 
obtained in this way is clearly a chief-series for G; and a similar 
series may be obtained from the derived groups. 


95. Itfin the two series of groups 
G, H,, 1 Oe os —, 
Gaiman). mus L 
H, contains G;, then, since H,/H,,, is Abelian, every commutator 
of G, must belong to H,,,. Therefore, since the commutators 
of G, generate G54, Gs, must be contained in H,,,. Hence, 
as H, contains G,, H, contains G, for each s. In particular H,, 
an Abelian group, contains G,. If v were greater than n, Gy 
would not be an Abelian group, and therefore 
Ven. 
It may be noticed that since no one of the groups G/Gi4, 
can be cyclical, the order of a group whose derived series is 


G, Gs, Gat Ga E 


cannot be less than p”’*?. 


96. Let G, be any sub-group of G of order p’, and let H; 
be the first of the series of sub-groups 
Va Eee a Boke oa Wa Bg! NOR 
which is contained in G,. Then G,/H; is a sub-group of G/H; 
which does not contain all the operations of H;_,/H;. Every 
operation of H;_,/H; is self-conjugate in G/H;; and therefore 
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G,/H; is self-conjugate in {G@,/H;:, H;,/H;}, a group of order 
greater than its own. Hence @, must be contained self-conju- 
gately in some group G4; of order p**’, where ¢ is not less than 
unity. Moreover since G,,,/G; must contain operations of 
order p, there must be one or more groups of order p*** which 
contain G, self-conjugately. Hence :— 


TurorEM III. If G, of order p* is a sub-group of G, which 
is of order p™, then G must contain a sub-group of order p***, 
t+1, within which G; is self-conjugate. In particular, every 
sub-group of order p™ of G is a self-conjugate sub-group*. 


Suppose now that G,:, of order p**', is the greatest sub- 
group of G which contains a given sub-group G,, of order p’, 
self-conjugately; so that G, is one of p™** conjugate sub- 
groups. Suppose also that Gyi4,, of order p**™, (w+ 1), is 
the greatest sub-group of G that contains G,,; self-conjugately. 
Every operation of G;.,, transforms G,; into itself; and no 
operation of Gs4++, that is not contained in G,,,; transforms G, 
into itself. “Hence, in Gyitiu, Gs is one of p” conjugate sub- 
groups and each of these is self-conjugate in G,44. 


The p™-** sub-groups conjugate to G, may therefore be 
divided into p”"**™ sets of p“ each, (u¢1), such that any 
operation of a sub-group belonging to one of the sets trans- 
forms each sub-group of that set into itself. 


Similarly if G,, of order p’, is the greatest sub-group of G@ 
that contains a given operation P self-conjugately, and if G42, 
t + 1, is the greatest sub-group that contains G, self-conjugately, 
then G, must contain self-conjugately p* operations of the 
conjugate set to which P belongs, and therefore any two of 
these p* operations are permutable. Hence the p™-* conjugate 
operations of the set to which P belongs can be divided into 
p”*+ sets of p’ each, (t¢ 1), such that all the operations of 
any one set are permutable with each other. In particular, if 


P is one of a set of p conjugate operations, all the operations of 
the set are permutable. 


* Frobenius, ‘‘ Ueber endliche Gruppen,” Berliner Sitzwngsberichte (1895), 
p. 173: Burnside, ‘‘ Notes on the theory of groups of finite order,” Proc. London 
Mathematical Society, Vol. xxv1 (1895), p. 209. 
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97. Let P be an operation of G which belongs to H; in the 

series of groups (§ 93) 
Gey Hs itell ere Lo sedi, 

and does not belong to H;,,. Then {P, H;4;} is a sub-group of 
H;; and therefore {P, H;,,}/Hi4, is a self-conjugate sub-group 
of G/H;,,. The set of operations PH,,, is therefore transformed 
into itself by every operation of G@; and hence every operation 
conjugate to P is contained in the set PH;,,. Suppose now, if 
possible, that every operation conjugate to P were contained in 
the set PH;,.. Then every operation of G would transform this 
set into itself; and therefore every operation of {P, Hj4.}/His. 
would be self-conjugate in G/H;,,._ This is not the case, since P 
does not belong to H;,,. There are therefore operations con- 
jugate to P which belong to PH;,, and do not belong to PHj4». 


Suppose now that S and S’ are two operations of G which 
transform P into operations of the set PH,, so that 
SHPS = PP,; 
SSPS = BPS 
where P, and P,’ both belong to H,. Then 
(ihe ad mt Ye EY eI Capa SiN ate 
8 wl es 


where, since H, is a self-conjugate sub-group, P;” belongs to H,. 
The operations which transform P into an operation of the set 
PH, therefore form a sub-group. 


Next let 7 be an operation of G which transforms P into an 
operation of the set PH,_,, 30 that 


To PT PP. 
Then P23 Se Pe ST = SP Pre 
or ood SaaS De wail eS lame gagl meld! ¢ 


CTs OM heehee EW eel NY ke 
=P eee Peo Pea OO AE es ted, 
Now P,;_,7P,T'P;_," belongs to H,, and 
oe Sader a el aL 
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ie. the product of P,_, and the inverse of one of its conjugates 
also belong to H;. Hence 


U hago bared ecto kaw Maan chad op 
where P,’” belongs to H,. The operations which transform P 
into operations of the set PH, therefore constitute a self-conju- 


gate sub-group of those which transform P into operations of 
the set PH,_,. 


If Gp denote the sub-group formed of all the operations 
permutable with P, and Gp” the sub-group formed of those 
operations which transform P into operations of the set PH,, 
then in the series of groups 


Gp, Gp™, Gh, 2%, Gp, 


each is a self-conjugate sub-group of the succeeding one, and the 
last is the group G itself. 


Moreover from 
S“*PS= PP we Oe ESP Pe 
it follows that 
DSS S53 5P oe DE as 
= Pista epee oe Olea a 
SSS we Se ak eae 


where P,,, belong to H,,,. Hence SS’S“S’ belongs to 
Gp*), and therefore Gp®/Gp®+» is Abelian. The groups of 
the series are not necessarily all distinct, for it may be the case 
that there are no conjugates to P which belong to PH, and do 
not belong to PH,,,. Since, when P,_, belongs to H,_,, 


PP, ,PP;_, belongs to H,, it follows that Gp necessarily 
contains H,_,. 


98. In illustration of the preceding paragraphs we will con- 
sider some of the properties of a group @ of order p™ containing 
conjugate sets with as large a number of operations as possible. 
If Pis an operation of @ which is not self-conjugate and R a self- 
conjugate operation, then every operation of {P, R} is permutable 
with P. The order of {?, R} cannot be less than p*, and therefore 
the number of operations in the conjugate set to which P belongs 
cannot exceed p™”*. Moreover it cannot be equal to p”~? unless the 
order of the central of G is p. Let H, be the central of G, and 
P’ be the operation of G/H, which corresponds to P. If P’ were 
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one of less than p™~* conjugates in G/H,, P would be one of less 
than p™~? conjugates in G. But P’ cannot be one of p™-* conjugates 
in G/H, unless the central of G/H, is of order p. Hence H,_,, 
the sub-group of G which corresponds to the central of G/H,, is of 
order p*. This reasoning may clearly be repeated, and the orders 
of the series of groups (§ 93) 


G, H, 4H,, 


are FE BEA GUp ts Baise 5 Ts 
so that m is m—2. 


Every operation conjugate to P is contained in the set PH,, and 
this set has just p”~? distinct operations. Hence every operation of 
the set PH, is conjugate to P, and every operation of H, is a com- 
mutator, so that H, is the derived group. 


If Q is an operation of G which does not belong to 
Vib Jabs PPLE, cosas g Whe JO NFh 


and if P; denotes an operation which belongs to H; and not to H;,,, 
the relations 


i rr) 


Pett las ae eo y 
Peat didi 2 Ly 


follow from the fact that PH, is the set of operations conjugate to P. 
The group then can be generated by the two operations P and Q. 


Ex. With the above notation shew that if Q, P, P,, ..., Pm-s 
are all of order p, and if Q, P,, Po, ..-, Pm» are independent and 
permutable, the operations of the group are all of order p when 
m<p; and that when m>p, the group contains operations of 
order p*. 


99. In further illustration we will consider some of the properties 
of a group G, of order p™, in which each operation is either self-con- 
jugate or one of p conjugate operations. If P, @ are two non- 
permutable operations of such a group, 


One OP ZL OL, canes oe eee 
form a complete conjugate set of operations. 
For if P“QP'= PA QP, 7 >1, 
P+ QP = Q, 
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so that P/-‘ and therefore also P would be permutable with @. It 
follows that P-? QP” must be one of the above set. If 
P2 OP? = POF. (420) 
P would be permutable with Q. Hence 
P-? QP? =Q, 
and the pth power of every operation of @ is a self-conjugate 
operation. 


Every operation which is permutable with Q must transform among 
themselves the p operations which are conjugate to Q, and must 
therefore be permutable with each of them. Hence every operation 
of the sub-group Gg, of order p”~1, which contains @ self-conjugately, 
is permutable with Q-?P-'QP. But P is also permutable with this 
operation. Hence every operation of {P, G9}, i.e. of G, is permutable 
with Q-?P-1QP; and every commutator is a self-conjugate operation. 
Hence if H is the central of G, G/H is an Abelian group of type 
(CNTY eee sak Js 


Ex. 1. Prove that if G is a non-Abelian group of order p” in 
which no conjugate set contains more than p operations and if H is 
the central of G, then G/H must have an even number of generators. 
Shew also thgt the order of the derived group of @ is p. 


Ex. 2. If @ is a group in which no conjugate set contains 
more than p* operations, the p*th power of every operation is self- 
conjugate. 


100. If P is an operation of G, of order p”, which is conju- 
gate to one of its own powers P*, there must be some other 
operation Q of G such that 


Ce) or 

From this equation it follows that 

Q-PO = PQ = Pe, 
and Ctr = p*. 

If Q* is the lowest power of Q which is permutable with P, 
then in {P, Q} P will be one of 8 conjugate operations, and 
therefore 8 must be a power of p, say p*, less than p". Further, 
if Q?* is permutable with P, 

P™ = P, 


and therefore a?* = 1 (mod. p”) 


? 


while ap’ + 1 (mod. p”). 
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First, we will suppose that p is an odd prime. Then since 
a?" = x (mod. p), 


whatever integer may be, we may assume that a=1 + kp’, 
where & is not a multiple of p; and then 


aM =i ptt eepe.tis: 
ape = 1+ kptia+....., 
Hence s+t=n, 
and a= 1 (mod. p”-*). 


Conversely if P and P!+”"™ (k + 0 (mod. p)) are conjugate 
operations, there must be an operation @ such that 


Q72PQ = [DE 
From this it follows that the lowest power of Q which is 
permutable with P is the p*th, so that in {Q, P} P is one of p?® 


conjugate operations. Now P!+#"*™ (+ 0 (mod. p)) cannot be 
one of these, for if 


QP = PE aaa 
Q-* PQ’ = Pitkpy sp? 
= Pitkpn™ 
so that Q?* would not be permutable with P. Hence the p* 
operations conjugate to P are Pit" (k= 1, 2,..., p*). 

In particular, we see that no operation of order p can be 
conjugate to one of its powers. Hence if P and P’ are two 
conjugate operations of order p, {P} and {P’} have no operation 
in common except identity. Also, if {P} be a self-conjugate 
sub-group of order p, each of its operations is self-conjugate. 

If p is 2, we must take 

a=+1+k2°, 
where & is odd, and we are led by the same process to the 


result 
a=+1 (mod, 2”-*) 


101. It has been seen in § 96 that every sub-group G’ of 
order p™— of a group @ of order p™ is self-conjugate. Suppose 
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now that G@ contains two such sub-groups G’ and G”. Then 
since G’ and G” are permutable with each other, while the 
order of {G’, G’} is p™, the order of the greatest group go 
common to them must (§ 33) be p”*; and since g’ is the 
greatest common sub-group of two self-conjugate sub-groups of 
G, it must itself be a self-conjugate sub-group of G. The factor- 
group G/g’ of order p? contains the two distinct sub-groups G’/g’ 
and @”/g’, which are of order p and permutable with each other. 
Hence G/g’ must be an Abelian group of type (1, 1) and it 
therefore contains (§ 84) p+ 1 sub-groups of order p. Hence, 
besides G’, G must contain p other sub-groups of order p”™™ 
which have in common with G@’ the sub-group g’. If the p+1 
sub-groups thus obtained do not exhaust the sub-groups of @ 
of order p™—, let G’” be a new one. Then, as before, G’ and G’” 
must have a common sub-group g”, of order p”, which is 
self-conjugate in G. If g” were the same as g’, G’”’/g’ would be 
contained in G/g’, which by supposition is not the case. It may 
now be shewn as above that there are, in addition to G’, p 
sub-groups of order p”™ which have in common with G’ the 
group g”. These are therefore necessarily distinct from those 
before obtained. This process may clearly be repeated till all 
the sub-groups of order p”™™ are exhausted. Hence finally, if 
the number of sub-groups of G, of order p™ be rn», we have 
m—1 = 1 (mod. p). 


102. The self-conjugate operations of a group G@ of order 
p™, whose orders are p, form with identity a self-conjugate 
sub-group whose order is some power of p; and therefore their 
number must be congruent to —1, mod. p. On the other hand, 
if P is any operation of G of order p which is not self-conjugate, 
the number of operations in the conjugate set to which P 
belongs is a power of p. Hence the total number of operations 
of G, of order p, is congruent to —1, mod. p. Nowif r, is the 
total number of sub-groups of G@ of order p, the number of 
operations of order p is 7,(p—1), since no two of these sub- 


groups can have a common operation, except identity. It 
follows that 


1;(p —1)=-—1, (mod. p), 
and therefore 7, = 1, (mod. p). 
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If now G, is any sub-group of Gof order p’, and if G4, 1s the 
greatest sub-group of @ in which G, is contained self-conjugately, 
then every sub-group of G which contains G, self-conjugately is 
contained in G,,;. But every sub-group of order p*t!, which 
contains G,, contains G, self-conjugately; and therefore every 
sub-group of order p*+1, which contains G,, is itself contained in 
Gsiz- By the preceding result, the number of sub-groups of 
G;4+/Gs of order p is congruent to unity, mod. p. Hence the 
number of sub-groups of G of order p*+!, which contain G, 
of order p*, is congruent to unity, mod. p. 


103. Let now 7; represent the total number of sub-groups of 
order p* contained in a group G@ of order p™ If any one of 
them is contained in a, sub-groups of order p*+, and if any one 
of the sub-groups of order p**! contains b, sub-groups of order 
p*; then 

w=, Y="ott 
PETG 
pik vs 


y > 


for the numbers on either side of this equation are equal 
to the number of sub-groups of order p*t!, when each of the 
latter is reckoned once for every sub-group of order p* that it 
contains. It has however been shewn, in the two preceding 
paragraphs, that for all values of # and y 


az =1, by=1 (mod. p). 
Hence T.=Ts4, (mod. p). 
Now it has just been proved that 
7,=1 and Tm-1=1 (mod. 9); 
and therefore finally, for all values of s, 
r,=1 (mod. p). 
We may state the result thus obtained as follows :— 


THrorEeM IV. The number of sub-groups of any gwen 
order p* of a group of order p™ 1s congruent to unity, mod. p*, 


Corollary. The number of self-conjugate sub-groups of 
order p* of a group of order p” is congruent to unity, mod. p. 


* Frobenius, ‘ Verallgemeinerung des Sylow’schen Satzes,” Berliner Sitz- 
wngsberichte (1895), p. 989. 
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This is an immediate consequence of the theorem, since the 
number of sub-groups in any conjugate set is a power of p. 


104. Having shewn that the number of sub-groups of G of 
order p* is of the form 1 + kp, we may now discuss under what 
circumstances it is possible for k to be zero, so that @ of order p™ 
contains only one sub-group G, of order p*. 


If this is the case, and if P is any operation of G not con- 
tained in G,, the order of P must not be less than p*+?; for if 
it were less, G would have some sub-group of order p* containing 
P and this would necessarily be different from G,. If the order 
of P is p*+t, then {P?*} is a cyclical sub-group of order p*; and it 
must coincide with G,. Hence, if G, is the only sub-group of 
order p’, it must be cyclical. 


Suppose now that G contains operations of order p” (r > 8), 
but no operations of order p’+1; and let P be an operation of @ 
of order p’. Then {P} must be contained self-conjugately in a 
non-cyclical sub-group of order p"™. 


We wiil take first the case in which p is an odd prime. 
Then (§ 100) G must contain an operation P’ which does not 
belong to {P}, such that 


W agY al mal ON sy OOM tO EP 
If a were unity, {P, P’} would be an Abelian group of order 
p’*! containing no operation of order p™*+, Its type would 
therefore be (r, 1), and it would necessarily contain an operation 
of order p not occurring in {P}. It has been shewn that this is 


impossible if G, is the only sub-group of order p’, and therefore 
a cannot be unity. 


We may then without loss of generality (§ 100) assume that 
a= 1 + Da 


Moreover if 8 were not divisible by p, the order of P’ would 


be p’*!, contrary to supposition. Hence we must have the 
relations 


PP ee 2 do 


By successive applications of the first of these equations, we 
get 
P’-yPzPy = Praty) 
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for all values of w and y; and from this it immediately follows 
that 


(Pz P’\p = P'P Pretty +) Peet 
= Piety) Pp. 
Hence the order of P-YP’, an operation not contained in {P}, 
is p. This is impossible if @, is the only sub-group of order p’. 
If then r < m, G must contain operations of order greater than 
p”; and G is therefore a cyclical group. Hence :— 


TuEorEM V. If G, of order p™, where p is an odd prime, 
contains only one sub-group of order p*, G must be cyclical. 


105. When p=2, the result is not so simple. 


Let {P, Q} be a non-cyclical sub-group of order 27+, which 
contains the cyclical sub-group {P} self-conjugately: and suppose 
Q chosen so that its order is as small as possible. It must not 
be less than 2*+1, and not greater than 27. Hence 


Ore cd <7 os, 
while (§ 100) 


OF PU =P) a=+ ae ey 5 
If a=142, (P2Qy = Peery 


Hence if x is chosen so that «(1 + 2”-*) + 2 is a multiple 
of 27, PQ is an operation of order 2 not contained in {P}. 
This case therefore cannot occur. 


Ifa=—-1+2,  (P*Qp= Par, 
while Q> P*Q = P-, 
and Q>7 PQ =P". 
Hence P”*=Z, and either Q or PQ is an operation of 
order 2. This case again cannot occur. 
If a=—1, (P*Q) = P*, 
and PY = E, 


In this case, if t=r—1, every operation of {P, Q} which is not 
contained in {P} is of order 4, and {P, Q} contains a single 


sub-group of order 2, viz. {P?”"}, so that s must be unity. 
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If the order of the group were greater than 24, {P, Q} 
would be contained self-conjugately in a group of order 27**. 
Let Q be an operation of this group which does not belong to 
{P, Q}. Then since {P} is the only cyclical group of order 2” 
contained in {P, Q}, Q’ must transform {P} into itself. If Q? is 
contained in {P}, the above discussion shews that 


Q2PY= Po, 
ony argua? 


In this case {P, Q’Q} is a non-cyclical Abelian group containing 
three sub-groups of order 2. If, on the other hand, Q% is the 
lowest power of Q’ contained in {P}, then 

OPPO STs te 14a = On, 
and Qt = Pay 
Hence Q—PQ?=P or Pt", 
and {P, Q”} contains more than one sub-group of order 2. 
Finally, then, any group of order 2”+? which contains {P, Q} 
self-conjugately has more than one sub-group of order 2. The 
result may therefore be summed up as follows :— 


and therefore 


THEOREM VI. If a group G, of order 2”, has a single 
sub-group of order 2%, (s>1), 7 must be cyclical ; if it has a 
single sub-group of order 2, it is either cyclical or of the type 
defined by 

PRM =H, G@=P™, O7PQ=P>, (m > 2). 

106. When m=3, the group defined by these relations is known 
as the quaternion-group. In this case the defining relations become 
Bah, «C= Of = ie. 

The operations of the group are 

L, as i Jaks Q, ee, PQ, QP; 
where P and P*,Q and @P?, PQ and QP are pairs of inverse and 
conjugate operations of order 4. The group has three cyclical 
sub-groups of order 4, and admits an outer isomorphism which 


permutes these three sub-groups, so that each of them bears the 
same relation to the group. In fact, if 


C= Hy CPC] ONC 0P=2Pe, 
then CH POC SE: 
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and in {C, P, Q}, which contains {P, Q} self-conjugately, P, Q and 
PQ form a conjugate set. 


Further if three symbols ¢, j, & be defined by the relations 
t(#-P*)=(#-—P*) i=P— Ps, 
j (HP) =(B- P*) §=Q- QP, 
k (E—P*)=(£- P*?)k=PQ-@pP, 
and the multiplication-table of the group be taken account of, it 
will be found that 7, 7, & combine according to the laws, 
HaPpah=—l, 
y=—ji=k, jk=-kj=i, ki=—-itk=y, 
which are identical with the laws obeyed by Hamilton’s celebrated 
symbols denoted by the same letters. 
An alternative form of statement is that, 2, P?, P, Q, PQ com- 
bine by multiplication according to the same laws as 1, —1, 2, 9, &. 


When m> 3, the group contains 2”-? + 1 cyclical sub-groups of 
order 4, of which one is self-conjugate while the remainder form 
two conjugate sets of 2”-* each. The sub-groups of order 4 no 
longer all bear the same relation to the group, and there is no 
isomorphism whose order is divisible by an odd prime. 


Ex. Shew that the group of isomorphisms of the group 
defined by 


PE sien Ots Pt O--PO 2 Paphi (nis 8); 


has 2?"-3 for its order. 


107. It has been seen (§ 81) that the distinct operations 
which arise when every operation of an Abelian group is raised 
to the power p* constitute a sub-group. This is not in general 
true for a non-Abelian group of order p”; but it may be shewn 
that the pth powers of the operations of such a group generate 
a sub-group for whose order an upper limit can be obtained. 


Let G be a group of order p™, and suppose the type of 
G/G, to be (m,, mz, ..., ms). The sub-group constituted by the 
distinct pth powers of the operations of G/G, is of order 
pmtmt..tm—s (§ 81); and the corresponding sub-group of G 
is of order p”-8. The pth power of every operation of G must 
belong to this sub-group. For to the pth power of any operation 
of G which is not contained in G, there corresponds the pth 
power of an operation of G/G,; while the pth power of every 
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operation of G, is contained in G,. Hence the group generated 
by the pth powers of the operations of G is contained in the 
above determined sub-group of order p™~*. If this sub-group 
is called G’ and if G,’ is its derived group, then s’ being the 
number of independent generators of G’/G,’, the sub-group 
generated by the pth powers of the operations of G’ will have 
order not exceeding p™*-*’. This group obviously contains 
the group generated by the p*th powers of the operations of G. 
The process may be continued and each succeeding s is equal 
to or greater than 2 until a cyclical group is reached. It is 
clear that the group generated by the pth powers of the 
operations of @ is a characteristic sub-group. 


108. We shall now proceed to discuss, in application of the 
foregoing theorems and for the importance of the results them- 
selves, the various types of groups of order p™ which contain 
self-conjugate cyclical sub-groups of orders p™ and p™? 
respectively*. It is clear from Theorem VI that the case p= 2 
requires independent investigation ; we shall only deal in detail 
with the case'in which p is an odd prime, and shall state the 
results for the case when p= 2. 

The types of Abelian groups of order p™ which contain 
operations of order p™~ are those corresponding to the symbols 
(m), (m—1, 1), (m — 2, 2), and (m— 2,1, 1). We will assume 
that the groups which we consider in the following paragraphs 
are not Abelian. 


109. We will first consider a group G, of order p”, which 
contains an operation P of order p"™—“, The cyclical sub-group 
{P} is self-conjugate and contains a single sub-group {P?”*} of 
order p. By Theorem V, since G@ is not cyclical, it must 
contain an operation Q’, of order p, which does not occur in {P}. 
Since {P} is self-conjugate and the group is not Abelian, Q’ 
must transform P into one of its own powers. Hence 

OP. = ? ion! 
and since Q is permutable with P it follows, from § 100, that 
a=1+kp™, 


_* Groups of order p™ which contain operations of order p™-? are discussed by 
Miller, Transactions of the American Mathematical Society (1902), pp. 383-887. 
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Since the group is not Abelian, & cannot be zero; but it 
may have any value from 1 to p—1. If now 
ka = 1 (mod. p), 
then Q-* PQ? = Pe” : 
and therefore, writing Q for Q’, the group is defined by 
Poem —E, Q=E, Q>PQ= Pt"? 

These relations are clearly self-consistent, and they define a 
group of order p”. 

There is therefore a single type of non-Abelian group of 
order p™ which contains operations of order p™—, because, for 
any such group, a pair of generating operations may be chosen 
which satisfy the above relations, 

From the relation Q-7PQ = Pe", 
it follows by repetition and multiplication that 

Q-9P2Qy = Pzitwr™) | 
and therefore that 
(QuP2)? = QuzPx0+h e—yp™™) 
and (QUP2)\P= Pe, 

Hence G contains p cyclical sub-groups of order p”", of 
which P and QYP (y='1,,2):....- ,p—1) may be taken as the 
generating operations. Since Q and P? are permutable, G 
also contains an Abelian non-cyclical sub-group {Q, P?} of 
order p”™. It is easy to verify that the 1 + p sub-groups thus 
obtained exhaust the sub-groups of order p”™~ ; and that, for any 
other order p*, there are also exactly p+ 1 sub-groups of which 
p are cyclical and one is Abelian of type (s — 1, 1). 

The reader will find it an instructive exercise to verify the 
results of the corresponding case where p is 2 ; they may be stated 
thus. There are four distinct types of non-Abelian group of order 
2”, which contain operations of order 2”~1, when m>3. Of these, 
one is the type given in Theorem VI, and the remaining three are 
defined by 

POSE PLE, VOPQ SPT 
PP. h, 2G=H, QPQ=P"; 
pr i! E, Q?= ie EB, QPQ= ipa 

When m = 3, there are only two distinct types. In this case, the 
second and the fourth of the above groups are identical, and the 
third is Abelian. 
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110. Suppose next that G, a group of order p™, has a self- 
conjugate cyclical sub-group {P} of order p”*, and that no 
operation of G is of higher order than p”*. We may at once 
distinguish three cases for separate discussion, according as P 
is self-conjugate, one of p, or one of p* conjugate operations. 

Taking the first case, there can be no operation Q’ in @ such 
that Q’”’ is the lowest power of Q’ contained in {P}, for if there 
were, {Q’, P} would be Abelian and, its order being p”, it would 
necessarily coincide with G. Hence any operation Q’, not 
contained in {P}, generates with P an Abelian group of type 
(m—2, 1), and we may choose P and Q as independent 
generators of this sub-group, the order of @ being p. If now 
R’ is any operation of G not contained in {Q, P}, then {R’, P} 
is again an Abelian group of type (m—2,1). If P and R are 
independent generators of this group, the latter cannot occur 
in {Q, P}. Now since Q is not self-conjugate, 


RAQR=O0fF- 
and since R?, or HL, is permutable with Q 
af Prt = E, 
so that 8=0 (mod. p™-), 
Hence R7QR = QP®”*, 


where & is not a multiple of p. If finally, P* be taken as a 
generating operation in the place of P, the group is defined by 
Pie, QP = Kh, > Ready RQ R= OR, 
PQ=QP, PR= RP. 

There is therefore a single type of group of order p™, which 


contains a self-conjugate operation of order p”~*, and no opera- 
tion of order p™—. 


111. Next let P be one of p conjugate operations. These 
(§ 100) must be P!+#™™ (k =1, 2, ..., p). 

If G/{P} is cyclical, let Q’ be an operation, the lowest power 
of which in {P} is Q’’. 

If Q were permutable with P, G would be Abelian. Hence 
we may take 

Q> LG == Pee 

while QQ? = Pe’, 
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These relations give 
(QP2)? = Perth’ 
Hence if Q’P-*= Q, the group is defined by 
Pe? HR, Qe OPO PH, 
and there is a single type. 

If G/{P} is non-cyclical, G must contain a sub-group of 
order p”™™ in which P is self-conjugate and another in which 
P is one of p conjugate operations. The former is an Abelian 
group of type (m-— 2,1), of which P and R may be taken as 


independent generating operations. The latter is a group of 
the type considered in § 109 (with m—1 for m) defined by 


PE Q=E, QPQ=PH™ 
With this group & is permutable, and therefore 
RAQR = QePH", 


since the only operations of order p in {P, Q} are of this 
form (§ 109). 


Now R7Q>?PQR = Pe", 
or Q-2 PQ? = Pie 
and therefore qe 1. 

Also P-QP=QP"~, 
hence P-8R-7QRPS = Q, 


and RP? is a self-conjugate operation. If 8 is not a multiple 
of p, RP# is an operation of order p”~*, and by supposition the 
group has no self-conjugate operation of order p™*. Hence 8 
must be a multiple of p, and R is a self-conjugate operation 
Again then there is one type defined by 


Pe" eit E, Qp fas E, RP a E, OPO = Pre. 
RPh = P; RI7QR=@: 
It is the direct product of {R} and {P, Q}. 

Lastly let P be one of p? conjugate operations. These (§ 100) 
must be Pit#™™~ (k=1, 2, ..., p*); and this case can only 
occur if m>4. The order of an operation which transforms P 
into P+”"~ must be equal to or a multiple of p. If there 
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were no operation of order p? effecting the transformation, 
every operation of the group not belonging to {P} would be 
of order p® or greater, and the group would only have one 
sub-group of order p. Hence there must be an operation of 
order p? transforming P into P'+?"™. Denoting this operation 
by Q, there is again a single type * defined by 


Pet eee men DO) ae 


It is to be expected, from the result of the corresponding case at 
the end of § 109, that the number of distinct types when p= 2 is 
much greater than when p is an odd prime. There are, in fact, 
when m>5, fourteen distinct types of non-Abelian groups of order 
2”, which contain a self-conjugate cyclical sub-group of order 2"~? 
and no operation of order 2"-1._ They may be classified as follows. 


Suppose first that the group has a self-conjugate operation A of 
order 2”-*, There is then a single type defined by the relations 


(i) A”°=F, B=E, C?=E, CBC= Ba". 


Suppose next that the group @ has no self-conjugate operation 
of order 2”-*, and let {4} be a self-conjugate cyclical sub-group of 
order 2”"~*, If G/{A4} is cyclical, there are, when m>5, five distinct 
types. The common defining relations of these are 


Am 7B, B=E, BOAB=A'*; 


* In each of the cases to which we have been led in the discussion 
contained in §§ 109-111, and in previous discussions of special types 
of group, we have arrived at a set of defining relations, containing no 
indeterminate symbols, such that in each case a set of generating operations 
can be chosen to satisfy these relations. To justify the statement, in each 
particular case, that such a set of relations gives a distinct type of group, it is 
finally necessary to verify that the relations actually define a group of order p™. 
In the cases dealt with in the text, this verification is implicitly contained in the 
process by which the relations have been arrived at. We have therefore omitted 
the direct verification, which moreover is extremely simple. We shall similarly 
omit the corresponding verifications in the discussion of groups of orders p? and 
p*, as in none of these cases does it present any difficulty. 

To illustrate the necessity of such a verification in general, we may consider 
a simple case. The relations 


PS=E, Q=E, PQP=Q°, 
where a is any given integer, certainly define a group whose order is equal to or 


is a factor of 27, since they indicate that {P} and {Q} are permutable. They will 


not however give a type of group of order 27, unless a is 1, 4 or 7. For instance, 
if a=5, the relations involve 


Q=POPs=O8 sor Ole 
Hence Q=0=620— Fr. 
and the relations hold only for a group of order 3. 
Again, if a=3, the relations give 
P-1Q83P=Q9=E, or Q3=E, whence Q=E£, 
and as before they define a group of order 3. 
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and the five distinct types are 
(ii) a=-1, (iii) @a=1+2™"*, (jv) a=—142"-3, 
(v) o=14+2"-4 (vi) a= —1 + 2-4, 


If m =5, then (iv) and (v) are identical, and (vi) is Abelian ; so that 
there are only three distinct types. If m = 4, there is a single type ; 
it is given by (ii). 

When G/{A} is not cyclical, the square of every operation of G is 
contained in {4}. If all the self-conjugate operations of @ are not 
contained in {4}, there must be a self-conjugate operation B, of order 
2, which does not occur in {A}. If C is any operation of G, not 
contained in {A, 5}, then {4, C} is a self-conjugate sub-group of 
order 2”~?, which has no operation except identity in common with 
{B}. Hence G is a direct product of a group of order 2 and a group 
of order 2"-", There are therefore, for this case, four types (vii), 
(vili), (ix), (x), when m>4, corresponding to the four groups of 
order 2” of § 109. If m= 4, there are two types. 


Next, let all the self-conjugate operations of G be contained in 
{A}; and suppose that 4 is one of two conjugate operations. Then 
G must contain an Abelian sub-group of type (m— 2, 1), in which A 
occurs ; and it may be shewn that, when m>4, there are two types 
defined by the relations 


A® “ko B=, BAB= 4, C=EZ, 
(xi) and (xii) 
CBO = BA", CAC=A- or A714", 
When m = 4, there is, for this case, no type. 
Lastly, suppose that 4 is one of four conjugate operations. Then 
G must contain sub-groups of order 2”~', of the second and the 


third types of § 109, and a sub-group of order 2”? of either the 
first or fourth type (/.c.). In this last case, there are two distinct 


types defined by 

A”? _ Ff, B= E, BAB= A", 
(xiii) and (xiv) 

CE CAGE a, CECB ov BAS 
These two types exist only when m>4. 


112. We shall now, as a final illustration, determine and 
tabulate all types of groups of orders p’, p* and p*. It has been 
already seen that when p= 2 the discussion must, in part at least, 
be distinct from that for an odd prime; for the sake of brevity we 
shall not deal in detail with this case, but shall state the results 
only and leave their verification as an exercise to the reader. 
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It has been shewn (§ 36) that all groups of order p* are Abelian ; 
and hence the only distinct types are those represented by (2) and 
(Tea Le 

For Abelian groups of order p’, the distinct types are (3), (2, 1) 
aaa ty tee )). 

If a non-Abelian group of order p® contains an operation of 


order p’, the sub-group it generates is self-conjugate ; hence (§ 109) 
in this case there is a single type of group defined by 


PPE, @=E, QO PQ=P?. 


If there is no operation of order p’, then since there must be a 
self-conjugate operation of order p, the group comes under the head 
discussed in $110; there is again a single type of group defined by 


Pe #, Q? = E, Re=F, R QR=QP, 
he Pha Ge kG — ie 


These two types exhaust all the possibilities for non-Abelian 
groups of order p’*. 


113. For Abelian groups of order p*, the possible distinct types 
are (4), (3, 5), (2, 2), (2, 1, 1) and (1, 1, 1, 1). 


For non-Abelian groups of order p* which contain operations of 
order p® there is a single type, namely that given in § 109 when m 
is put equal to 4. 


For non-Abelian groups which contain a self-conjugate cyclical 
sub-group of order p? and no operation of order p’*, there are three 
distinct types, obtained by writing 4 for m in the group of § 110 and 
in the first and the last groups of § 111. The defining relations of 
these need not be here repeated, as they will be given in the sum- 
marizing table (§ 117). 


It remains now to determine all distinct types of groups of 
order p*, which contain no operation of order p* and no self-conjugate 
cyclical sub-group of order p®. We shall first deal with groups 
which contain operations of order p’. 

Let S be an operation of order p? in a group @ of order p. The 
cyclical sub-group {S} must be self-conjugate in a non-cyclical sub- 
group }S, 7} of order p’, defined by 

SP =F, T?=H, TAST=S+», 


If & is any operation of G, not contained in {S, 7}, then since 
{S} is not self-conjugate, we must have (§ 97) 


R1SR= S1+opT8, 
and therefore R-1S?R =S?. 
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Now LSP Tas iP, 


and therefore the pth power of every operation of order p? in @ is a 
self-conjugate operation, 


First let us suppose that G contains other self-conjugate opera- 
tions besides those of {S?}. Every such operation must occur in the 
group that contains {S} self-conjugately ; hence in this case 7’ must 
be self-conjugate. 


We now therefore have 
Sk T?-H, T-S8T=S, 
DTV SIME RI ee IL 
189 STE O 


These equations give 


(S* RP = RPS? = SeetneTe, 


Hence, if 5= 0, SYR is an operation of order p. Denoting this 

by R’ and S*7® by 7”, the group is defined by 

S?=H, T?=E, R?=H, R'SR' =ST’, 
TiSd ee S a, fe Gh le ies 
ba 

On the other hand, if 8 is not zero, S® "FR is an operation of 
order p* such that & transforms it into a power of itself. This is 
contrary to the supposition that the group contains no cyclical self- 


conjugate sub-group of order p?. Hence 6 cannot be different from 
zero: we therefore have only one type of group. 


114. Next, let {S?} contain all the self-conjugate operations of G'; 
and as before, let {S, 7} be the group that contains {S} self- 
conjugately. If G contains an operation S’ of order p? which 
does not occur in {S, Z’'}, there must also be a non-cyclical sub- 
group {S’, 7} of order p*® which contains {S’} self-conjugately. 
Now {8, 7’} and {S’, 7’! must have a common sub-group of order p” ; 
since this is self-conjugate in G', it cannot be cyclical. The only 
non-cyclical sub-groups of orders p? that {S, 7} and {S’, 7”} contain 
are {S?, 7 and {S’?, Zt. Hence these must be identical, and 
therefore 7’ must occur in {S’, 7}. If now {S, 7} and {S’, 7} were 
both Abelian, 7’ would be permutable both with S and with S’, and 
would therefore, contrary to supposition, be a self-conjugate opera- 
tion. Hence either (i) G must contain a non-Abelian group {S, 7} 
of order p*, in which S is an operation of order p?; or (ii) the 
Abelian group {S, 7}, in which S is an operation of order p’, must 
contain al] the operations of G of order p’. 
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In the case (i), the group is defined by 
Sia BT oh Le Se Oe, 
R38R = ST", ROTR= ST, 
T= '8°?, 
If RB 2RSTHH-s, 
it is found that 
ROSh =STt. Beth =T; 
and if R” = R’’, where Bf’ = 1 (mod. p), then 
eR = Sie ae a Le be 
Hence dropping accents, the group is defined by 
SP- 8, TP= EF, T38T=S)+?, 
RL SK=SI, CROTh=T, 
Ei? = Sep, 
Write now 
> S,=S, T,=TS3@-vp, Rk, = RP, 
where wa’ = 1 (mod. p). 


It is then found that the defining relations are reproduced, 
except that the last becomes 


RP = 8,22", 


There are therefore not more than three types corresponding to 
0, 1 and any non-residue as values of a. That the type correspond- 
ing to a=0 is distinct from the other two is obvious on consideration 
of the sub-group that contains 7’ self-conjugately. That the other 
two are distinct is left as an exercise for the reader. 


In case (ii), the group is defined by 
S?. Ff Te=F, TST=S, 
R2ASR=S+"T?, RATR= SPT, 
Re=H; 

with the condition that all operations of G, not contained in {5, 7}, 
are of order p. 

The formule for R-*SR* and R-*7'R® enable us to calculate 
directly the power of any given operation of G. Thus they give 


(S*L)? = Spx {1+$8y(p+1) p( p—1) + hep (p+1)}, 
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If p>3, this gives 
(S*.2)? = SP*, 


so that, if 2 is not a multiple of p, the order of S*R is p. Hence 
the type of group under consideration can only occur when p = 3. 


In this case (SET NPAT ae 


Hence if p=3 and By=— 1 (mod. 3), we obtain a new type. A 
reduction similar to that in the previous case may now be effected ; 
and taking unity for a, the group is defined by 


S=E, T= B=, T-8§T=S, 
R“SR=ST, R-TR=S~7. 


115. It only remains to determine the distinct types which 
contain no operation of order p’. 


Suppose first that the self-conjugate operations of G form a 
group of order p*. This must be generated by two independent 
operations P and @ of order p. 


If now # is any other operation of the group, {P, Q, A} must be 
an Abelian group of type (1, 1, 1). If again S is any operation not 
contained in {P, Q, &}, it cannot be permutable with #; for if it 
were, & would be self-conjugate. There must therefore be a relation 
of the form (§ 97) 

Saha = BEOe. 


Since any operation of {P, @} may be taken for one of its 
generating operations, we may take P+? or P’ for one. If then Q’ 
is an independent operation of {P, Q}, G will be defined by 


Peak, GPa, R= 8, S? =H, SORS= RP, 


in addition to the relations expressing that P’ and Q’ are self- 
conjugate. There is then in this case a single type. That all the 
operations of G' in this case are actually of order p follows from the 
fact that the group is the direct product of {Q’} and {S, F}, the 
latter being of the second type of non-Abelian group of order p’. 


116. Suppose, secondly, that the self-conjugate operations of @ 
form a sub-group of order p, generated by P. There must then be 
some operation Y which belongs to a set of p conjugate operations ; 
for if every operation of G which is not self-conjugate were one of 
a set of p? conjugate operations, the total number of operations in 
the group would be congruent to p (mod. p*). It follows that Y 
must be self-conjugate in a group of order p*®; and since P is also 
self-conjugate in this group, it must be Abelian. Let P, Q, & be 
generators of this group and S any operation of @ not contained in 
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it. We may now assume that @ belongs to the sub-group A, 
(§ 93), and therefore that 
S7QS = QPs, 
while S7RS = RQEPY. 
1 gerd 
If B were zero, @*R ¥ would be a self-conjugate operation not 
contained in {P}; and therefore @ must be different from zero. We 


may now put 
QPr=Q, P#=P; 


and the group is then defined by the relations 
PP =H, QP = fh? = HowSt= Lest RS=hY, SA7US= CLF, 


together with the relations expressing that P’ is self-conjugate, 
and {P’, Q’, R} Abelian. There is thus again in this case, at most, 
a single type. It remains to determine whether the operations are 
all actually of order p. 


Dropping accents the defining relations*give 
SP, QF, Feve S= Pepin QF ri Rx, 


where Ay 41 = Ay + Ba, Basi = Ba +Y2. Yxti=Yx> 

and therefore S-* Po Q8 Ry S* = Po, Q8, Rrz, 

where a,=a+eB+ha(x—1)y, By=Bt+ay, Yu=y: 
Hence 


P P P 
(Po QB RS)? = Pr Qh Ri 
= Ppot+hp@-1)8+4 (w+) p (P-1)y QrB+4P e-Vy Rr, 
If p is a greater prime than 3, the indices of P, Q, R are all 


multiples of p; hence P*Q* Ry S is of order p, S being any opera- 
tion not contained in G. If however p=3, then 


(P= Q8 Ry S)*= Py, 


so that, if y is not a multiple of 3, P*@SRyS is an operation of 
order 9. Hence this last type of group exists as a distinct type for 
all primes greater than 3; but for p=3, it is not distinct from one 
of the previous types containing operations of order 9. 


117. In tabulating, as follows, the types of group thus 
obtained, we give with each group @ a symbol of the form 


AZ Dea ee Gy wes ) Cadeahint, i te ; 
indicating the types of Hz, Hy./Hn, Hy/Hn4, ... where 
G, AT fel OLAS) dab. 
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is the series of self-conjugate sub-groups defined in § 93. This 
symbol is to be read from the left so that (a, b,...... ) is the 
type of H,,. 


Moreover in each group there is no operation of higher 
order than that denoted by P. 


Table of groups of order p”, p an odd prime*. 
I. n= 2, two types. 
@) @; GG) 
II. n=8, five types. 
G) (3); @) @1)s Gi) d,1,1); 
(ty) Ei HO, ot = (1) (11), 
(vy) PP aL, OP ath, RPS HY ROR = OP, 
Teer i=, Qt =2 (Kat) 
III. n=4, fifteen types. 
j) 4; Gi) B&D; Gi) @ 2%; Ww) @1LDY; 
(yo. (Lie dy: 
(vi) PP = HK, Q? = #, OPQ = Pr, (2) (11); 
Gi) Pia, Oh = Eh hve LRA R= OPP OPO a2) 
Jietbigiest .( 2) Lu). 
(vill). bP i, OF = FOP RO matin (11) Cll )s 
Gx) PP = HO? =f, k= L, RAPR= Per Peer =v, 
R-QR = Q, (11) (1D), 
this group (ix) being the direct product of {Q} and {P, R}; 
(x) PP = KF, QP= EF, R°=E, RO>PR=PQ, Q°PQ=P, 
R QR = Q, (11) 11); 
(xi), (xii), and (xii), 
Pra h Q? =F, OOP) =P), ROPR= PQ, 
R7QR = Q, RP = Pe, (1) (1) (11), 
* On groups of orders p? and p, the reader may consult, in addition to 


i Older, ‘‘ Di der Ordnungen 
Young’s memoir already referred to, Holder, “ Die Gruppen 
p, a pqr, pt,” Math. Ann. xu (1893), in particular, pp. 371—410. 
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where for (xi) a=0, for (xii) a=1, for (xi) a=any non- 
residue, (mod. p) ; 

(xiv) PP=E, QP=E, RP=EL, SP=E#, SARS = RE; 
SAQS=Q, SA2PS=P, R7>QR=Q, R7PR=P, 
Q7PQ = P, (11) GD), 
this group (xiv) being the direct product of {Q} and [P, STS) i 

(xv) p>3, 
Pe =F, QP =E, RP=E, SP=E, SARS = RQ, S7QS = QP, 
S7PS =P heQi= Over i= FP} 
Q7PQ =P, (1) 1) A); 


iy 
Pat, @= hak = ByOg OS] ake Pha 2g, 
R>QR = PQ, (1) (1) (1D). 
118. To complete the list, we add, as was promised in § 112, 


the types of non-Abelian groups of orders 2° and 2; the 


possible types of Abelian groups being the same as for an 
odd prime. * 


Non-Abelian groups of order 2°; two types. 
(i) identical with IT (iv), writing 2 for p ; 
(i) Pla HOt = Ee PO) Sea Ce P21) (11). 
Non-Abelian groups of order 2*; nine types. 
(i), (ii), (1), (iv) and (v) identical with III (vi), (vii). 
(viii), (ix) and (x), writing 2 for p; 
(WW) MSL aE, = OPO =P t= P2, 
ROQER= OP ie) 11), 
this group (vi) being the direct product of {R} and {P, Q}; 
(ii) P8=B, @=B, Q>PQ=P-, (1) (1) (1); 
(vill) P= H, =F, Q7PQ=FP*, (1) (1) (1); 
(ix) D=H, Sah, O°PQ=P Q= Pe (1) (1) (11). 


119. Ex. 1. If G, of order p”, is not Abelian, and if every sub- 
group of G@ is self-conjugate, shew that » must be 2. (Dedekind.) 


Ex. 2. Shew that a non-Abelian group of order p‘ contains 
2p°—1 conjugate sets of operations, if the central is of order Dp: 
and p* + p*—p conjugate sets if the central is of order p*. 
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Ex. 3. Prove that a group whose order is a power of a prime 


cannot be generated by two operations which are conjugate 
within it. 


Ex. 4. Prove that a group of order p* necessarily contains an 
Abelian group of order p4, where A (A + 1) > 2a. 
(Miller, Messenger of Mathematics, Vol. 27, p. 119.) 


Ex. 5. If @ is of order p™, and H, is an Abelian group of 
bype. (15 dyes. with m-—2 units), and if m>5, @ is the direct 
product of two groups. If m=5, there is one type for which @ is 
not a direct product, viz. 


QP =F, QWP=B, PP=B, O° 0,0- G2, 
Oro = 7, Q.° PQ, = P. 


Ex: 6. Discuss the groups of order p”+? which contain two 
cyclical sub-groups of orders p”™ and p? with no common operation 
except Z. Shew that if P and @ generate these sub-groups, so that 


PK, QP =, 
the further defining relations are of the following forms : 
ete we) ake ad me, 
(ili) OPQ = PQ?; 
(iv) Q-? PQ? = Pe" QO PQ= pue™? Car, 
How many types come under the last head ? 
Ex. 7. Prove that the relations 
Ase Leal ern), 4G Z; 
A,Aj;A,4j;=C, (t+)) 
define a group of order 2+}, of which # and C are the only self- 
conjugate operations. Shew also that the group contains 
gan 4 ie 1)"# Q2n 
operations of order 4, and 2% — (— 1)"*+12”"— 1 operations of order 2. 
Ex. 8. Shew that, when n=1, the group of the previous 


example can be expressed in the form in which A,, A,, 43, Ay 
are the substitutions, 


I = Ma, a = Hy, Lg = Wy, By = Ws ; 

Dy =H, Wy =—My, Ly =— Hs, Hy = Hy 5 

a! = 1g, Wy =—18,, Hy = Wy, Ly = — hs; 

we, = 103, Hy =—1Xy, Le =—tHy, w= 12; 
?=-1. 


(This, in fact, gives the most general group of space-collineations 
which are all of order 2. The reader should verify that it can be 
expressed in a real form.) 
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Ex. 9. If the order of every operation of a group, except 
identity, is 3, prove that any two conjugate operations are per- 
mutable. Shew also that if the group be generated by x 
independent operations, its order is equal to or is a factor of 3°"—. 


(Quarterly Journal of Pure and Applied Mathematics, 1902.) 


Ex. 10. Discuss the group generated by A and B, where 
PA => Vie se” = 


? 


S being any operation of the group. In particular prove that the 
order of the group is 2°”, the order of its central is 2”, and the order 
of A? BAB is 2”. Shew also that {A?, A181 AB} is an Abelian 
self-conjugate sub-group of type (7-1, »—1), and that every opera- 
tion of the group not contained in this sub-group is of order 2”. 


Ex. 11. Prove that the relations 
PrP, P,Ps=Q), PsP P3P)=Q,, Py P27 PiP2= Qs, 
Ppa EP a PP OP OP = YP = ZB, 


while Dy Bro Qe aie self-conjugate operations, p being an odd 
prime, define a group of order p‘, all of whose operations are of 
order p; an@ shew that in this group every operation is either 
self-conjugate or one of a set of p® conjugate operations. 


Ex. 12. Prove that a group, the order of whose central is p, 
cannot be the derived group of any group whose order is a power 
of p. Hence shew that all groups of order p* are metabelian. 


CHAPTER IX. 


ON SYLOW’S THEOREM. 


120. WE have seen in § 35 that if p™ divides the order 
of a group, p being a prime, there is at least one sub-group 
of order p™. If p* is the highest power of p which divides the 
order, the group can contain no sub-group of order p*t, since 
this number is not a factor of the order of the group. That 
the group actually contains sub-groups of order p?, that these 
sub-groups form a single conjugate set and that their number 
is congruent to unity, mod. p, was first established by Sylow*. 


We shall devote the present chapter to the proof of Sylow’s 
theorem; and a consideration of some of its more immediate 
consequences. These constitute, as will be seen later on, a most 
important set of results. 


THeoREM I, If p* is the highest power of a prime p which 
diwides the order of a group G, the sub-groups of G of order p* 
form a single conjugate set, and their number is congruent to 
unity, mod. p. 


That G has at least one sub-group of order p* has been 
proved in § 35. 


If H is a sub-group of G of order p* the only operations of 
G, which are permutable with H and have powers of p for 
their orders, are the operations of H itself. For if P is an 
operation of order p”, permutable with H, and if p* is the order 
of the greatest group common to {P} and H, the order of {H, P} 
is p?t7-*. But G can have no such sub-group unless s =r, in 
which case P belongs to H. 

* Sylow, Théorémes sur les groupes de substitutions, Math. Ann. v (1872), 


p. 584 et seq. Compare also Frobenius, Neuer Beweis des Sylow’schen Satzes, 
Crelle, c (1886), p. 179. 
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Suppose now that H’ is any sub-group conjugate to H; 
and let p® be the order of the group h common to H and H’, 
when H’ is transformed by all the operations of H, the opera- 
tions of h are the only ones which transform H’ into itself. 
Hence the operations of H can be divided into p** sets of p? 
each, such that the operations of each set transform H’ into a 
distinct sub-group. In this way, p*-* sub-groups are obtained 
distinct from each other and from H and conjugate to H. If 
these sub-groups do not exhaust the set of sub-groups conjugate 
to H, let H” be a new one. From H” another set of p*-* 
sub-groups can be formed, distinct from each other and from H 
and conjugate to H. Moreover no sub-group of this latter set 
can coincide with one of the previous set. For if 

i eS RA RE Rd tA ae 
where P, and P, are operations of H, then 

gf SM gerd a Bd Pe 

where P;(=P,P,~) is an operation of H; and this is contrary to 
the supposition that H” is different from each group of the 
previous set. By continuing this process, it may be shewn that 
the number of sub-groups in the conjugate set containing H is 

1+ p28 + pt? +... 
where no one of the indices a— 8B, a—#’,...... can be less than 
unity. The number of sub-groups in the conjugate set con- 
taining H is therefore congruent to unity, mod. p. 

If now G contains another sub-group A, of order p*, it must 
belong to a diff .ent conjugate set. The number of sub- 
groups in the new set may be shewn, as above, to be congruent 
to unity, mod. p, But on transforming H, by the operations of 
H, a set of p*-Y conjugate sub-groups is obtained where py is 
the order of the sub-group common to H and Hy. A further 
sub-group of the set, if it exists, gives rise to p*—” additional 
conjugate sub-groups, distinct from each other and from the 
previous p*-¥. Proceeding thus we shew that the number of 
sub-groups in the conjugate set is a multiple of p; and as it 
cannot be at once a multiple of p and congruent to unity, mod. 
p, the set does not exist. The sub-groups of order p* therefore 
form a single conjugate set and their number is congruent to 
unity, mod. p. 
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Corollary I. If p*m is the order of the greatest group J, 
within which the group H of order p* is contained self- 
conjugately, the order of the group @ must be of the form 


pom (1+ kp). 


Corollary II. The number of groups of order p* contained 
in G, i.e. the factor 1+ kp in the preceding expression for the 
order of the group, can be expressed in the form 


l+kpt+khp+...+h.p%, 


where k,p’ is the number of groups having, with a given group 
H of the set, greatest common sub-groups of order p*”. 


This follows immediately from the arrangement of the set 
of groups given in the proof of the theorem. Thus each of the 
p*-*® groups, obtained on transforming H’ by the operations of 
H, has in common with H a greatest common sub-group of 
order ps. It may of course happen that any one or more of the 


numbers hy, k., ..., ka is zero. If no two sub-groups of the set 
have a common sub-group whose order is greater than p”, then 
ky, kt, ..., Kap all vanish; and the number of sub-groups in 


the set is congruent to unity, mod. p*-”. Conversely, if p* is the 
highest power of p that divides kp, some two sub-groups of 
the set must have a common sub-group whose order is not less 
than p*-*; for if there were no such common sub-groups, the 
number of sub-groups in the set would be congruent to unity, 


mod. p**. 


Corollary III. Every sub-group of G whose order is p*, 
(8 <a), must be contained in one or more sub-groups of order p*. 


For if the sub-group of order p? is contained in no sub-group 
of order p*t', the only operations whose orders are powers of p 
that transform it into itself are its own. In this case, the 
preceding method may be used to shew that the number of 
sub-groups in the conjugate set to which the given sub-group 
belongs must be congruent to unity, mod. p. But this is 
impossible, as the number of such sub-groups must, on the 
assumption made be a multiple of p**. The sub-group of 
order p® is therefore contained in one of order p**?, and hence 
repeating the same reasoning in one of order p*. 
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121. We shall refer to Theorem I as Sylow’s theorem. In 
discussing in this and the following paragraphs some of the 
results that follow from Sylow’s theorem, we shall adhere to the 
notation that has been used in establishing the theorem itself. 
Thus p* will always denote the highest power of a prime p 
which divides the order of G; the sub-groups of @ of order p* 
will be denoted by H, H,, ..., and the greatest sub-groups of @ 
that contain these self-conjugately by I, J,,.... These latter 
form a single ¢onjugate set of sub-groups of G, whose orders are 
pm, the order of G itself being p*m (1+kp). Moreover the 
number of groups in this conjugate set is 1 + kp. 

Suppose now that S is any operation of G whose order is a 
power of p. When the 1 + kp sub-groups 

Vet shel ORR ay, 

are transformed by S, each one that contains S is transformed 
into itself, while the remainder are interchanged in sets, the 
number in any set being a power of p. Hence the number of 
these groups which contain S must be congruent to unity, 
mod. p. In precisely the same way, it may be shewn that the 
number of sub-groups of order p*, which contain a given sub- 
group of order p®, is congruent to unity, mod. p. 

If 91, Jo, «++, Gz are the different sub-groups of order p® con- 
tolged tu G, and if g; enters in 1+/;p sub-groups of order p%, 


then = (1+,p) is the number of sub-groups of order p? when 


each is ireokeced once for each sub-group of order p* in which 
it enters. Now it has been seen in § 103 that a group of order 
p* has 1 + lp sub-groups of order p? ; and since the 1+kp sub- 
groups of order p*in G are all conjugate, they each contain the 
same number of sub-groups of order p®. Hence 


~(1+1:p)=(1+lp) (1+ kp), 
i 
or x =1 (mod. p). 
THEOREM II. If p® divides the order of a group, the 
number of sub-groups of order p® is congruent to unity, mod. p*. 


When 8 <a this set of sub-groups will obviously, in general, 
not form a conjugate set. 


* Frobenius, Berliner Sitzungsberichte (1895), p. 998. 
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122. THEoreEM III. Let p* be the highest power of a prime 
p which divides the order of a group G, and let H be a sub-group 
of G of order p*. Let h be a sub-group common to H and some 
other sub-group of order p*, such that no sub-group, which contains 
hand is of greater order, is common to any two sub-groups of 
order p*. Then there must be some operation of G, of order 
prime to p, which is permutable with h and not with H*. 


Suppose that H and H’ are two groups of order p* to 
which h is common; and let h, and h,’ be sub-groups of H and 
H’, of greater order than h, in which h is self-conjugate. If h, 
and h,’ generate a group whose order is a power of p, it must 
occur in some group H” of order p*; and then H and H” have 
a common group h,, which contains h and is of greater order. 
This is contrary to supposition, and therefore the order of the 
group generated by h, and h,’ is not a power of p. Hence h is 
permutable with some operation whose order is prime to p. 


Let p* be the order of h, and p***n be the order of the 
greatest sub-group 7 of G that contains h self-conjugately. If? 
contained a self-conjugate sub-group of order p’*’, h, and hj 
would be sub-groups of it and they would generate a group 
whose order is a power of p which is not the case. If two 
sub-groups of 7 of order p”t* had a common sub-group of order 
p+, then two sub-groups of G of order p* would have a common 
sub-group containing h and of greater order, which again is 
not the case. Hence 7 must contain | + k’p* sub-groups of order 
pts, and n=m'(1+k’'p*); so that in 7 a sub-group of order p*t* 
is self-conjugate in a sub-group of order p’**m’. No sub-group 
of 7 of order p’+*(t >0) can occur in more than one sub-group 
of order p*; and the 1 + kp’ sub-groups of ¢ of order p’** belong 
therefore to 1+<'‘p’ distinct sub-groups of order p*. Moreover 
h occurs in no sub-groups of order p* other than these 1 + k’p’. 
For if h occurred in another sub-group Hj, it would in this 
sub-group be self-conjugate in a group of order p’** (s’ > 0); and 
this group would occur in 7. This group would then be common 
to two sub-groups of order p*, contrary to supposition. 

* Frobenius, ‘‘ Ueber endliche Gruppen,” Berliner Sitzungsberichte (1895), 


p. 176: and Burnside, ‘‘ Notes on the theory of groups of finite order,” Proc. 
London Mathematical Society, Vol. xxv (1895), p. 209. 
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An operation of 7, which transforms one of its sub-groups 
of order p’+* into another, must transform the sub-group of order 
p* containing the one into that containing the other. Hence z 
must contain operations which are not permutable with H. 
The greatest common sub-group of 7 and I is that sub-group 
of ¢ of order p’+*m' which contains the sub-group of order p’** 
belonging to H self-conjugately. For every operation, that 
transforms this sub-group of order p’** into itself, must trans- 
form H into itself; and no operation of 7 can transform H into 
itself which transforms this sub-group of order p’** into another. 


The sub-group h of order p” here considered may be called 
a maximum common sub-group of two sub-groups of order p*. 
It is not necessarily a sub-group of the greatest possible order 
common to two sub-groups of order p*; but no sub-group 
containing it and of greater order is common to two such 
sub-groups. 

When #H is Abelian a corresponding theorem holds for the 
common sub-group of any pair of sub-groups of order p%. Let 
h be the common sub-group of H and H’. Then every opera- 
tion of h is a self-conjugate operation in {H, H’}. Ifthen K is 
the greatest sub-group of G in which every operation of h is 
self-conjugate, AK containing two must contain 1+k’p sub- 
groups of order p*; and its order must be p*m’(1+k’p), where 
ptm’ is the order of the greatest sub-group of J in which every 
operation of f is self-conjugate. In this case every operation 
common to two sub-groups of order p* is permutable with some 
operation whose order is relatively prime to p. 


123. Let P be an operation, or sub-group, which is self- 
conjugate in H; and let Q be another operation, or sub-group, 
of H, which is conjugate to P in G, but not conjugate to Pin J, 
Suppose first that, if possible, Q is self-conjugate in H. There 
must be an operation S which transforms P into Q and H into 
some other sub-group H’, so that 


S@PSs=0) 
fey @ Pas 
Now in the sub-group which contains Q self-conjugately, 
the sub-groups of order p* form a single conjugate set, and 
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H must occur among them. Hence this sub-group must contain 
an operation 7’ such that 


T>QT = Q, 
and had rgd Sed al 
It follows that 
POS er sl =O 
hee Span (oy UES & GE 
or that, contrary to supposition, P and Q are conjugate in J. 
Hence :— 


THEOREM IV. Let G and H be defined as in the previous 
theorem, and let I be the greatest sub-group of @ which contains 
HI self-conjugately. Then if P and Q are two self-conjugate 
operations or sub-groups of H, which are not conjugate in I, 
they are not conjugate in G. 


Corollary. If H is Abelian, no two operations of H which 
are not conjugate in J can be conjugate in G. Hence the 
number of distinct sets of conjugate operations in G, which 
have powers of p for their orders, is the same as the number of 
such sets in J. 


124. Suppose next that Q is not self-conjugate in H. 
Then every operation that transforms Q into P must transform 
H into a sub-group of order p* in which P is not self-conjugate. 
Of the sub-groups of order p*, to which P belongs and in which 
P is not self-conjugate, choose H’ so that, in H’, P forms one 
of as small a number of conjugate operations or sub-groups as 
possible. Let g be the greatest sub-group of H’ that contains 
P self-conjugately. Among the sub-groups of order p* that 
contain P self-conjugately, there must be one or more to which 
g belongs. Let H be one of these; and suppose that A and h’ 
are the greatest sub-groups of H and H respectively that 
contain g self-conjugately. The orders of both A and h’ must 
(Theorem III, § 96) be greater than the order of g; and in con- 
sequence of the assumption made with respect to H’, every 
sub-group, having a power of p for its order and containing h, 
must contain P self-conjugately. 

Now consider the sub-group {h, h’}. Since it does not 
contain P self-conjugately, its order cannot be a power of p. 
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Also if p® is the highest power of p that divides its order, it 
must contain more than one sub-group of order p%. For any 
sub-group of order p®, to which h belongs, contains P self- 
conjugately ; and any sub-group of order p*, to which h’ belongs, 
does not. Suppose now that Sis an operation of {h, h’}, having 
its order prime to p and transforming a sub-group of {h, h’} of 
order p®, to which h belongs, into one to which h’ belongs. 
Then S cannot be permutable with P; for if it were, P would 
be self-conjugate in each of these sub-groups of order p*. When 
P is an operation, we may reason in the same way with respect 
to {P}. Since g is self-conjugate in both h and h’, S must 
transform g into itself. Now P is self-conjugate in g, and 
therefore S-"PS" is also self-conjugate in g for all values of r. 
If then S¢ is the first power of S which is permutable with P, 
the series of groups P, S7PS,...... , SPS are all distinct 
and each is a self-conjugate sub-group of g. Every group in 
this series is therefore permutable with every other. Hence :— 


THEOREM V. If Gand H are defined as in the two preceding 
theorems, and if P is a self-conjugate sub-group or operation of 
H, then either (1) P must be self-conjugate in every sub-group 
of G, of order p*, in which rt enters, or (11) there must be an 
operation S, of order q prime to p, such that the set of sub- 
groups S-* LP} S? (r=0; Let ,¢g—1) are all distinct and per- 
mutable with each other. 


125. If K is a characteristic sub-group of H, a sub-group 
of order p* of G, it is necessarily a self-conjugate sub-group of J. 
The greatest sub-group J in which XK is self-conjugate must 
contain 1+ k’p(k’>0) sub-groups of order p*, which in J form 
a single conjugate set, and its order will be ptm(1+k'p). It 
will be one of a set of 1+k’p conjugate sub-groups, where 

(1+ k’p)(1+k"p)=1+ kp. 

Since this set of conjugate sub-groups contains all the sub- 
groups of order p*, each of the latter will enter in one only of 
the former. 

If H contains a second sub-group Kk’, of the conjugate set 
to which K belongs, then K’ cannot be self-conjugate in H; 
for if it were H would occur in two distinct sub-groups of the 
set to which J belongs. 


‘ 
Av f 
ryt 
, 
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Now A, the central of H, is a characteristic sub-group; and 
if h is the common sub-group of H and H’, every operation 
of h is permutable with every operation of {h, h’}. With 
respect to the latter group there are three possibilities, 


First, # and A’ may be identical with each other. In this 
case h must be one of 1+h’p(0<k’" <k) conjugate sub-groups. 

Secondly, h and h’ being distinct, the order of {h, h'} may be 
a power of p. When this is so there must be a sub-group H”, 
of order p*, containing {h, h’}; and in H” either h or h’, say h, 
is not the central. Then A is not self-conjugate in H”, and 
therefore by Theorem V there must be an operation S, of order 
q prime to p, such that h, SAS, ..., S-?4h So are distinct 
and permutable with each other. 


Lastly, if the order of {h, h’} is not a power of p, there must 
be an operation, of order prime to p, permutable with every 
operation of h. Hence:— 


THEOREM VI. Jf p* is the highest power of p dividing the 
order of G and if G contains more than one sub-group of order 
p*, then either (i) every operation belonging to two sub-groups of 
order p* must be permutable with some operation whose order vs 
prime to p, or (ii) two or more sub-groups of order p* must have 
the same central, or (iii) there must be q, prime to p, sub- 
groups of order p*, whose centrals are distinct and permutable 
with each other, and are permuted cyclically on transformation 
by an operation of order q. 


126. In illustration of Sylow’s Theorem and its consequences 
we will deal with the problem of determining all distinct types of 
group of order 24. 


A group of order 24 must contain either 1 or 3 sub-groups of 
order 8, and either 1 or 4 sub-groups of order 3. If it has one 
sub-group of order 8 and one sub-group of order 3, the group must, 
since each of these sub-groups is self-conjugate, be their direct 
product. We have seen (§ 118) that there are five distinct types 
of group of order 8 ; there are therefore five distinct types of group 
of order 24, which are obtained by taking the direct product of any 
group of order 8 and a group of order 3. 


If there are 3 groups of order 8, some two of them must 
(Theorem I, Cor. II, § 120) have a common sub-group of order 4 ; 
and (Theorem III, § 122) this common sub-group must be a self- 


MATH LIBRARY 


158 SPECIAL TYPES [126 


conjugate sub-group of the group of order 24. Moreover if, in 
this case, a sub-group of order 8 is Abelian, each operation of the 
self-conjugate sub-group of order 4 must (§ 122) be a self-conjugate 
operation of the group of order 24. 


With the aid of these general considerations, it now is easy to 
determine for each type of group of order 8, the possible types of 
group of order 24, in addition to the five types already obtained. 


(i) Suppose a group of order 8 to be cyclical, and let A be an 
operation that generates it. If {A} is self-conjugate and B is an 
operation of order 3, then 


BAB = A+, 
and therefore BPA aAe; 
Hence a?=1 (mod. 8), 
and therefore a=1 (mod. 8); 


so that A and B are permutable. This is one of the types already 
obtained. Hence for a new type, {A} cannot be self-conjugate, and 
A? must be a self-conjugate operation ; B is therefore one of two 
conjugate operations, while {4} is self-conjugate. Hence the only 

possible new type in this case is given by 

? 

2 ASB ee Foe 

(ii) Next, let a group of order 8 be an Abelian group defined by 
Af 56 Fi py Dl A Des BAS, 


If this is self-conjugate, then, by considerations similar to those 
of the preceding case, we infer that the group is the direct product 
of groups of orders 8 and 3. Hence there is not in this case a new 
type. 


If the group of order 8 is not self-conjugate, the self-conjugate 
group of order 4 may be either {4} or {A®, B}. In either case, if 7 
is an operation of order 3, it must be one of two conjugate operations 
while {C} is self-conjugate. Hence there are two new types respec- 
tively given by 

G= fi, BOB =e i 
and Batra AC AwG BCB=C. 

(iii) Let a group of order 8 be an Abelian group defined by 

t= Ly B=, Os By \AB=BAje BC HCB CA AR. 


If it is self-conjugate, and if the group of order 24 is not the 
direct product of groups of orders 8 and 3, an operation D of order 3 
must transform the 7 operations of order 2 among themselves ; and 
it must therefore be permutable with one of them. Now the relations 


D-AD= A, DBD AR 
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are not self-consistent, because they give 
Ob vad eV Usp 


Hence, since the group of order 8 is generated by A, B and any 
other operation of order 2 except AB, we may assume, without loss 
of generality, that 


D-AD=A, D3BD=C, DOD = A*BC2 
These relations give 
B=D~BD? = D7 A*BYC*D = A*+#) Bueguee 


and therefore y= 2 = 

Now if (DCUD = ANIKO.. 
and if Ad 20 aah Ora 
then DIBD2O 8 DAC D2=B ECs 


so that the two alternatives «=0 and w=1 lead to simply iso- 
morphic groups. 
Hence there is in this case a single type. It is the direct 
product of {A} and {D, BL, C}, where 
DIB) Oe Oe bo. 
If the group of order 8 is not self-conjugate, the self-conjugate 


group of order 4 may be taken to be (A, 5} ; and D being an opera- 
tion of order 3, there is a single new type given by 


Dee te OC = Do ADA = De BORED, 
(iv) Let a group of order 8 be a non-Abelian group defined by 
Ae p= hb, A=, Dp Abe A. 
and let C be an operation of order 3. If the group of order 8 is 
self-conjugate, and the group of order 24 is not a direct product of 


groups of orders 8 and 3, C must transform the 3 sub-groups of 
order 4, {A}, {Bt and {4B}, among themselves. Hence we may take 


CSAC 0, 
and C]BC =AB or (AB), 
The supposition that C transforms & into (4B) leads to a contra- 
diction. Hence in this case there is only one new type, given by 
Cat Cn AC = BrCr BC =A b. 
If the sub-group of order 8 is not self-conjugate, the self-conjugate 


sub-group of order 4 is cyclical, and each of its operations must be 
permutable with C. Hence again we get a single new type, given by 


Gals AGCAS 6, UBSCESCh 
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(v) Lastly, let a sub-group of order 8 be a non-Abelian group 
defined by 
Ata Et, Paul, BAG AM. 


This contains one cyclical and two non-cyclical sub-groups of 
order 4. If it is self-conjugate, the group of order 24 must therefore 
be the direct product of groups of orders 8 and 3; and there is no 
new type. 

Tf the sub-group of order 8 is not self-conjugate, and the self- 
conjugate sub-group of order 4 is the cyclical group {4}, then A 
must be permutable with an operation C of order 3, and there is a 
single new type given by 

Cal, AjCs= Og BCR CU. 

If the self-conjugate sub-group of order 4 is not cyclical, it may 
be taken to be {#, A, B, A?B}. If C is permutable with each 
operation of this sub-group, there is a single type given by 

= Bh, «ABU A= Coys CBC. 


If C is not permutable with every operation of the self-conjugate 
sub-group, it must transform A’, B, 4?4 among themselves and we 
may take 

; CHA°C= b, CBE = A235. 


Now {C, A’, B} is self-conjugate, and therefore 4 must transform 
C into another operation of order 3 contained in this sub-group. 
Hence 
AMCA=COANS. 


The only values of «, y, z which are consistent with the previous 
relation 
A?C'A*=CA°B, 
are Ris 2, os @ee ls or mand cy be wie (), 
Either set of values lead to the same type defined by 
At‘= fF, Dm By ARS Het, 
Gah, CAiAC=B, C7BC=2°R, 
A~"C'A = C7 A°B, 
When JB is eliminated between these relations, it will be found 
that the only independent relations remaining are 
Ataf, @=ak, (ACP SE. 
It is a good exercise to verify that these form a complete set of 
defining relations for the group. (Compare Ex. 1, § 34.) 
There are therefore, in all, fifteen distinct types of group of order 


24, The last of these is the only type, which has neither a self- 
conjugate sub-group of order 8, nor one of order 3. The reader 
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should satisfy himself, as an exercise, that, in the ten cases where 
the group is not a direct product of groups of orders 8 and 3, the 
defining relations which we have given are self-consistent. This is 
of course an essential part of the investigation, and we have 
omitted it for the sake of brevity. 


It is to be noticed that the last type obtained gives an example, 
and indeed the simplest possible, of Theorem V, § 124. Thus in 
{A, Bi of order 8, A? is a self-conjugate operation and B is not. In 
the group of order 24, the operations A? and B are conjugate ; and 
C is an operation, of order prime to 2, such that A’, C-142C, C-242C? 
generate three mutually permutable sub-groups. 


A discussion similar to that of the present section (but simpler, 
since in each case the number of types is smaller), will verify the 
following table*;:— 


Order...... 6 10 | 12 | 14 | 15 18 | 20 | 21 | 22 | 24 | 26 | 28 | 30 


aroha? eg habe ot eae 


Numbers. |) 2) |) 2 | 5 


This table, taken with the results of Chapter VIII, gives the 
number of distinct types of groups for all orders less than 32. 


127. Asasecond example, we will discuss the groups of order 60 
which have no self-conjugate sub-group of order 5. (The reader 
will find it a good exercise to verify that there are 12 distinct 
types of group of order 60 with a self-conjugate sub-group of 
order 5.) 


A group G@ of order 60 must, by Sylow’s theorem, contain either 
1 or 6 cyclical sub-groups of order 5. [f it contains 6, no operation 
of order 3 can be permutable with an operation of order 5, and 
therefore by Sylow’s theorem there must be 10 conjugate sub- 
groups of order 3. Hence G contains 24 operations of order 5 
and 20 operations of order 3. If any operation of order 5 were 
permutable with an operation of order 2, all its powers would 
be permutable with the same operation, and therefore, since the 
sub-groups of order 5 form a single conjugate set, every operation of 
order 5 would be permutable with an operation of order 2, The 
group would then contain at least 24 operations of order 10. This 
is clearly impossible, since the sum of the numbers of operations of 
orders 3, 5 and 10 would be greater than the order of the group. 
Hence the sub-group of order 10, which contains self-conjugately a 
sub-group of order 5, must be of the type 


AaB, S=E, ASA=S74 


* Miller, Comptes Rendus, cxx11 (1896), p. 370. 
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In a similar way, we shew that a sub-group of order 6, which 
contains self-conjugately a sub-group of order 3, is of the type 


Ata Ly gl i eo ee 


Since no operation of order 3 or 5 is permutable with an operation 
of order 2, it follows (Theorem ITI, § 122) that no two sub-groups of 
order 4 can have a common operation other than identity. Hence 
there must be 5 sub-groups of order 4; for if there were 3 or 15, 
some of them would necessarily have common operations. Each 
sub-group of order 4 is therefore contained self-conjugately in a 
sub-group of order 12. Such a sub-group of order 12 can contain no 
self-conjugate operation of order 2, since G contains no operation of 
order 6. Hence the sub-groups of order 4 are non-cyclical, and the 
3 operations of order 2 in any sub-group of order 4 are conjugate 
operations in the sub-group of order 12 containing it. This sub- 
group must therefore be of the type 


Baht bh "A, b= A) Ab Ana, 
where A, and A, are permutable operations of order 2. 


The 5 sub-groups of order 4 contain therefore 15 distinct opera- 
tions of order 2; and these form a conjugate set. We have already 
seen that the 20 operations of order 3 form a conjugate set, and 
that the 24 operations of order 5 form two conjugate sets of 12 
each. Hente the 60 operations of the group are distributed in 5 
conjugate sets, containing respectively 1, 12, 12, 15 and 20 opera- 
tions. It follows at once (§ 27) that the group, if it exists, is simple. 

A sub-group of order 12, the existence of which has been proved, 
must be one of 5 conjugate sub-groups; and, since the group is 
simple, no operation can transform each of these into itself. Hence 
if the 5 conjugate sub-groups 


H,, H,, H,, i, H, 
are transformed by any operation of the group into 
Hy’; H,’, Hy, Hy, Hy, 
and if we regard 
cn H,, H;, Hy, or 
Hy, Hy, Hj, Hi, Hs 


as a permutation performed on 5 symbols, the group is simply 
isomorphic with a permutation-group of 5 symbols. In other words, 
the group can be represented as a group of permutations of 5 symbols. 
Now there are just 60 even permutations of 5 symbols; and it is 
easy to verify that the group they form satisfy all the conditions 
above determined. Moreover it will be formally proved in Chapter 
X, and it is indeed almost obvious, that no group of permutations 
can be simple if it contains odd permutations. Hence finally, there 


is one and only one type of group of order 60 which contains 6 sub- 
groups of order 5. 
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Ex. 1. Shew that there is a single type of group of order 84 
eee contains 28 sub-groups of order 3; and determine its defining 
relations. 


Ex. 2. Discuss the different types of group whose order is 34. 13. 


Ex. 3. If p*(a>1) is the highest power of p which divides the 
order of G, and if 1 + kp be the number of sub-groups of @ of order 
p*, shew that (i) if 1+kp<p*, or (ii) if a group of order p* is 
cyclical and 1+kp<p*, @ is composite. 

(Maillet, Comptes Rendus, oxvui (1894), p. 1188.) 


128. We shall now consider the particular case in which 
the Sylow sub-groups, i.e. the sub-groups whose orders are the 
highest powers of primes dividing the order of the group, are all 
cyclical. 

Let the order NV of @ be p,*p.%...pn™, where p, < py <...< Dn 
are primes. Since G contains operations whose orders divide 
NV and do not divide NV/p,, the number of operations whose 
orders divide N/p, must be AN/p,, where X<p,. If P, is any 
operation of G of order p,%, the cyclical sub-group {P,} con- 
tains p,* — p,*'~1 operations of order p,*, each of which is per- 
mutable with the same number of operations whose orders are 
prime to p,. Hence, since no two distinct sub-groups of order 
p:™ contain a common operation of order p,%, while an operation 
of the group whose order is divisible by p,1 can be represented 
in one way only in the form PS, where P and S are permutable 
and of order p,% and s (prime to p,), the number of operations 
whose orders are divisible by p,%1 is a multiple of p,—1. Now 
this number is (p,—2) V/p,; and as p, is the smallest prime 
factor of NV, p,—1 cannot divide V/p,. Therefore p,—1 divides 
p,—A, or X=1. 

The number of operations of the group whose orders divide 
N/p, is therefore equal to N/p, This reasoning may be re- 
peated to shew that the number of operations which divide 
N/p* (a=1, 2, ... %) is equal to N/p,*. Moreover the same 
reasoning, since the group contains operations of order p,%, may 
be applied to shew that the number of operations whose orders 
divide V/p,up,? (b=1, 2, ... ag) 18 equal to N/p,4p,?. Hence if 
0 <a; <a;, the number of operations of the group whose orders 


divide Pipa Bok: is equal to this number, for all values of 
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1 from 1 to n. In particular the number of operations of the 
group satisfying 
Sn" =F 


is pn%. The group therefore has a single sub-group of order 
Pntn, Which is necessarily self-conjugate. Let G, be this sub- 
group, and H,_, any sub-group of G of order ee Then since 
G,, is self-conjugate, G, and H,_, are permutable; while since 
their orders are relatively prime, they have no common opera- 
tion except HE. Hence the order of {Hn1, Gn}, or Gnu, is 
pp". Now G contains just p."*p™ operations whose 
orders divide this number. Hence G,_, consisting of these 
operations is the only sub-group of @ of order p'**p"", and is 
therefore self-conjugate. Similarly it may be shewn that, for 
each 2, G contains a single sub-group, necessarily self-conjugate, 
of order p'p'...p'™. Moreover if H is a sub-group of G; 
of order pii(0<a;<a;), {H, Giz} is a sub-group of order 
Pepe er p” of G; and therefore from what has been proved 


above is the only sub-group of G of this order. 


Since G; is a self-conjugate sub-group of G, it must contain 
all the sub-groups of order pw. If there are 1+kp; of these 
sub-groups, 1+ kp; must be a factor of p¥... p*"; and a sub- 
group of order pj;s is contained self-conjugately in a sub-group 
of order V/(1+kp;). If «<j, this number is divisible by p,%:, 
and therefore G contains sub-groups of order pitips. This 
process may clearly be used to shew that if N,, a factor of V, and 
N/N, are relatively prime, G contains sub-groups of order N,. 
Since G, is a self-conjugate sub-group and G/G, is Abelian, the 
derived group of @ is contained in G,. Similarly the derived 
group of G, is contained in G; and so on. The group G is 
therefore a soluble group. 


It is to be noticed that the only part of the preceding investiga- 
tion which depends on the group of order p,% being cyclical is the 
statement that the number of operations of G whose orders divide 
Prin (G,<a,) is equal to p,“n. If this statement be omitted, the 
remaining results hold good whatever the type of the group of order 
Pn°® may be. 
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129. Let P,, P,, ..., P, be operations of @ of orders 
ee Prt, pr"?, «--, Pn 
TF Pe Ecisathe lowest power of P,_, which is per- 
mutable with P,, then G@,_, (and therefore G) contains a 
single cyclical sub-group of order Dee and no cyclical sub- 


Qy—+1 


group of order p’ i Me It is generated by 


—) 
| bye eg 
-1 
PB. 9g Bor Oy. 
an-2—-An-2 


If pe is the lowest power of P,_, which is permutable 


with Q,., then G,_, (and therefore G) contains a single cyclical 
sub-group of order perc an and no cyclical sub-group 
whose order is a multiple of this. It is generated by 


iy Se Oe) a ee 


Continuing thus G@ contains a single cyclical sub-group of 
order Ap. as pope and no cyclical sub-group whose order 
isa multiple of this. It is generated by 

Paviep yy opp salem Peery, 

No operation of G which is not contained in {Q} can be 
permutable with Q. For if S were such an operation {S, Q} 
would be an Abelian group, necessarily cyclical, whose order 
would be a multiple of p,.p.%...pn%; and no such group 
exists. If S, 7 are any two operations of @ which are not 
contained in {Q}, and if 

S “QS =Q*, T7QT= 8, 
then TAS SUIT BO =a a8: 
SToS“ GSTS =S8Q"%S4=¢5, 
TST OSis 2 sal (Pl t=, 
and therefore S7S'7— is contained in {Q}. Hence G/{Q} is 
Abelian, and therefore necessarily cyclical. Let R be an 
operation of G which corresponds to a generating operation of 
G/{Q}. Then if 
Piripe®2 ... Py tn = p, and N= LY, 


Qe = E, R= Qs, R3QR = Q, 
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where a belongs to index v, mod. p are the generating relations 
of G. 

In the particular case* in which NV contains no repeated 
prime factor, G has a sub-group of order v, and the relation 


R=Q 
is replaced by the simpler one 
R= E. 
In the general case 
Q7 RQ = RQ, 


and therefore ¢ is subject to the condition (a —1)¢t=0 (mod. p)f. 


130. We shall conclude the present chapter by shewing 
that any group which has a series of self-conjugate sub-groups 
similar to those of §93 is the direct product of its Sylow 
sub-groups. 


THEOREM VII. Jf a group G, of order p*q®...rv, where 
Pr G +++, T are distinct primes, has a series of self-conjugate 
sub-groups _ 

<i CRO a Ep w hPa 9 pe oe 

such that in G/H, every operation of H,4/H, ts self-conjugate, 
then G 1s the direct product of groups of orders p*, g®, ..., 77. 

Suppose, if possible, that p divides the order of H,_, and 
does not divide the order of H,. If P is an operation of order 
p contained in H,,_,, {P, H,} is a self-conjugate sub-group of G; 
and every operation conjugate to P is contained in the set 
PH,. But the only operation of this set, whose order is p, is P. 
Hence P must be a self-conjugate operation, contrary to the 
supposition that has been made. Hence if the order of H,, is 
not divisible by p, neither is the order of H,_,. Suppose, next, 
that p* is the highest power of p that divides the orders of both 
H, and H;,,. Then the order of the sub-group H,/H,,, of 
G/H,4,, formed of the self-conjugate operations of the latter, is 
not divisible by p; and therefore the order of H,./,., 18 not 
divisible by p. Hence p* is the highest power of p that divides 
the order of H,,. This reasoning may be repeated to shew 
that p* is the highest power of p that divides the order of each 


* Holder, “Die Gruppen mit quadratfreien Ordnungszahl,” Gottingen Nach- 
richten, 1895, pp. 211—229. 

+ Burnside, ‘On finite groups in which all the Sylow sub-groups are 
cyclical,” Messenger of Mathematics, Vol. xxxv (1905), pp. 46—50. 
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of the groups H,_,, H,-.,.... Hence « must be equal to a; 
and therefore the order of H,, must be divisible by each of the 
primes 7, q, ..., 7 

Suppose now that, for each prime p which divides the order 
of G, every operation of H,, whose order is a power of p, is 
permutable with every operation of G whose order is relatively 
prime to p, so that H, is the direct product of its Sylow sub- 
STOUPS Jp, Jq.+++, Jr. Let P be any operation, whose order is a 
power of p, belonging to H,_, and not to H,; and let Q be any 
operation of G@ whose order is relatively prime to p. The sub- 
group gp is contained self-conjugately in {P, g,}, and therefore 
every operation of this sub-group is a power of p. If Q is not 
permutable with P, then 

Q°PQ= Ph, 

where h, is some operation of H,. The order of h, must be a 
power of p. For let h,=h,/h,”, where the order of h,’ is a power 
of p and the order of h,” is relatively prime to p. Then, from the 
supposition made with regard to the sub-group H,, the operation 
Ph, is the product of the permutable operations Ph,’ and h,’. 
But, since the orders of Ph, and Ph,’ are powers of p, this is 
impossible unless A,” is identity. If the order of h, is p®, then 


Q-* PQ?’ = Ph?’ =P; 


and this equation implies that Q is permutable with P, since 
p® and the order of Q are relatively prime. Hence if the 
supposition that has been made holds for H,, it also holds for 
H,_,. But it certainly holds for H,, and therefore it is true for 
G. Hence every operation of G whose order is a power of p is 
permutable with every operation of @ whose order is relatively 
prime to p. The group therefore contains self-conjugate sub- 
groups of each of the orders p%, g®,...,7%; and it follows, from the 
definition of § 31, that @ is the direct product of these groups. 

We add here three examples in further illustration of the applica- 
tions of Sylow’s theorem. 

Ex. 1. If is a prime, greater than 3, shew that the number of 
distinct types of group of order 6p is 6 or 4, according as p is con- 
gruent to 1 or 5, mod. 6. 

Ex. 2. If p isa prime, greater than 5, shew that the number 
of distinct types of group of order 12p is 18, 12, 15 or 10, according 
as p is congruent to 1, 5, 7 or 11, mod. 12. 

Ex. 3. Shew that there are 7 distinct types of group of order 903. 


CHAPTER X. 


ON PERMUTATION-GROUPS: TRANSITIVE AND INTRANSI- 
TIVE GROUPS: PRIMITIVE AND IMPRIMITIVE GROUPS. 


131. It has been proved, in the theorem in § 20, that every 
group is capable of being represented as a group of permutations 
performed on a number of symbols equal to the order of the 
group. For applications to Algebra, and in particular to the 
Theory of Equations, the presentation of a group as a group of 
permutations is of special importance; and we shall now proceed 
to consider the more important properties of this special mode 
of representing groups*. 


Definition. When a group is represented by means of 
permutations performed on a finite set of n distinct symbols, 
the integer n is called the degree of the group. 


It is obvious, by a consideration of simple cases, that a 
group can always be represented in different forms as a group 
of permutations, the number of symbols which are permuted 
in two forms not being necessarily the same; examples have 
already been given in Chapter II. The “degree of a group” 
is therefore only an abbreviation of “the degree of a special 
representation of the group as a permutation-group.” 


The x! permutations, including the identical permutation, 
that can be performed upon n distinct symbols, clearly form a 
group; for they satisfy the conditions of the definition (§ 12). 
Moreover they form the greatest group of permutations that can 
be performed on the n symbols, because every possible permuta- 
tion occurs among them. When a group then is spoken of as of 

* When it is necessary to call attention directly to the fact that the group 


we are dealing with is supposed to be presented as a group of permutations, the 
group will be spoken of as a permutation-group. 
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degree n, it is implicitly being regarded as a sub-group of this 
most general group of order n! which can be represented by 
permutations of the n symbols; and therefore (Theorem I, 
§ 22) the order of a permutation-group of degree n must be 
a factor of n! 


132. It has been seen in §11 that any permutation per- 
formed on n symbols can be represented in various ways as 
the product of transpositions ; but that the number of transpo- 
sitions entering in any such representation of the permutation 
is either always even or always odd. In particular, the identical 
permutation can only be represented by an even number of 
transpositions. Hence if S and S’ are any two even (§ 11) 
permutations of n symbols, and 7’ any permutation at all of n 
symbols, then SS’ and 7ST are even permutations. The 
even permutations therefore form a self-conjugate sub-group 
Hi of the group G of all permutations. 

If now T is any odd permutation, the set of permutations 
TH are all odd and all distinct. Moreover they give all the 
odd permutations; for if 7’ is any odd permutation distinct 
from J, then 7-7” is an even permutation and must be 
contained in H. Hence the number of even permutations is 
equal to the number of odd permutations: and the order of G 
is twice that of H. 


Definitions. The group of order n! which consists of all 
the permutations that can be performed on n symbols is called 
the symmetric group of degree n. 

The group of order 4n! which consists of all the even 
permutations of n symbols is called the alternating* group of 
degree n. 

If the permutations of a group of degree » are not all even, 
the preceding reasoning may be repeated to shew that its even 
permutations form a self-conjugate sub-group whose order is 
half the order of the group; and this sub-group is a sub-group 
of the alternating group of the n symbols. 


* The symmetric group has been so called because the only functions of the 
n symbols which are unaltered by all the permutations of the group are the 


symmetric functions. : 
All the permutations of the alternating group leave the square root of the 


discriminant unaltered (§ 11). 
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133. Definition. A permutation-group is called transitive 
when, by means of its permutations, a given symbol a, can be 
changed into every other symbol ay, a3, ..., Gn operated on 
by the group. When it has not this property, the group is 
called intransitive. 


A transitive group contains permutations changing any one 
symbol into any other. For if S and 7 respectively change a, 
into a, and a;, then S“7' changes a, into a. 


THEOREM I. The permutations of a transitive group G, which 
leave a given symbol a, unchanged, form a sub-group ; and the 
number of permutations, which change a, into any other symbol a,, 
as equal to the order of this sub-group. 


The permutations which leave a, unchanged must form a 
sub-group H of G; for if S and S’ both leave a, unchanged, so 
also does SS’. 


Let the operations of G be divided into the sets 
; HSH SHASTA fh 


No operation of the set HS, leaves a, unchanged; and each 
operation of the set HS, changes a, into ay, if S, does so. If 
the operations of any other set HS, also changed a, into ay, then 
S,S, would leave a, unchanged and would belong to H, which 
it does not. Hence each set changes a, into a distinct symbol. 
The number of sets must therefore be equal to the number of 
symbols, while from their formation each set contains the same 
number of permutations. If NV is the order and n the degree 
of the transitive group G, then NV/n is the order of the sub- 
group that leaves any symbol a, unchanged; and there are NV/n 
permutations changing a, into any other given symbol ay. 


Corollary. The order of a transitive group must be 
divisible by its degree. 


Every group conjugate to H leaves one symbol unchanged. 
For if S changes a, into ay, then SHS leaves a, unchanged. 
The sub-groups which leave the different symbols unchanged 
form therefore a conjugate set. 


A transitive group of degree n and order mn has, as we 
have just seen, m—1 permutations other than identity which 
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leave a given symbol a, unchanged. Hence there must be at 
least mn—1—n(m—1), ie. n—1, permutations in the group 
that displace every symbol. If the m—1 permutations, other 
than identity, that leave a, unchanged are all distinct from the 
m—1 that leave ay unchanged, whatever other symbol a, may 
be, n—1 will be the actual number of permutations that 
displace all the symbols; and no operation other than identity 
will displace less than n—1 symbols. If however the sub- 
groups that leave a, and a, unchanged have other permutations 
besides identity in common, these permutations must displace 
less than n—1 symbols; and there will be more than n—1 
permutations which displace all the symbols. 


Ex. 1. If the permutations of two transitive groups of degree n 
which displace all the symbols are the same, the groups can only 
differ in the permutations that keep just one symbol unchanged. 

(Netto.) 

Ex. 2. If the permutations, except identity, of a transitive 
group displace all or all but two of the symbols, shew that the 
number which displace all the symbols is greater than half and 
less than three-quarters of the total number. 


134. We have seen that every group can be represented as a 
permutation-group whose degree is equal to its order. A reference 
to the proof of this theorem (§ 20) will shew that such a permutation- 
group is transitive, and that the identical permutation is the only 
one which leaves any symbol unchanged. 


We will now consider some of the properties of a transitive 
group of degree m, whose operations, except identity, displace all or 
all but one of the x symbols. It has just been seen that such a group 
has exactly 2—1 operations which displace all the m symbols. 
If these n—1 operations, with identity, form a sub-group, the sub- 
group must clearly be self-conjugate. 


Suppose now that nm is the order of the group. Then the order 
of the sub-group, that leaves one symbol a, unchanged, is m. 

Since no operation leaves two symbols unchanged, this sub-group 
must permute the remaining n—1 symbols in set of m, so that m is 
a factor of n—1, and is relatively prime to ». The orders of the 
operations which leave one symbol unchanged are factors of m. 
Hence the n—1 operations which displace all the symbols and the 
identical operation are the only ones satisfying 


ye Sv dp 


No operation which leaves one symbol unchanged can be permut- 
able with any operation which displaces all the symbols, and 
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therefore the number of these which belong to any conjugate set 
is a multiple of m. 


Let p* be the highest power of a prime p which divides n. 
The number of operations whose orders divide n/p* is a multiple of 
this number, say k,n/p*; and the number of operations whose orders 
are multiples of p is therefore »—k,n/p*. This number then is 
a multiple of m, and therefore since m and m are relatively prime, 
m must be a factor of p+—k,. Ifn=p%g8...rvand k,, ..., k,, bear the 
same relation to q, ..., 7 that k, bears to p, m is a factor of each of 
the numbers p*—k,, q? — ky, ..., 1Y—&,. 


Certain particular cases may be specially noticed. First, a group 
of degree m and order 7 (n — 1), whose operations other than identity 
displace all or all but one of the symbols, can exist only when m is 
the power of a prime*. Groups which satisfy these conditions will 
be discussed in § 140. 


Similarly, a group of degree n and order nm, where m is not less 
than ,/n, whose operations other than identity displace all or all but 
one of the symbols, can only exist when n is the power of a prime. 


If n is equal to twice an odd number, a transitive group of 
degree m, none of whose operations except identity leave two symbols 
unchanged, must be of order n. 

F 


Lastly we may shew that, if m is even, a group of degree n and 
order nm, none of whose operations except identity leave two 
symbols unchanged, must contain a self-conjugate Abelian sub-group 
of order and degree n. 


A sub-group that keeps one symbol fixed must, if m is even, 
contain an operation of order 2. If it contained x such operations, 
the group would contain nr; and each of these could be expressed 
as the product of 4 (m— 1) independent transpositions. Now from n 
symbols 4n(m—1) transpositions can be formed. If then 7 were 
greater than 1, among the operations of order 2 that keep one 
symbol fixed there would be pairs of operations with a common 
transposition ; and the product of two such operations would be an 
operation, distinct from identity, which would keep two symbols at 
least fixed. This is impossible; therefore r must be unity. Now let 


7 = A ey ee 
be the operations of order 2 belonging to the group. Since no 
two of these operations contain a common transposition, 

A,A,, A,A,, HO] A,_,4,, A, Ar, sisi) A,4, 
are the »—1 operations which displace all the symbols. These 
operations may also be expressed in the form 


A,Aj, AA, oat A,.Ay4; A, Ans1, ay A,A,; 


n 


* Jordan, ‘‘Récherches sur les substitutions,” Liouville’s J 1, Qme 
Vol. xvrt (1872), p. 355. carl Laas, on 
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and since 

Ap Angel pA god Ag, 
the product of any two of these operations is either identity or 
another operation which displaces all the symbols. Hence the — 1 
operations which displace all the symbols, with identity, form a self- 
conjugate sub-group. Now 

ApvA, And = ApA SS 
so that A, transforms every operation of this sub-group into its 
inverse. Hence 

ALA AAA, 4, = 4A AAG; 

i.e. every two operations of this sub-group are permutable, and the 
sub-group is therefore Abelian. 


Herr Frobenius has shewn* that the n—1 permutations which 
displace all the symbols, together with identity, always form a self- 
conjugate sub-group. 


135i Si= fea, 2 dy) (ae sO Ia Oi) Be : 


Peer ere an 
and a (r ee en)» 
are any two permutations of a group, then (§ 10) 
AS (Cas ecs 55) (Oeprbiz2----- Os) Sees 


Hence every permutation of the group, which is conjugate 
to S,is also similar to S. It does not necessarily or generally 
follow that two similar permutations of a group are conjugate. 
That this is true however of the symmetric group is obvious, 
for then the permutation 7’ may be chosen so as to permute n 
symbols in any way. 

A self-conjugate permutation of a transitive group of degree 
n must be a regular permutation (§ 9) changing all the n symbols. 
For if it did not change all the n symbols, it would belong to 
one of the sub-groups that keep a symbol unchanged. Hence, 
since it is a self-conjugate permutation, it would belong to each 
sub-group that keeps a symbol unchanged, which is impossible 
unless it is the identical permutation. Again, if it were not 
regular, one of its powers would keep two or more symbols 
unchanged, and this cannot be the case since every power of 
a self-conjugate permutation must be self-conjugate. On the 


* « Ueber auflésbare Gruppen IV,” Berliner Sitzungsberichte (1901), p. 1225. 
See also Chapter xvr. 
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other hand, a self-conjugate sub-group of a transitive group 
need not contain any permutation which displaces all the 
symbols. Thus if 

S = (12) (84), 

T = (135) (246), 


then {S, 7} is a transitive group of degree 6. The only 
permutations conjugate to S are 


T-8T =(34) (56) and TST = (12) (56); 


and these, with S and identity, form a self-conjugate sub-group 
of order 4, none of whose permutations displace more than 4 
symbols. The form of a self-conjugate sub-group of a transitive 
group will be considered in greater detail in § 149. 


136. Since a self-conjugate permutation of a transitive 
permutation-group G@ of degree n must be a regular permutation 
which displaces all the symbols, the self-conjugate sub-group 
H of G which consists of all its self-conjugate operations must 
have » or some submultiple of n for its order. For if S and S’ 
are two self-conjugate permutations of G, so also is S78’; and 
therefore S and S’ cannot both change a into b. The order of 
H therefore cannot exceed n; and if the order is n’, the 
permutations of H must interchange the n symbols in sets of n’, 
so that n’ is a factor of n. Let now S, some permutation 
performed on the n symbols of the transitive permutation-group 
G of degree n, be permutable with every permutation of 
G. Then S is a self-conjugate operation of the transitive 
permutation-group {S, G} of degree n, and it is therefore a 
regular permutation in all the n symbols. The totality of the 
permutations S, which are permutable with every permutation 
of G, form a group (not necessarily Abelian); and the order of 
this group is ” or a factor of n. 

The special case, in which @ is a transitive group whose 
order NV is equal to its degree, has already been considered 
in § 20. The results there obtained may be expressed in the 
form of the following: 


THEOREM II. Those permutations of N symbols which are 
permutable unth every permutation of a permutation-group G of 
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order N, transitive in the N symbols, form a transitive group 
G of order and degree N, simply isomorphic with G*. 

If, with the notation there used, S, is a self-conjugate 
permutation of G, the permutations 


mel ashes isha aad Si 
eae. Med, Reel and ae. ay age a 


are the same. Hence G and G’ have for their greatest common 
sub-group, that which is constituted by the self-conjugate 
permutations of either; and if NV’ is the order of this sub-group, 
the order of {G,G’} is N*/N’. In particular, if G is Abelian, 
G and G’ coincide; and if @ has no self-conjugate operation 
except identity, {G, G’} is the direct product of G and @’. 

The sub-group of {G, G’} which leaves one symbol, say S,, 
unchanged, is formed of the distinct permutations of the set 


Sat fies Sith-grocee, RE 5 
(GS S288 Sms)? Cab 


This sub-group will change S; into S; if, and only if, S; 
and S; are conjugate operations in G. Hence the number of 
transitive sets in which it permutes the NV symbols is equal 
to the number of sets of conjugate operations in G. 

When @ has no self-conjugate operation except identity, 
the order of this sub-group is NV, and it is simply isomorphic 
with G. In fact, in this case the order of {G, G’}, a transitive 
group of degree NV, is V*, and therefore the order of a sub- 
group that keeps one symbol unchanged is N. Again 


(Siller eek Ab Se Meg hs -cu mre 
(s-8 CECE A Te SCP 
iS fees Se FF, cuales x ) 
(5,35, Sy yet, Sees 2. SSS) 
5, Pee OP ee ers ) 
a ee Ne SESS S76 VS: 
Ses Seem gigch: Bases 
(9 48,8,8,8, SASS. 5,5) eee Swe Smite Sy 
S, ; Se et F Sw ) 
a (s,28,78, 8,8, SUS SeSa9,; os -Fa Sy toe Se Save 


* Jordan, Traité des Substitutions (1870), p. 60. 
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thus giving a direct verification that the sub-group is isomorphic 
with G. When G contains self-conjugate operations, it will be 
multiply isomorphic with the sub-group K, of {G, Gj which 
keeps the symbol S, fixed; and if g is the group constituted by 
the self-conjugate operations of G (or G’), then KX, is simply 
isomorphic with G/g. 

If K, is not a maximum sub-group of {G, G’}, let J be a 
greater sub-group containing K,. Then J and G (or G) must 
contain common permutations. For every permutation of 
{G, G’} is of the form 


( Sits nae > ix ) : 
Sy yes oy Saat ake » SySySa/” 
and if this permutation belongs to J, then 
( SP S0 GSR 1 ESS ) 
Spee plaoa arden , SySySz, 
( S, ) Se proreree > Sy 
S78, Segue oiar oe pao. 7g) 
ie af ( SH, es Ba babes Paes ts ) 
Dey Sis) Sis yd goage ot 5 Sey whl 


is a permutation of G’ which belongs to J. Moreover, since G’ 
is a self-conjugate sub-group of {G, G’}, the permutations of G’ 
which belong to J form a self-conjugate sub-group of J: this 
sub-group we will call H’. 


Now every permutation of the group can be represented as 
the product of a permutation of K, by a permutation of G: and 
therefore all the sub-groups conjugate to J will be obtained on 
transforming I by the operations of G. Hence, because every 
permutation of G transforms H’ into itself, H’ is common to 
the complete set of conjugate sub-groups to which J belongs; 
and H’ is therefore a self-conjugate sub-group of {G, @’}. 
Finally then, A, is a maximum sub-group of {@, @’}, if and only 
if G is a simple group. 


137. Definition. A permutation-group, that contains one 
or more permutations changing k given symbols a, dy, ..., ay 
into any other & symbols, is called k-ply transitive. 


Such a group clearly contains permutations changing any 
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set of k symbols into any other set of k; and the order of the 


sub-group keeping any j ($k) symbols unchanged is independent 
of the particular 7 symbols chosen. 


THEOREM III. The order of a k-ply transitive group of 
degree n is n(n—1)...... (n—k+1)m, where m is the order of 
the sub-group that leaves any k symbols unchanged. This 
sub-group ws contained self-conjugately in a sub-group of order 
k\m. 

If N is the order of the group, the order of the sub-group 
which keeps one symbol fixed is V/n, by Theorem I (§ 133). 
Now this sub-group is a transitive group of degree n —1; and 
therefore the order of the sub-group that keeps two symbols 
unchanged is N/n(n—1). If k > 2, this sub-group again is a 
transitive group of degree n — 2; and so on. Proceeding thus, 
the order of the sub-group which keeps k symbols unchanged 
is seen to be 


n(n—1)...... (n—k+1) 


which proves the first part of the theorem. 


BS ety eee ee ae , a, be the k symbols which are left un- 
changed by a sub-group H of order m. Since the group is 
k-ply transitive, it must contain permutations of the form 

Cid Ca Bcc 3 +e Dae Gre gees 

Oe Oerevamet ts 2G UO Cm aaee ), 
WheTe A, Ge ,++00++ , ax are the same k symbols as ay, dy, ...... , Az 
arranged in any other sequence. Also every permutation of 
this form is permutable with H, since it interchanges among 
themselves the symbols left unchanged by H. Further, if S, 
and S, are any two permutations of this form, S'S, will belong 
to H if, and only if, S, and S, give the same permutation of 
the symbols a, Qe, ...... , a. Hence finally, since &! distinct 
permutations can be performed on the k symbols, the order of 
the sub-group that contains # self-conjugately is k! m. 

If m is unity, the identical permutation is the only one that 
keeps any & symbols fixed, and there is just one permutation 
that changes & symbols into any other k. In the same case, the 
group contains permutations which displace n —& +1 symbols 
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only, and there are none, except the identical permutation, 
which displace fewer. 

If m> 1, the group will contain m — 1 permutations besides 
identity, which leave unchanged any k given symbols, and 
therefore displace n —k symbols at most. 

It follows from § 134 that a k-ply transitive group of degree 
n and order n(n —1)...... (n —k +1) can exist only if n—k+2 
is the power of a prime. For such a group must contain 
sub-groups of order (n—k+2)(n—k+1), which keep k—2 
symbols unchanged and are doubly transitive in the remaining 
n—k+2. Whenk is n, the group is the symmetric group; and 
when k is n — 2, we shall see (in § 138) that the group is the 
alternating group. If k is less than »—2, M. Jordan* has 
shewn that, with two exceptions for n=11 and n=12, the 
value of k cannot exceed 3. The actual existence of triply 
transitive groups of degree p” + 1 and order (p" +1) p”(p"— 1), 
for all prime values of p, will be established in § 141. 


138. Let 


SYSUGE Ch asoed Gere Cue ja 5) (Azzy... Opa dp...ss. bs 
be a permutation of a k-ply transitive group displacing s (>) 
symbols, Ifj<k—1, take 


where b, is some other symbol occurring in S. Since the 
group is k-ply transitive, it must contain a permutation such as 


T. Now 


and this is certainly not identical with S, so that 77 STS 
cannot be the identical permutation. Moreover a, de, ...... age 
are not affected by 7“ S7TS~; and therefore this permutation 
will displace at most 2s — 2k + 2 symbols. 


If j=k—1, take 


* « Récherches sur les substitutions,” Liouville’s Journal, 2™° sér. Vol. xvi1 
(1872), pp. 357—363. 
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where c; is a symbol that does not occur in S, Then 
LEAS Dice (thi tia teas aa (ences pea pes) (Cercee ss 8 


and this cannot coincide with S. Now in this case, a,, aor ace (ef a 
are not affected by 7“ ST'S™; and therefore this operation will 
again displace at most 2s — 2k + 2 symbols. 

If then 2s —2k+2<:s, 
or s< 2k —2, 
the group must contain a permutation affecting fewer symbols 


than S. This process may be repeated till we arrive at a 
permutation 


which affects exactly k symbols; and if this permutation be 
transformed by 


Te (i Pgh ae Bap Ape 
fe SE: Phe gn Rie, OE: é 
then 
T33T= ( Sisieshel a;) (Qs43 seisiavers a;) Bitiian (Aj14 aectoan Apa Bx), 
and = Fas, = (4, Bya;4,). 


Thus in the case under consideration the group contains 
one, and therefore every, circular permutation of three symbols; 
and hence (§ 11) it must contain every even permutation. It 
is therefore either the alternating or the symmetric group. If 
then a k-ply transitive group of degree m does not contain the 
alternating group of n symbols, no one of its permutations, 
except identity, must displace fewer than 2k —2 symbols. 
It has been shewn that such a group contains permutations 
displacing not more than n —k+1 symbols; and therefore, for 
a k-ply transitive group of degree n, other than the alternating 
or the symmetric group, the inequality 

n—-k+1<¢2k—-2, 
or k>in+], 
must hold. Hence :— 
THEOREM IV. A group of degree n, which does not con- 


tuin the alternating group of n symbols, cannot be more than 
($n + 1)-ply transitive. 
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The symmetric group is n-ply transitive; and, since of the 
two permutations 

Cy, Ag, sereee » In—2, In, sy and oe gy sreeee » In—2) In—15 7 

(3 be, CAO ? Pay Baan bn by, b., e sieve a4 ? brs, bn; Ges 

one is evidently even and the other odd, the alternating group 
is (n — 2)-ply transitive. The discussion just given shews that 
no other group of degree n can be more than (4n+1)-ply 
transitive *. 


139. The process used in the preceding paragraph may be 
applied to shew that, unless n = 4, the alternating group of n 
symbols is simple. It has just been shewn that the alternating 
group is (n — 2)-ply transitive. Therefore,if S is a permutation 
of the alternating group displacing fewer than n—1 symbols, a 
permutation 7ST can certainly be found such that S7? 77ST 
is a circular permutation of three symbols. In this case, the 
self-conjugate group generated by S and its conjugate permu- 
tations contains all the circular permutations of three symbols, 
and therefore it coincides with the alternating group itself. If 
S displaces n —1 symbols, then 7-1S7' can be taken so that 
S7T7 ST displaces not more than 2(n—1)—2(n—2)+4+2, or 
4 symbols; and if S displaces n symbols, S?7— ST can be found 
to displace not more than 2n— 2 (n — 2) + 2, or 6 symbols. 


It is therefore only necessary to consider the case n = 5, when 
S displaces n — 1 symbols; and the cases n = 4, 5, 6, when S dis- 
places n symbols; in_all other cases, the group generated by 
S and its conjugate permutations must contain circular permu- 
tations of 3 symbols. 


When n=5, and S is an even permutation displacing 4 
symbols, we may take 


S = (12) (34). 
If T = (12) (85), 
then LAST = (12) (45), 
and S74 8T =(345). 


* For a further discussion of the limits of transitivity of a permutation- 
group, compare Jordan, Traité des Substitutions, pp. 76—87; and Bochert, 
Math. Ann. xx1x (1886), pp. 27—49; xxxir (1888), pp. 573—583. 
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Hence, in this case again, we are led to the alternating group 
itself. 

When n=6, and S is an even permutation displacing all 
the symbols, we may take 


S = (12) (3456), 


or S’ = (123) (456). 
If now T = (12) (3645), 
then oles (320), 

and S41T8'T = (14263) ; 


and, in either case, we are led to the alternating group. 
When n=5, and S is an even permutation displacing all 
the symbols, we may put 


S = (12345). 
If T' = (345), 
then Sol 3 Si (134): 


and again the alternating group is generated. 

When n=4, and S is an even permutation displacing all 
the symbols, we may take 

S = (12) (34). 

Here the only two permutations conjugate to S are clearly 
(13) (24) and (14) (23), which are permutable with each other 
and with S. Hence the alternating group of 4 symbols, which 
is of order 12, has a self-conjugate sub-group of order 4. 

Finally when n= 3, the alternating group, being the group 
{(123)}, is a simple cyclical group of order 3. Hence :— 


THEOREM V. The alternating group of n symbols is a simple 
group except when n= 4. 


140. It has been seen in §137 that the order of a doubly transi- 
tive group of degree n is equal to or is a multiple of n(m—1). If it 
is equal to this number, every permutation of the group, except 
identity, must displace either all or all but one of the symbols ; for 
a sub-group of order n—1 which keeps one symbol fixed is transi- 
tive in the remaining n — | symbols, and therefore all its permutations, 
except identity, displace all the »—1 symbols. 

Now it has been shewn in § 134 that a transitive group of degree 
n and order n(n—1), whose operations displace all or all but one of 
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the symbols, can exist only if n is the power of a prime p. The 
n—1 operations displacing all the symbols are the only operations 
of the group whose orders are powers of p; and therefore with 
identity they form a self-conjugate sub-group of order n. Moreover 
it also follows from § 134 that the n—1 operations of this sub-group 
other than identity form a single conjugate set. Hence this sub- 
group must be Abelian, and all its operations are of order p. 


Suppose first that n is a prime p, and that P is any operation of 
the group of order p. If a is a primitive root of p, the existence 
of a group of order p(p—1) defined by 


Poe TSP hae b= 
has been proved in § 88. 
Tt is an immediate result of a theorem, which will be proved in 
chapter xu, that this group can be actually represented as a transi- 


tive permutation-group of degree p ; this may be also verified directly 
as follows. 


Let P = (aay... Gp); 
so that P* = (G,Ga41Gra41 +++ UH p-1)0+41)s 
where the suffixes are to be reduced (mod. p); and suppose that S 
is a permutation that keeps a, unchanged. Then since 

~ open aes 
S must change a, into da,,, ad intO d4,, and generally, a, into 
Gr-1jazi- Hence 
S = (Giga 41 Ga241+++)++5 
and since a is a primitive root of p, there is only a single cycle; so 
that 
S = (ig Gay Gary] >> Bgp—244). 

The permutations P and S thus constructed actually generate a 
doubly transitive permutation-group of degree p and order p(p— 1). 

That for every value of p™ where p is a prime there is a doubly 
transitive group* of degree p” and order p™ ( p™— 1), in which a sub- 
group of order p™— | is cyclical, contained in a triply transitive group 
of degree p™+1 and order (p"™+1)p™(p™—1) may be shewn as 
follows. 

Let 2 be a primitive root of the congruence 

w"-1= 1 (mod. p), 

so that the distinct roots of the congruence are 


ie -1, 


* On the subject of this and the following paragraph, the reader sh 
consult the memoirs by Mathieu, Liouville’s Toga ne Sér. t (1860), 
> 


pp. 9—42; ib. t. vr (1861), pp. 241—323; where th i 
were first shewn to exist. oh ‘ ‘ieee Maa 
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Every rational function of 7 with real integral coefficients satisfies 
the same congruence ; and therefore every such function is con- 
gruent (mod. p) to some power of ¢ not exceeding the (p™—1)th. 


Consider now a set of transformations of the form 
x’ = ax+ B (mod. p), 


where a is a power of 2, and £ is either a power of ¢ or zero. Two 
such transformations, performed successively, give another trans- 
formation of the same form ; and since a cannot be zero, the inverse 
of each transformation is another definite transformation ; so that 
the totality of transformations of this form constitute a group. 
Moreover 


xv = ax + B, 
and wv =ax+t B, COD 
are not the same transformation unless 

a =a’ and B= Pf’ (mod. p). 
Hence, since a can take p”—1 distinct values and B can take p™ 
distinct values, the order of the group, formed of the totality of 
these transformations, is p”™(p™”— 1). 


The transformations for which a is unity clearly form a sub- 
group. If S and 7’ represent 


w=axn+Banda=x+y 
respectively, S-!7'S represents 
‘Su + ay. 


Hence the transformations for which a is unity form a self-conjugate 
sub-group whose order is p™. Every two transformations of this 
sub-group are clearly permutable ; and the order of each of them 
except identity is p. 

Again, the transformations for which f is zero form a sub-group. 
Since every one of them is a power of the transformation 

av = 12, 
this sub-group is a cyclical sub-group of order p"—1. If the trans- 
formation just written be denoted by J, then S~*ZS is 
xv =ix+B(1L-2). 

Hence the only operations permutable with {/} are its own operations, 
and therefore {7} is one of p™ conjugate sub-groups. 

The set of transformations 

xv 2ax+B 

therefore forms a group of order p™(p™—1). This group contains a 
self-conjugate Abelian sub-group of order p™ and type (1, 1,..., 1), 
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and p” conjugate cyclical sub-groups of order p”—1, none of whose 
operations are permutable with any of the operations of the self- 
conjugate sub-group. 
Now if the operation 
"=ax+ 6B 


be performed on each term of the series 


it will, since every rational integral function of 7 with real integral 
coefficients is congruent (mod. p) to some power of 7, change the 
term into another of the same series; and since the congruence 


ai” + B= ai” + B (mod. p) 

gives x = y (mod. p™— 1), 

no two terms of the series can thus be transformed into the same 
term. Moreover the only operation that leaves every term of the 
series unchanged is clearly the identical operation. 

To each operation of the form 
a Sax+ B 

therefore will correspond a single permutation performed on the p” 
symbols justywritten, so that to the product of two operations will 
correspond the product of the two homologous permutations. The 


group is therefore simply isomorphic with a permutation-group of 
degree p”. Moreover since the linear congruence 


x = ax + B (mod. p) 


has only a single solution when a is different from unity, and none 
when a is unity, every permutation except identity must displace all 
or all but one of the symbols. The permutation-group is therefore 
doubly transitive*. 


Ex. 1. Apply the method just explained to the actual construc- 
tion of a doubly transitive group of degree 8 and order 56. 
Ex. 2. Shew that the equations 
A°= E, S2"-1— FR, AS1AS = S-"AS", 
where » is such that a primitive root of the congruence, 
"-! _ 1 = 0 (mod. 2), 
satisfies the congruence 


a” +%+1=0 (mod. 2), 


* The author has shewn (Messenger of Mathematics, Vol. xxv (1896), 
pp. 147—153) that the type of group considered in the text is the only type 
of doubly transitive group of degree py™ and order p™ (p™~1) when m=3; 


and that, when m=2 and p>3, the same is true. When m=2 and p=3, there 
is one other type. 
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suffice to define a group which can be expressed as a doubly transi- 
tive group of degree 2” and order 2”(2™— 1). 


(Messenger of Mathematics, Vol. xxv, p. 189.) 


141. In the place of the operations of the last paragraph, we 
now consider those of the form 


where again a, 8, y, 6 are powers of i, limited now by the condition 
that ad— By is not congruent to zero (mod. p). When this relation 
is satisfied, the set of operations again clearly form a group. More- 
qz 
0 
group, when carried out on the set of quantities 


over if we represent — by 0 for all values of a, any operation of this 


. *5 + _y 
COyeay OMIA ekert eae Ee eran 


will change each of them into another of the set; while no operation 
except identity will leave each symbol of the set unchanged. Hence 
the group can be represented as a permutation-group of degree 
p’ +i. 
ae — tt at — ae — te 
alas UR ams a ole A i 

is an operation of the above form, which changes the three symbols 
7%, 7°, 2° into 2%, 7”, i” respectivelv; and it is easy to modify this form 
so that it holds when 0 or o occurs in the place of 7%, etc. Hence 
the permutation-group is triply transitive, since it contains an 
operation transforming any three of the p”+1 symbols into any 
other three. 


On the other hand, if the typical operation keeps the symbol « 


unchanged, then 
yx? + (8—a)a— B= 0 (mod. p), 


and this congruence cannot have more than two roots among the 
set of p”+1 symbols. Hence no permutation of the group, except 
identity, keeps more than two symbols fixed. 


Finally then, since the group is triply transitive and since it 
contains no operation, except identity, that keeps more than two 
symbols fixed, its order must (§ 137) be (p™ + 1) p™(p™— 1). 


It obviously contains as a sub-group the group of the previous 
paragraph, 


142. An intransitive permutation-group, as defined in § 133, 
is one which does not contain permutations changing a, into 
each of the other symbols dp, ds, ...... , Gm operated on by the 
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group. Let us suppose that the permutations of such a group 
change a, into dp, Gs, ...... , a only. Then all the permutations 
of the group must interchange these k symbols among them- 
selves; for if the group contained a permutation changing a, 
into dz4;, then the product of any permutation changing a, into 
da, by this latter permutation would change a, into a;,,. Hence 
the n symbols operated on by the group can be divided into a 
number of sets, such that the permutations of the group change 
the symbols of any one set transitively among themselves, but 
do not interchange the symbols of two distinct sets. It follows 
immediately that the order of the group must be a common 
multiple of the numbers of symbols in the different sets. 


Suppose now that a,, a, ...... , dy, 1s a set of symbols which 
are interchanged transitively by all the permutations of a group 
G of degree n. If for a time we neglect the effect of the 
permutations of G on the remaining n —k symbols, the group 
G will reduce to a transitive group H* of degree k. The group 
G is isomorphic with the group H ; for if we take as the permu- 
tation of Hy that corresponds to a given permutation of G, 
that which produces the same permutation of the symbols 
GeUay descr , a, then to the product of any two permutations 
of G will correspond the product of the corresponding two per- 
mutations of H. The isomorphisin thus shewn to exist may be 
simple or multiple. In the former case, the order of H is the 
same as that of G; in the latter case, the permutations of @ which 
correspond to the identical permutation of H, i.e. those permu- 
tations of G which change none of the symbols a, dg, ...... i, 
form a self-conjugate sub-group. 

We will consider in particular an intransitive group @ 
which interchanges the symbols in two transitive sets; these 
we will refer to as the a’s and the ’s. Let G@, and Gz be the 
two groups transitive in the a’s and §’s respectively, to which 
G reduces when we alternately leave out of account the effect 
of the permutations on the @’s and the a’s, Also let g, and gg 
be the self-conjugate sub-groups of G, which keep respectively 
all the #’s and all the a’s unchanged; and denote the group 
{ga,9| by g. This last group g, which is the direct product 
of g. and gp, is self-conjugate in G, since it is generated by the 


* H is called a transitive constituent of G. 
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two self-conjugate groups ga and gg. Now g, is self-conjugate 
not only in G but also in G,; for G, permutes the a’s in the 
same way that G@ does, while any permutation of g,, not 
affecting the ’s, is necessarily permutable with every per- 
mutation performed on the §’s. The group G, is simply 
isomorphic with the group @/gg, and Gs with G/g,; hence, 
using ”,, to denote the order of a group H, 


Ng = NgNgg = Napgng,: 
Let the permutations of G@ be now divided into sets in respect 
of the self-conjugate sub-group g, so that 


If we neglect the effect of the permutations on the symbols 

8, the group G@ reduces to G, and g reduces to g,, and hence 
CAEN Peer Pol iP ors Bp ; 
WROTS Ook ol sense ' represent the permutations S, 7’, ...... , 80 far 
as they affect the a’s. Moreover the permutations in the differ- 
ent sets into which G, is thus divided must be all distinct since, 
by the preceding relations between the orders of the groups, 
their number is just equal to the order of G,. Hence G,/g, is 
defined by the laws according to which these sets of permu- 
tations combine. But if 
Sg. T9 = Ug, 

then necessarily eer a Our Unde) 
and therefore, finally, the three groups G/g, G./g., and Gs/gp 
are simply isomorphic. 


143. The relation of simple isomorphism between G,/ga 
and Gg/gg thus arrived at establishes between the groups G, 
and Gz an isomorphism of the most general kind (§ 32). 

To every operation of G, correspond m,, operations of 
Gg, and to every operation of Gg correspond n,, operations 
of G,; so that to the product of any two operations of @, (or Gg) 
there corresponds a definite set of ng, operations of G's (or ny, 
operations of Gz): 

Returning now to the intransitive group G, its genesis from 
the two transitive groups @, and Gg, with which it is isomorphic, 
may be represented as follows. The ng, to ny, correspondence, 


188 INTRANSITIVE [143 


such as has just been described, having been established 
between the groups G, and Gs, each permutation of G, 1s 
multiplied by the nj, permutations that correspond to it in Gg. 
The set of ng,ng, permutations so obtained form a group, for 
Sap. Sa’Sp’ = SaSa’. SpSe’ = S.'Sp", 

where, if Sg, Sg’ are permutations corresponding to S,, S,’, then 
Ss” is a permutation corresponding to S,”. Moreover, this 
group may be equally well generated by multiplying every one 
of the permutations of Gg by the n,, corresponding permutations 
of G,; and by a reference to the representations of G, Ga, and 
Gg, as divided into sets of permutations given above, it 18 
immediately obvious that all these permutations occur in G. 
Hence, as their number is equal to the order of G, the group 
thus formed coincides with G. 


144. The general result for any intrausitive group, the 
simplest case of which has been considered in the two last 
paragraphs, may be stated in the following form :— 


THEOREM VI. If G ws an intransitive group of degree n 
which permutes the n symbols in s transitive sets, and if (i) G, ts 
what G becomes when the permutations of G are performed on 
the rth set of symbols only, (11) I. is what G becomes when the 
permutations of G are performed on all the sets except the rth, 
(11) g, ts that sub-group of G which changes the symbols of the 
rth set only, (iv) yy is that sub-group of G which keeps all the 
symbols of the rth set unchanged: then the groups G,/g, and 
T./y, are simply isomorphic, and n,, v, being the orders OJ Pes 
Yr, an n, to v, correspondence is thus established between the 
permutations of the groups G, and I',. Moreover, the permuta- 
tions of G are given, each once and once only, by multiplying each 
permutation of G, by the v, permutations of I’, that correspond 
to at*. 

It is not necessary to give an independent proof of this 
theorem, since if, in the discussion of the two preceding para- 
graphs, Ga, Gs, ga, Jo, g be replaced by G,, T',, g;, Yr {Irs Yr}, it 

* On intransitive groups, reference may be made to Bolza, ‘“‘On the con- 
struction of intransitive groups,” Amer. Journal, Vol. xr (1889), pp. 195—214. 
The general isomorphism which underlies the construction of these groups is 


considered by Klein and Fricke, Vorlesungen iiber die Theorie der elliptischen 
Modulfunctionen, Vol. r (1890), pp. 402—406. 
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will be found each step of the process there carried out may be 
repeated without alteration. 

If we regard G, and Gs as two given transitive groups 
in distinct sets of symbols, the determination of all the 
intransitive groups in the combined symbols, which reduce 
to G, or Gg when the symbols of the second or first set 
are neglected, involves a knowledge of the composition of 
the two groups. To each distinct m to n isomorphism, that 
can be established between the two groups, there will corre- 
spond a distinct intransitive group. If G@, is a simple group, 
containing therefore only itself and identity self-conjugately, 
then to each permutation of G, there must correspond either 
one or all of the permutations of G,; and the former can be 
the case only when Gg, contains a self-conjugate sub-group H, 
such that G,/H is simply isomorphic with G,. Hence, if the 
order of Gg is less than twice the order of G,, the only possible 
intransitive group is the direct product of G, and Gg, unless Ct, 
is simply isomorphic with G. 

Ex. Prove that {(123)(456), (1346)}, {(1234)(56), (123)}, and 
{(1234) (56), (123) (567)} are respectively a transitive group of degree 
6, an intransitive group of degree 6 and an intransitive group of 
degree 7, all of which are simply isomorphic with the symmetric 
group of 4 symbols. 

140 ay let 7, (01, oa. , n) be the number of permu- 
tations of a group of degree n and order N which leave exactly 
r symbols unchanged, so that 

Wiss 
r=0 

Suppose first that the group is transitive; and in a sub- 
group, which keeps one symbol unchanged, let »,’(r=1, 


yee ,n) be the number of permutations that leave exactly 
r symbols unchanged, so that 
r=n 
MNS 
n r=1 


Each of the n sub-groups, which leave a single symbol 
unchanged, have »v,’ permutations which leave exactly r symbols 
unchanged ; and each of these permutations belong to r sub- 
groups which leave one symbol unchanged. Hence 


NV, =TVy; 
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and therefore NV 5S orvge 


r=1 

or the number of unchanged symbols in all the permutations 
of a transitive group is equal to the order of the group. 

Suppose, next, that the group is intransitive; and consider a 
set of s symbols among the n, which are permuted transitively 
among themselves by the operations of the group. Let M, be 
the order of the self-conjugate sub-group H,, which leaves 
unchanged each of this set of s symbols. Then if we consider 
the effect of the permutations on this set of s symbols only, the 
group reduces to a transitive group of order V/N, with which 
the original group is multiply isomorphic. If S’ is any permu- 
tation of this group of order N/N,, and if SH, denote the 
corresponding J, operations of the original group, then every 
permutation of the set SH, produces the same effect on the 
s symbols that S’ produces. Now the number of unchanged 
symbols in all the permutations of the transitive group of 
degree s and order V/N, is N/N,; therefore, in all the permu- 
tations of the original group, the number of symbols of the 
set of s that remain unchanged is N. The same reasoning 
applies to each separate set of the n symbols, which are per- 
muted transitively among themselves by the operations of the 
group. Hence if there are ¢ such transitive sets, the total 
number of symbols which remain unchanged in all the per- 
mutations of the group is Nt; or 


Ni= > rz.. 


r=1 

Returning now to the case in which the group is transitive, 
let G, be a sub-group of order N/n of G which leaves one 
symbol unchanged, and let the n symbols be permuted by G, 
in s transitive sets, containing 

m,(=1), mg, <°.,. Mz 
symbols. The immediately preceding result shews that 
n 


rv; = Ns/n, 
1 


and therefore, since 
NV. = TVy, 


n 
Ns => 1rv,. 
1 
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Hence :— 


THEOREM VII. The sum of the numbers of symbols left 
unchanged by each of the permutations of a permutation-group 
of order N is tN, where t ts the number of transitive sets in which 
the group permutes the symbols. The sum of the squares of the 
numbers of symbols left unchanged by each of the permutations 
of a transitive group of order N is sN, where s is the number of 
transitive sets in which a sub-group leaving one symbol unchanged 
permutes the symbols. 


Ex. Prove that, for a triply transitive group of order N, 


n 
DA sas SYNE 
1 


146. We have just seen that the symbols permuted by the 
operations of an intransitive permutation-group may be divided 
into sets, such that every permutation of the group permutes 
the symbols of each set among themselves, For a transitive 
group the symbols must, from this point of view, be regarded 
as forming a single set. It may however in particular cases 
be possible to divide the symbols permuted by a transitive 
group into sets in such a way, that every permutation of the 
group either interchanges the symbols of any set among them- 
selves or else changes them all into the symbols of some other 
set. That this may be possible, it is clearly necessary that each 
set shall contain the same number of symbols. 


Definition. When the symbols operated on by a transitive 
permutation-group can be divided into sets, each set containing 
the same number of distinct symbols and no symbol occurring 
in two different sets, and when the sets are such that all the 
symbols of any set are either interchanged among themselves 
or changed into the symbols of another set by every permuta- 
tion of the group, the group is called imprimitive. When no 
such division into sets is possible, the group is called primitive. 
The sets of symbols which are interchanged by an imprimitive 
group are called imprimitive systems. 

A simple example of an imprimitive group is given by 
group VII of §17. Anexamination of the permutations of this 
group will shew that they all either transform the systems of 
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symbols «yz and abc into themselves or else interchange them, 
and that the same is true of the systems «a, yb, zc; so that, in 
this case, the symbols may be divided into two distinct sets of 
imprimitive systems. 

It follows at once, from the definition, that an imprimitive 
group cannot be more than simply transitive. For if it were 
doubly transitive, it would contain permutations changing any 
two symbols into any other two, and of these the first pair 
might be chosen from the same imprimitive system and the 
second pair from distinct systems. 


It is also obvious that those permutations of the group, 
which interchange among themselves the symbols of each 
imprimitive system, constitute a self-conjugate sub-group. 


147. An actual test to determine whether any transitive 
group is primitive or imprimitive may be applied as follows. 
Consider the effect of the permutations of the group @ on r of 
the symbols which are permuted transitively by it. Those 
permutationé, which permute the r symbols, say 


among themselves, form a sub-group H. Now suppose that 
every permutation, which changes a, into one of the r symbols, 
belongs to H. Then if S is a permutation, which does not 


permute the r symbols among themselves, it must change 
them into a new set 


which has no symbol in common with the previous set; and 
every operation of the set HS changes all the a’s into D's. 
Moreover, since G@ is transitive, H must permute the a’s 
transitively ; and therefore the set HS must contain permu- 
tations changing a, into each one of the b's. 


Suppose now, if possible, that the group contains a permu- 
tation S’, which changes some of the a’s into b’s, and the 
remainder into new symbols. We may assume that S’ changes 
a, into b,, and a, into a new symbol ¢,. Among the set HS 
there is at least one permutation, 7’, which changes a, into },. 
Hence S’7™ changes a, into itself and a, into some new 
symbol. ‘This however contradicts the supposition that every 
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permutation, which changes a, into one of the set of a’s, 
belongs to H. Hence no permutation such as 8’ can belong to 
G; and every permutation, which changes one of the a’s into 
one of the b’s, must change all the a’s into b’s. 

If the permutations of the group are not thus exhausted, 
there must be another set of r symbols 

OP Go sihee es Gr 

which are all distinct from the previous sets, such that some 
permutation changes all the a’s into c’s. We may now repeat 
the previous reasoning to shew that every permutation, which 
changes an a into a c, must change all the a’s into c’s. By 
continuing this process, we finally divide the symbols into a 
number of distinct sets of r each, such that every permutation 
of the group must change the a’s either into themselves or into 
some other set: and therefore also must change every set either 
into itself or into some other set. The group must therefore be 
imprimitive. Hence :— 


THEOREM VIII. Jf, among the symbols permuted by a transi- 
tive group, it is possible to choose a set such that every permuta- 
tion of the group, which changes a chosen symbol of the set 
either into itself or into another of the set, permutes all the 
symbols of the set among themselves; then the group ws im- 
primitive, and the set of symbols forms an vmprimitive system. 

Clorolary i econ cee , are a part of the symbols 
permuted by a primitive group, there must be permutations of 
the group, which replace some of this set of symbols by others 
of the set, and the remainder by symbols not belonging to the 
set. 

Corollary IJ. A sub-group of a primitive group, which 
keeps one symbol unchanged, must contain permutations which 
displace any other symbol. 

If the sub-group H, that leaves a, unchanged, leaves every 
symbol of the set a, de, ...... , a, unchanged, then H must be 
transformed into itself by every permutation which changes any 
one of these symbols into any other. Every permutation, which 
changes one of the set into another, must therefore permute 
the set among themselves; and the group, contrary to supposi- 
tion, is imprimitive. 
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148. It may be possible to distribute the symbols, which 
are permuted by an imprimitive group, into imprimitive systems 
in more than one way. When this is possible, suppose that two 
systems which contain a, are 


GAGA Gig Mee ete 5 bg. 


/ . 
and GFR. Sas POP AE pee er eee Un 


A permutation of the group, which changes a, into ay; 
must change aj, Gs, ...... , a, into r symbols of that system of 
the first set which contains a’,,,, while it changes the system of 
the second set that contains a, into itself. Hence the latter 
system contains at least r symbols of that system of the first 
set in which a’,,, occurs. By considering the effect of the 
inverse permutation, it is clear that the system 


/ 
Cin Onsenaeie , ips hea eter oi 


cannot havé more than r symbols in common with the system 
of the first set that contains a’,,,. Hence the n symbols of this 
system can be divided into sets of 7, such that each set is 
contained in some system of the first set. It follows that n, 
and therefore also m, must be divisible by 7. 


Suppose now that 6, is any symbol which is not contained 
in either of the above systems. A permutation that changes 
a, into 6, must change the two systems into two others, which 
have r symbols 


in common; and since no two systems of either set have a 
common symbol, these 7 symbols must be distinct from 


(Es BS + hs 

Further, from the mode in which the set 0,, b,, ...... , 6, has 
been obtained, any operation, which changes one of the symbols 
PPT Cae , a, into one of the symbols 6,, by, ...... , 6, must 


change all the symbols of the first set into those of the second. 
Hence the symbols operated on by the group can be divided 
into systems of r each, by taking together the sets of r 
symbols which are common to the various pairs of the two 
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given sets of imprimitive systems; and the group is imprimitive 
in regard to this new set of systems of r symbols each. 
Hence :— 


THEOREM IX. Jf the symbols permuted by a transitive 
group can be divided into imprimitive systems in two distinct 
ways, m being the number of symbols in each system of one set 
and n in each system of the other; and if some system of the 
first set has r symbols in common with some system of the second 
set; then (1) r 1s a factor of both m and n, and (ii) the symbols 
can be divided into a set of systems of r each, in respect of which 
the group is imprimitive. 


It might be expected that, just as we can form a new set of 
imprimitive systems by taking together the symbols which are 
common to pairs of systems of two given sets, so we might form 
another new set of systems by combining all the systems of one set 
which have any symbols in common with a single system of the 
other set. A very cursory consideration will shew however that 
this is not in general the case. In fact, it is sufficient to point out 
that, with the notation already used, the number of symbols in such 
a new system would be mn/7; and this number is not necessarily a 
factor of the degree of the group. Also, even if this number is a 
factor of the degree of the group, it will not in general be the case 
that the symbols so grouped together form an imprimitive system. 


149. We may now discuss, more fully than was possible in 
§ 135, the form of a self-conjugate sub-group of a given transitive 
group. Such a sub-group must clearly contain one or more 
operations displacing any symbol operated on by the group. 
For if every operation of the sub-group keeps the symbol a, 
unchanged, then since it is self-conjugate, every operation will 
keep Qe, As, ..+-.s , unchanged: and the sub-group must reduce 
to the identical operation only. 


Suppose now, if possible, that H is an intransitive self- 
conjugate sub-group of a transitive group G; and that H 
permutes the n symbols of G in the separate transitive sets 


iad een » An, 5 Di lOn see Mees ; Dn,3 vitten If S is any operation 
of G which changes a, into },, then, since 
S73 HS= H, 


it must change all the a’s into b’s; and since 


SHS? =H, 
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S— must change all the b’s into a’s. Hence the number of 
symbols in the two sets, and therefore the number of symbols 
in each of the sets, must be the same. 


Moreover every operation of G, since it transforms H into 
itself, must either permute the symbols of any set among 
themselves, or it must change them all into the symbols of 
some other set. Hence G must be imprimitive, and H must 
consist of those operations of G which permute the symbols of 
each imprimitive system among themselves. 


Conversely, when G is imprimitive, it is immediately obvious 
that those operations of G, if any such exist, which permute the 
symbols of each of a set of imprimitive systems among them- 
selves, form a self-conjugate sub-group. Hence :— 


THEOREM X. A self-conjugate sub-group of a primitive 
group must be transitive; and if an imprimitive group has an 
intransitive self-conjugate sub-group, it must consist of the opera- 
tions which permute among themselves the symbols of each of 
a set of imprimitive systems. 


If G is an imprimitive group of degree mn, and if there are 
n imprimitive systems of m symbols each, then by considering 
the effect of G on the systems it is clear that @ is isomorphic 
with a group G’ of degree n. In particular instances, it may 
at once be evident, from the order of G, that this isomorphism 
cannot be simple. For example, if the order of G has a factor 
which does not divide !, this is certainly the case: and more 
generally, if it is known independently that G is not simply 
isomorphic with any transitive group of degree n, then G must 
certainly be multiply isomorphic with G’. In such instances 
the self-conjugate sub-group of G, which corresponds to the 
identical operation of G’, is that intransitive self-conjugate 
sub-group, which interchanges among themselves the symbols 
of each imprimitive system. 


If G@ is soluble, a minimum self-conjugate sub-group of G 
must have for its order a power of a prime. Also, if G@ has an 
intransitive self-conjugate sub-group, it must have an intransi- 
tive minimum self-conjugate sub-group. Hence if G is soluble 
and has intransitive self-conjugate sub-groups, the symbols 
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permuted by G must be capable of division into imprimitive 
systems, such that the number in each system is the power of 
a prime. 


150. Let G be a k-ply transitive group of degree n(k > 2), 
and let G, be that sub-group of G which keeps r(<k) given 
symbols unchanged, so that G, is (k —r)-ply transitive in the 
remaining n—r symbols. Also, let H be a self-conjugate 
sub-group of G, and let H, be that sub-group of H which keeps 
the same r symbols unchanged; so that H, is the common 
sub-group of H and G,. Since every operation of G, transforms 
both H and G, into themselves, every operation of G, must be 
permutable with H,; 1e. H, is a self-conjugate sub-group of G,. 
Now, if r=k—2, Gy, is doubly transitive in the n—k+2 
symbols on which it operates; it is therefore primitive. Hence, 
unless H;,_, consists of the identical operation only, it must be 
transitive in the n—k+2 symbols. If Hy_, is the identical 
operation, H contains no operation, except identity, which 
displaces less than n —k +83 symbols. 


Suppose, first, that H contains operations, other than iden- 
tity, which leave one or more symbols unchanged. Then, since 
H is a self-conjugate sub-group and G is k-ply transitive, it may 
be shewn, exactly as in § 138, that H must contain operations 
displacing not more than 2k—2 symbols. Hence Hy, can 
consist of the identical operation alone, only if 

n—-k+3>$2k—2, 
or k¢ int 3. 

When this inequality holds, we have seen (§ 138) that G@ 

contains the alternating group. Hence in this case, if @ does 


not contain the alternating group, it follows that H;_, is transi- 
tive in the n —k + 2 symbols on which it operates. 


Since H is self-conjugate and G is k-ply transitive, H must 
contain a sub-group conjugate to H,_, which keeps any other 
k —2 symbols unchanged. Hence H;,_; must be doubly transi- 
tive in the n —k+3 symbols on which it operates; and so on. 
Finally, if G is not the symmetric group (the alternating group, 
being simple, contains no self-conjugate sub-group) H must be 
(k —1)-ply transitive. 
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Suppose, next, that H contains no operation, except identity, 
which leaves any symbol unchanged. Then if, with the notation 
of § 138, 7=k-—1 for every operation of H, the argument there 
used does not apply. For it is impossible to choose the operation 
T so that c, is a symbol which does not occur in S. 

The self-conjugate sub-group H contains a single operation 
changing a given symbol a, into any other symbol a,. Also G 
contains operations which leave a, unchanged and change a, 
into any other symbol a,. Hence the operations of H, other 
than identity, form a single conjugate set in G; and therefore 
H must be an Abelian group of order p™ and type (1, 1, ...... , to 
m units); p being a prime. Further, since G is by supposition 
at least triply transitive, it must contain operations which 
transform any two operations of H, other than identity, into 
any other two. If p were an odd prime, and P, and P, were 
two of the generating operations of H, it follows that G would 
have an operation S such that 


: SLi) Shy Belts 
and this is impossible. Hence p must be 2. Further if G were 
more than triply transitive,and if A, B, C were three independent 
generating operations of H, then G would have an operation = 
such that 

2 AS =A, 23Bl Shella as, 


This again is impossible, and therefore k must be 3. Hence :— 


THEOREM XI. A self-conjugate sub-group of a k-ply transi- 
twe group of degree n(2<k<n), is in general at least (k —1)-ply 
transitive*. The only exception is that a triply transitive group 
of degree 2™ may have a self-conjugate sub-group of order 2™. 


151. We will now consider, from a rather different point 
of view, the possibility of an imprimitive self-conjugate sub- 
group in a doubly transitive group. Let @ be a doubly transi- 
tive group of degree mn, and let H be an imprimitive self- 
conjugate sub-group of G. Suppose that m is the smallest 
number, other than unity, of symbols which occur in an 
imprimitive system; and let 


* Jordan, Traité des Substitutions, p. 65. 
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form an imprimitive system. Since G is doubly transitive, 
it must contain a permutation S, which leaves a, unchanged 
and changes a, into @4,, a symbol not contained in the given 
set. If S changes the given set into 


a, Amtiy sreree » Aen—1 > 


S28 =H, 
this new set must form an imprimitive system for H. Also, 
since m is the smallest number of symbols that can occur in an 
imprimitive system, the two sets have no symbol in common 
except aq. 

Now am4, may be any symbol not contained in the original 
system. Hence it must be possible to distribute the mn 
symbols into sets of imprimitive systems of m each, such that 
every pair of symbols occurs in one system and no pair in more 
than one system. This implies that mn—1 is divisible by 
m—1, or that n—1 is divisible by m—1. 

Consider now a permutation of H which leaves a, unchanged. 
It must permute among themselves the remaining m—1 symbols 
of each of the (mn —1)/(m — 1) systems in which a, occurs. If 
a, is any other symbol, a similar statement applies to it. Now 
no two systems have more than one symbol in common. Hence 
every permutation of H, which leaves both a, and a, unchanged, 
must leave all the symbols unchanged. The sub-group H is 
therefore such that each of its permutations displaces all or 
all but one of the symbols. Moreover the permutations, which 
leave a, unchanged, permute among themselves the remaining 
symbols of each system in which a, occurs; therefore the order 
of H must be mnp, where yp is a factor of m — 1. 

Now (§ 134, footnote) the mn—1 operations of H, which 
permute all the symbols, form with identity a characteristic 
sub-group H, of H, which is a regular permutation-group in 
the mn symbols. This is necessarily a self-conjugate sub-group 
of G; and by the preceding paragraph all of its operations, 
except identity, are conjugate in G and are therefore of prime 
order. Hence if a doubly transitive group has an imprimitive 
self-conjugate sub-group, its degree must be the power, p”, of a 
prime; and it must also contain a regular Abelian group of 
order p™ and type (1, l, ..., 1) as a self-conjugate sub-group. 


then, since 
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152. For the further discussion of the  self-conjugate 
sub-groups of a primitive group, it is necessary to consider in 
what forms the direct product of two groups can be represented 
as a transitive group. 


Let G be the direct product of two groups H, and H,, and 
suppose that G can be represented as a transitive group 
of degree n. When G is thus represented, we will suppose 
that H, is transitive in the n symbols that G permutes. We 
have seen in § 136 that every permutation of n symbols, which 
is permutable with each of the permutations of a group 
transitive in the n symbols, must displace all the n symbols. 
It follows that every permutation of H, must displace all the 
nm symbols on which G operates; and that the order of H, is 
equal to or is a factor of n. 


If the order of H, is equal to n, then H, is transitive in the 
n symbols, so that the order of H, cannot be greater than n. 
In this case, H, and H, must (§ 136) be two simply isomorphic 
groups of prder n, which have no self-conjugate operations 
except identity.- Further, if H, and H, in this case are not 
simple groups, let K be a self-conjugate sub-group of H,. 
Since every operation of H, is permutable with every operation 
of H,, K is a self-conjugate sub-group of G. Now the order of 
K is less than n, the degree of @; therefore K is intransitive 
and G@ is imprimitive. On the other hand, we have seen 
(Joc. cit.) that, if H, and H, are simple, the sub-group of G 
that keeps one symbol fixed is a maximum sub-group: and 
then G is primitive. Hence :— 


THEOREM XII. Jf the direct product T of H, and H, can 
be represented as a transitive group of degree n, in such a way 
that H, and H, are transitive sub-groups of T, then H, and H, 
must be simply isomorphic groups of order n, which have no 
self-conjugate operations except identity. When this condition 
as satisfied, will be primitive if, and only if, H, and H, are 
simple. 


153. Suppose now that a primitive group G, of degree n, 
has two distinct minimum self-conjugate sub-groups H, and 
H,. Then every operation of H, (or H,) is permutable with 
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A, (or H,), and H,, H, have no common operation except 
identity. Hence (§ 34) the group {H,, H,}, which we will call 
I, is the direct product of H, and H,. Now T is a self- 
conjugate sub-group of G@: it is therefore transitive in the 
n symbols which G permutes. Also H, and H,, being self-con- 
jugate sub-groups of G, are transitive. Hence, by Theorem XII 
(§ 152), H, and H, are simply isomorphic, and n is equal to the 
order of H,. Moreover, since H, is a minimum self-conjugate 
sub-group of G@ which contains no self-conjugate operations 
except identity, it must (Theorem IV, § 53) be either a simple 
group of composite order, or the direct product of several 
simply isomorphic simple groups of composite order. It follows 
that G cannot have two distinct minimum self-conjugate sub- 
groups unless the degree of G is equal to or is a power of the 
order of some simple group of composite order. 


154. Let now I’ be a minimum self-conjugate sub-group 
of a doubly transitive group G, and suppose that [is the direct 
product of the a simply isomorphic simple groups H,, Hy, ...... ; 
H,. Since G is primitive, I is transitive. If A, is a cyclical 
group of prime order p, the order of T is p*; therefore the 
degree of I, or what is the same thing, the degree of G, is p*. 


If H, is a simple group of composite order, and if a> 2, 
then (§ 152) H, cannot be transitive. The transitive systems 
of H,, since they form a set of imprimitive systems for I’, must 
each contain the same number m of symbols. If m is less than 
the order of H,, a sub-group of H, which leaves unchanged 
one symbol of one transitive system will leave unchanged one 
symbol of each transitive system. Now we have seen, in § 151, 
that the operations of an imprimitive self-conjugate sub-group 
of a doubly transitive group must displace all or all but one of 
the symbols. Hence m cannot be less than the order of Hy. 
We may similarly shew that, if m is equal to the order of Hy, 
and if the degree of G is less than m*, some of the operations 
of I’ must keep more than one symbol fixed; and therefore the 
group assumed cannot exist. If the degree of @ is equal to m*, 
G must be a sub-group of the holomorph of T, and cannot 
obviously be doubly transitive. If a= 2, H, may be transitive. 
In this case G would be a sub-group of the group (§ 64) whose 
order is twice that of the holomorph of H,; and such a group 
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cannot be doubly transitive. Hence finally no doubly transitive 
group can contain a minimum self-conjugate sub-group of the 
type assumed. 


No general law can be stated regarding self-conjugate 
sub-groups of simply transitive primitive groups; but for 
groups which are at least doubly transitive the preceding 
results may be summed up as follows :— 


THEOREM XIII. A group G which is at least doubly transt- 
tive either must be simple or must contain a simple group H as 
a self-conjugate sub-group. In the latter case no operation of G, 
except identity, is permutable with every operation of H. The 
only exceptions to this statement are that a triply transitive group 
of degree 2™ may have a self-conjugate sub-group of order 2™ ; 
and that a doubly transitive group of degree p™, where p is a 
prime, may have a self-conjugate sub-group of order p™. 


Corollary. If a primitive group is soluble, its degree 
must be the power of a prime*. 


In fact, if a. group is soluble, so also is its minimum 
self-conjugate sub-group. The latter must be therefore an 
Abelian group of order p*: and since this group must be 
transitive, its order is equal to the degree of the primitive 
group. 

155. As illustrating the occurrence of an imprimitive self- 
conjugate sub-group in a primitive group, we will construct a 
primitive group of degree 36 which has an imprimitive self-conju- 
gate sub-group. For this purpose, lett 
S=(1, 2, 3)(4, 5, 6) (7, 8, 9) (10, 11, 12) (13, 14, 15) 

(16, 17, 18) (19, 20, 21) (22, 23, 24) (25, 26, 27) 
(28, 29, 30) (31, 32, 33) (34, 35, 36), 
and A =(3, 4) (5, 6) (9, 10) (11, 12) (15, 16) (17, 18) 
(21, 22) (28, 24) (27, 28) (29, 30) (33, 34) (35, 36); 
so that {S, A} is an intransitive group of degree 36, the symbols 


* This result, stated in a somewhat different form, is given, among many 
others, in the letter written by Galois to his friend Chevalier on the evening 
of May 29th, 1832, the day before the duel in which he was killed. The letter 
was first printed in the Revue Encyclopédique (1832), p. 568; it was reprinted 
in the collection of Galois’s mathematical writings in Liouville’s Journal, t. x1 
(1846), pp. 381—444. 

t+ The commas in the symbols for the permutations are here used to prevent 
confusion among the one-digit and two-digit numbers. 
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being interchanged in 6 transitive systems containing 6 symbols 
each. This group is simply isomorphic with 


{(123) (456), (34) (56)}; 


and it may be easily verified that this group is simply isomorphic 
with the alternating group of 5 symbols, the order of which is 60. 


Also let 
J= (2, 7) (3, 13) (4, 19) (5, 25) (6, 31) (9, 14) (10, 20) (11, 26) 
(12, 32) (16, 21) (17, 27) (18, 33) (23, 28) (24, 34) (30, 35). 
Then 
JSJ =(1, 7, 13) (19, 25, 31) (2, 8, 14) (20, 26, 32) 
(3, 9, 15) (21, 27, 33) (4, 10, 16) (22, 28, 34) 
(5, 11, 17)(23, 29, 35) (6, 12, 18) (24, 30, 36), 
and JAJ =(13, 19) (25, 31) (14, 20) (26, 32) (15, 21) (27, 33) 
(16, 22) (28, 34) (17, 23) (29, 35) (18, 24) (30, 36) ; 
and {JSJ, JAJ} is similar to and simply isomorphic with {S, A}. 
Now it may be directly verified that S and A are, each of them, 
permutable with JSJ and JAJ; and therefore every operation of 
the group {S, A} is permutable with every operation of the group 
{JSJ, JAJ}. Also these two groups can have no common operation, 
since the symbols into which {S, A} changes any given symbol are 
all distinct from those into which {JSJ, JAJ} change it. Hence 
{S, A, JSJ, JAJ} is the direct product of {S, A} and {JSJ, JAJ} ; 
it is therefore a group of order 3600. It is also, from its mode of 
formation, a transitive group of degree 36; and it interchanges the 
symbols in two and only two distinct sets of imprimitive systems, of 


which 
1e2s0,4.0, 0 andl, i, 13, 107 20.03) 


may be taken as representatives, 
Now J does not interchange the 36 symbols in either of these 
systems, and therefore it cannot occur in {S, A, JSJ, JAJ}. 


Further 
J{S, A, JSJ, JAJ} J={S, A, JSS, JAS}; 


and therefore {J, S, A} is a transitive group of degree 36 and order 
7200. Also, since J does not interchange the symbols in either of 
the two sets of imprimitive systems of {S, A, JSJ, JAJ}, it follows 
that {J, S, A} is primitive. 

156. Ex. 1. Shew that a group of order WV, which has a set of 
m conjugate sub-groups, is composite if n!/N is not an integer. 


Ex. 2. An imprimitive group of order V permutes its symbols 
in r imprimitive systems of n(>1) symbols each. Prove that, if r 
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is 2, the group has a self-conjugate sub-group of order }V; and that 
for the values 3 and 4 of r there is a self-conjugate sub-group whose 
order is either 4M or $N. 


Ex. 3. Prove that, if n is the smallest number such that a 
transitive permutation-group of degree n is simply isomorphic with 
a group G, then n* is the smallest number such that a transitive 
permutation-group of degree 1% is simply isomorphic with the direct 
product of a groups each of which is simply isomorphic with G. 


Ex. 4. Shew that, if every sub-group of G@ contains a self- 
conjugate sub-group of G, no transitive permutation-group whose 
degree is less than the order of G can be simply isomorphic with (. 
In particular shew that no transitive group whose degree is less 
than 63 can be simply isomorphic with the group defined by 


A= he aE AS BA AB 


Ex. 5. Shew that a transitive permutation-group whose order 
is the power of a prime is necessarily imprimitive. 


Ex. 6. Shew that an Abelian group of order 2" and type 
(1, 1, ... to m units) can be expressed as an intransitive permutation- 
group of degree 2(2"—1), each of whose permutations except 
identity leaves 2(2" 1-1) symbols unchanged. 


Ex. 7. Prove that the holomorph of an Abelian group of order 
2” and type (1, 1, ... to m units), when expressed as a permutation 
of degree 2”, as on p. 87, is triply transitive; while the holomorph 
of an Abelian group of order p” and type (1, l,... to » units), 
p being an odd prime, is only doubly transitive. 


Ex. 8. If @ is a simply transitive primitive group and H the 
sub-group of G which leaves one symbol unchanged and permutes 
the remaining symbols in two or more transitive sets, prove that 
a prime which divides the order of one transitive constituent of H 
must divide the orders of all of them. (J ordan.) 


Ex. 9. If @ is a transitive group of odd order and of degree 
2n+1, and H the sub-group of G which leaves one symbol un- 
changed and is necessarily intransitive in the remaining 2n, prove 
that the degrees of the transitive constituents of H are equal 
in pairs. 


Kx. 10. Prove that a doubly transitive group cannot contain 
an intransitive sub-group whose order is greater than that of a 
sub-group which leaves one symbol unchanged. 


Ex. 11. Shew that the alternating group of 6 symbols can be 
expressed as a doubly transitive group of degree 10; and that in 
this form all the operations of order 3 are represented by similar 
permutations. 


CHAPTER XI. 


ON PERMUTATION-GROUPS: TRANSITIVITY AND 
PRIMITIVITY : (CONCLUDING PROPERTIES). 


157. FRom the point of view of one of the problems of pure 
group-theory, namely, the determination of all distinct types 
of group of a given order, the analysis of the symmetric group 
of n symbols is not a succinct process, as it continually involves 
the redetermination of groups which have been already ob- 
tained. Thus a simple group of degree mn, in which the 
symbols are permuted in m imprimitive systems of n each, 
would in this analysis have been already obtained as a group 
of degree m. With reference then to the more restricted 
problem of determining all types of simple groups, it would 
certainly be sufficient to find all primitive sub-groups of the 
symmetric group. 


158. We shall proceed to determine a superior limit to 
the order of a primitive group of degree n, other than the 
alternating or the symmetric group. 


Let @ be a primitive group of degree n, and suppose that G 
contains a sub-group H which leaves n — m symbols unchanged 
and is transitive in the remaining m. Since @ is primitive, H 
and the sub-groups conjugate to it must generate a transitive 
self-conjugate sub-group of G; and therefore there must be 
some sub-group H’, conjugate to H, such that the m symbols 
operated on by H and the m operated on by H’ are not all 
distinct. Suppose H’ is chosen so that these two sets of m 
symbols have as great a number in common as possible, say s; 
and represent by 


Eh onone 7 Chee hu My, Sadoac > Ys 
and B:; Say FOO 3 OC 5) By. V1> Yo, OOK OT ? Ys> 


206 PRIMITIVE [158 


where r +s =m, the symbols operated on by H and H’ respec- 
tively. Then {H, H’} isa transitive group in the 2r +s symbols 
a, 8, and y, which leaves unaltered all the remaining symbols 


of G. 


If S is an operation of H which changes a, into a, S“H’S 
does not affect a,. Hence, unless S interchanges the a’s among 
themselves, the m symbols operated on by H’ and the m 
operated on by S"H’S will have more than s in common. 
Every operation of H which changes one a into another must 
therefore interchange all the a’s among themselves; hence H 
must be imprimitive. 


If then H is primitive, s must be equal to m—1. In any 
case, if s=m-—1, {H, H’} is a doubly transitive and therefore 
primitive group of degree m+1, which leaves the remaining 
n—m-—1 symbols of G unchanged. We may reason about this 
sub-group as we have done about H. Among the sub-groups 
conjugate to {H, H’}, there must be one at least which operates 
on m of thé symbols displaced by {H, H’}. This, with {H, H’}, 
generates a triply transitive group of degree m+ 2, which 
leaves n —m—2 symbols unchanged. Proceeding thus, we find 
finally that G itself must be (n— m+ 1)-ply transitive. 


159. If s is less than m—1, we may again deal with the 
sub-group {H, H’}, or H,, exactly as we have dealt with H. It 
is a transitive group of degree m, (>m), which leaves n—m, 
symbols unchanged. If, among the sub-groups conjugate to 
H,, none operates on more than s, of the symbols affected by 
H,, and if H,’ is a suitably chosen conjugate sub-group, then 
{H,, H,’} is a transitive group of degree 2m,—s,, which leaves 
nm —2m,+ 8, symbols unchanged. Continuing this process, we 
must, before arriving at a group of degree n, reach a stage at 
which the number s, is equal to m,—1. 


For suppose, if possible, that among the groups conjugate 
to K, of degree p+, none displaces more than o of the 
symbols acted on by K, while at the same time 20 +c=n, If 

Cig Oasaarice s Caseluy Sa eweeres Ror: 
and SAAT SPE ve PE pse¥ini Ves a Gate Yo 


are the symbols affected by K and K’ respectively, then since 
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G is primitive, it must contain an operation S which changes a 
into a, without at the same time changing all the a’s into a’s. 
If then we transform K' by S, the two groups K’ and S7K'S 
must operate on more than o common symbols, contrary to 
supposition. 


Hence G must in this case certainly contain a transitive 


sub-group of degree n—1, and therefore is itself at least 
doubly transitive*. 


160. Returning to the case in which H is primitive and 
G therefore (n —m-+1)-ply transitive, we at once obtain an 
inferior limit for m. We have seen, in fact, in Theorem IV, 
§ 138, that a group of degree n, other than the alternating or 
the symmetric group, cannot be more than (4n+1)-ply tran- 
sitive. Hence 

n—-m+1>4n+1, 

or mt en. 


We may sum up these results as follows:— 


THEOREM I. A primitive group G of degree n, which has a 
sub-group H that keeps n —m symbols unchanged and is transi- 
tive in the remaining m symbols, is at least doubly transitive. If 
His primitive and G does not contain the alternating group, m 
cannot be less than 2n, and G is (n—m + 1)-ply transitive. 


Corollary. The order of a primitive group of degree n 
cannot exceed n}/2.3...... Pr WhHeLer2 as, esc p are the distinct 
primes which are less than $n. 


If g* is the highest power of a prime q that divides n!, the 
sub-groups of order g* of the symmetric group form a single 
conjugate set, and each of them must contain circular substitu- 
tions of order g. Hence if q< 3n, it follows by the theorem 
that no primitive group of degree n, other than the alternating 


* The results contained in §§ 158, 159 are due to Jordan (Liowville’s Journal, 
Vol. xv1, 1871) and Netto (Crelle’s Journal, Vol. cit, 1889). They have been 
extended by Marggraff: ‘“‘ Ueber primitiven Gruppen mit transitiven Unter- 
gruppen geringeren Grades” (Inaugural Dissertation, Giessen, 1892). With the 
notation used in the text, Marggraff shews that, unless the symbols affected by 
H can be divided into imprimitive systems of r symbols each, in at least ol 
distinct ways, G will be (n—m-+1)-ply transitive. In particular, if H is a 
cyclical group of degree m, G is (n- m+1)-ply transitive. He also shews that 
in any case m >4n. 
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or the symmetric group, can contain a sub-group of order q*; 
and therefore g* is the highest power of q that can divide 
the order of the group. 


161. The ratio of 2.3...... p to m increases rapidly as n 
increases, and it is at once obvious that, when n > 7, this ratio is 
greater than unity; hence for values of n greater than 7, the 
symmetric group can have no primitive sub-group of order 
(n—1)!. 

The order of the greatest imprimitive sub-group of the 
symmetric group is a!(n/a!)*, where a is the smallest factor 
of n. When n>4, this is less than (n— 1)!. 


The order of the greatest intransitive sub-group of the 
symmetric group, other than the sub-groups that keep one 
symbol fixed, is 2!(n — 2)!. This is always less than (n — 1)!. 

Hence when n>7, the only sub-groups of order (n — 1)! of 
the symmetric group are the sub-groups which each keep one 
symbol fixed; and these form a conjugate set of n sub-groups. 


When n=7, a sub-group of order (n—1)! must be intransi- 
tive, and therefore the same result holds in this case; this also 
is true when n is 3, 4, or 5. 


Lastly, when n=6, there may, by the foregoing theorem, 
be primitive sub-groups of order 5!. That such sub-groups 
actually exist may be verified at once by considering the 
symmetric group of 5 symbols. This group contains 6 cyclical 
sub-groups of order 5, and each of them is self-conjugate in a 
sub-group of order 20. When these 6 conjugate sub-groups 
of order 20 are transformed by the operations of the symmetric 
group, they are transitively permuted among themselves. More- 
over no operation of the symmetric group transforms each of 
these sub-groups into itself. Hence there is a transitive group of 
degree 6 which is simply isomorphic with the symmetric group 
of 5 symbols; and, since the alternating group of degree 6 is 
simple, this transitive group of degree 6 must be one of 
6 conjugate sub-groups in the symmetric group of degree 6. 
The symmetric group of degree 6 therefore contains a set of 6 
conjugate doubly transitive sub-groups of order 5!, which are 
simply isomorphic with the intransitive sub-groups that each 
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keep one symbol fixed. Finally, if the 12 sub-groups of order 
5!, which are thus accounted for, do not exhaust all the sub- 
groups of this order, any other would have in common with 
each of the 12 a sub-group of order 20; and therefore the 
operations of order 3 contained in it would be distinct from 
those in the previous 12. But these clearly contain all the 
operations of order 3 of the symmetric group, and therefore 
there can be no other sub-groups of order 5!. Hence :— 


THEOREM II. The symmetric group of degree n (n+6) 
contains n and only n sub-groups of order (n—1)!, which form a 
single conjugate set. The symmetric group of degree 6 contains 
12 sub-groups of order 5!, which are simply isomorphic with one 
another and form two conjugate sets of 6 each. 


162. It is an immediate result of the preceding theorem that, 
except when n=6, the symmetric group of degree n is a complete 
group. In fact with this exception the symmetric group of degree 
m contains just n sub-groups of order n—1! forming a conjugate set, 
and no operation of the group is permutable with each sub-group of 
the set. Hence (Theorem ILI, Chapter VI) to every isomorphism 
of the group there corresponds a permutation of m symbols. There 
are therefore no outer isomorphisms, and since the group has no 
self-conjugate operations it is complete*. 


When n=6, every isomorphism of the group must either change 
each of the two conjugate sets of sub-groups of order 5! into itself, 
or must permute the two sets. By the previous reasoning an 
isomorphism, which transforms each of the two conjugate sets into 
itself, can be represented as a permutation of 6 symbols and is 
therefore an inner isomorphism. There can therefore be, at most, 
a single class of outer isomorphisms which must permute the two 
conjugate sets. 

That such a class of outer isomorphisms actually exists may be 
verified as follows. Let the symmetric group of degree 6 be set up 
on the symbols 

Ay, My, Az, My Ay Uy 
so that the sub-group which leaves a, unchanged is one of the first 
set of conjugate sub-groups of order 5!; and again on the symbols 

by, b», bs, bu, bs bg; 
so that the sub-group which leaves b, unchanged is one of the second 
set of sub-groups of order 5!. The 36 products a,b; then obviously 
undergo a transitive permutation-group under the operations of the 
symmetric group. 

* Holder, Math. Ann. Vol. xuvi (1895), p. 345. 
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To the sub-group of the a’s which leaves a, unchanged there 
corresponds a sub-group on the products which permutes 
@,b,, aby, 3, G04, 05, are 
transitively and the remaining 30 products also transitively. To 
the sub-group of the 6’s which leaves b, unchanged there corresponds 
a sub-group on the products which permutes 
yb, Agd,, 3b, 4), a5b,, My 


transitively and the remaining 30 products transitively. Now it 
will be found that the permutation 


(0 
ab; 
is permutable with the transitive group on the 36 products. 
Moreover it permutes 
yb, Mb, Abs, A,b4, 155, a 5¢ 
with GOs, Gals, eg 0s, LO, OeO i eae Des 
Hence it must permute a sub-group of order 5! of the first set with 


one of the second. The group of isomorphisms of the symmetric 
group of degree 6 is therefore a group of order 1440*. 


163. Wé shall now discuss certain further limitations on 
the order of a primitive group of given degree. Though it will 
be seen that these do not lead to general results, similar to that 
given by Theorem I, § 160, yet in many special cases they are 
of considerable assistance in determining the possible existence 
of groups of given orders and degrees. 


We consider first a group @ of order NV and of prime degree p. 
If @ is not cyclical, it must contain permutations which keep 
only one symbol unchanged. For let P be a permutation of G 
of order p. The only permutations permutable with P are its 
own powers (§ 136); and the only permutations permutable with 
{P} are permutations which keep one symbol unchanged and are 
regular in the remaining p—1 symbols (§140)+. Now if the 
only permutations permutable with {P} are its own, then {P} is 
one of N/p conjugate sub-groups; and these contain V(p—1)/p 
* Holder, loc. cit. p. 343. Compare also § 183 below. 
t It is shewn in §140 that {P} is permutable with a circular permutation of 
p-—1symbols, which leaves one symbol a; unchanged. If there are other per- 
mutations which leave a; unchanged and are permutable with {P}, some such 


permutation will leave two symbols unchanged. This is clearly impossible. 


Hence the group of order p(p~1) is the greatest group of the » symbols i 
which {P} is self-conjugate, ae ay or 
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permutations of order p. In this case, @ would contain exactly 
N/p permutations whose orders are not divisible by p. But this 
is clearly impossible, since N/p is the order of a sub-group which 
keeps one symbol unchanged, and there are p such sub-groups. 
Hence there must be permutations in G, other than those of 
{P}, which are permutable with {P}; and each of these permu- 
tations keeps one symbol unchanged. 


It follows from § 154 that G, if soluble, must contain a 
self-conjugate sub-group of order p: therefore no group of 
prime degree p, which contains more than one sub-group of 
order p, can be soluble. 


If 1+kp is the number of sub-groups of order p contained 
in G, then 


Ay 
N =p? (1 + kp), 


where d is a factor of p—1; and a sub-group of order p is 
transformed into itself by every permutation of a cyclical sub- 
group of order (p —1)/d. When d is odd, a permutation which 
generates this cyclical sub-group is an odd permutation; and 
G then contains a self-conjugate sub-group of order 4. 


If both p and 4(p-—1) are primes, the order of a group of 
degree p, which contains more than one sub-group of order p, 
must be divisible by 4(p—1). For if the order is not divisible 
by 4(p—1), the order of the sub-group, within which a sub- 
group of order p is self-conjugate, must be 2p. Now the 
permutations of order 2 in this sub-group consist of 4 (p—1) 
transpositions, so that they are odd permutations. The group 
must therefore contain a self-conjugate sub-group in which 
these operations of order 2 do not occur. In such a sub-group, 
the only operations permutable with those of a sub-group of 
order p are its own; and we have seen that no such group can 
exist. The order of the group must therefore, as stated above, 


be divisible by 4(p — 1). 


164. Let G be a primitive group of degree n and order V; 
and let p be a prime, which is a factor of V but not of either 
orn—1. Moreover, suppose that n is congruent to v, mod. p; 
v being less than p. If n< p’, and if p*is the highest power of 
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p which divides NV, the sub-groups of order p* must be Abelian 
groups of type (1, 1,... toa units). In fact, such a sub-group 
must be intransitive, and, since n <p’, the number of symbols 
in each transitive system of the sub-group must be p. In 
any case the number of symbols left unchanged by a sub-group 
of order p* is of the form kp + ». 


Suppose now that, in a sub-group of order V/n which leaves 
one symbol unchanged, a sub-group H of order p* is one of 
N/p*mn conjugate sub-groups. Then each of the n sub-groups 
that keep one symbol unchanged contains V/p*mn sub-groups 
of order p*; and each sub-group of order p* belongs to kp + pv 
sub-groups that keep one symbol unchanged. Hence & con- 
tains V/p*m (kp + v) sub-groups of order p*; and any one of 
them, say H, is contained self-coujugately in a sub-group J of 
order p*m(kp+v). This sub-group J must interchange transit- 
ively among themselves the kp + v symbols left unchanged by 
H. For let a and b be any two of these symbols; and let S be 
an operaticn which changes a into 6 and transforms H into H’. 
There must be an operation 7’ which keeps 6 unchanged and 
transfurms H’ into H, since in the sub-group that keeps b 
unchanged there is only one conjugate set of sub-groups of 
order p*. Then S7' changes a into 6 and transforms H into 
itself; and therefore J contains permutations which change a 
into 6. Now it may happen that the existence of a sub-group 
such as J, transitive in the kp+v symbols unchanged by 
Hi, requires that @ is either the alternating or the symmetric 


group. 


165. As a simple example, we will shew that the order of 
a group of degree 19 cannot be divisible by 7, unless it contains 
the alternating group. It follows from Theorem I, Corollary, 
§ 160, that the order of a group of degree 19, which does not 
contain the alternating group, cannot be divisible by a power of 7 
higher than the first, and that if the group contains a permutation 
of order 7, the permutation must consist of two cycles of 7 symbols 
each. The sub-group of order 7 must therefore leave 5 symbols 
unchanged ; hence, by § 164, it must be contained self-conjugately in 
a sub-group whose order is divisible by 5. Now (§ 36) a group of 
order 35 is necessarily Abelian ; so that the group of degree 19 must 
contain a permutation of order 5 which is permutable with a per- 
mutation of order 7. Such a permutation of order 5 must clearly 
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consist of a single cycle, and its presence in a group of degree 19 
requires that the latter should contain the alternating group. It 
follows that, if a group of degree 19 does not contain the alternating 
group, its order is not divisible by 7. 


As a second example, we will determine the possible forms for 
the order of a group of degree 13, with more than one sub-group 
of order 13, which does not contain the alternating group. By 
Theorem I, Corollary, § 160, the order of such a group must be of 
the form 2¢. 38. 5y. 115.13; where a, B, y, 5 do not exceed 9, 4, 
1, 1 respectively. 


Suppose, first, that y is unity, if possible. A permutation of 
order 5 must consist of two cycles of 5 symbols each; and a sub- 
group of order 5 must therefore be self-conjugate in a sub-group of 
order 15. There is then a permutation of order 3 which is per- 
mutable with a permutation of order 5. Such a permutation must, 
as in the last example, consist of a single cycle; and its existence 
would imply that the group contains the alternating group. It 
follows that, for the group as specified, y must be zero. 


Suppose, next, that 6 is unity, if possible. The group is then 
(Theorem I, § 160) triply transitive ; and the order of the sub-group, 
that keeps two symbols fixed and is transitive in the remaining 11, 
is 22-?, 38-!_11; and this sub-group must contain more than one 
sub-group of order 11. We have seen in § 163 that no such group 
can exist. Therefore 6 must be zero. 


The two smallest numbers of the form 2”3” which are congruent 
to unity, mod. 13, are 3° and 243°; and every number of this form, 
which is congruent to unity, mod. 13, can be written (2437)"3°Y, 
Hence the order of every group of degree 13, which contains no odd 
permutation, must be of the form (2*3?)*. 3°”. 2.13, where z is 2, 3 
or 6. Since 3+ is the highest power of 3 that can divide the order 
of the group, the only admissible values of # and y are (i) «=0, 
y= IS) "eS 2,47 =0* (i) w= 1 y= 0: 

Suppose, first, that «=0, y=1. The order of the group is 
2. 33. 13, 34. 13, or 2. 3*. 13. There must be 13 sub-groups of order 
34 (or 3°), and since 13 is not congruent to unity, mod. 9, there must 
be sub-groups of order 3° (or 3?) common to some two sub-groups of 
order 3 (or 3°), Such a sub-group must be self-conjugate (Theorem 
III, § 123). This case therefore cannot occur, 


Next, suppose that ~=2, y=0. Then z must be 2, and the 
order of the group is 2°.34.13. Now it is easy to verify that 
a sub-group of order 2°. 34 and degree 12 can be neither intransitive 
or imprimitive. The order of a sub-group of the group of degree 
12 which keeps one symbol fixed is 2”. 3°. This sub-group can have 
no permutation consisting of a single cycle of 3 symbols, since no 
such permutation can occur in the original group. Hence it must 
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permute the 11 symbols in two transitive sets of 9 and 2 symbols 
respectively. It must therefore contain a self-conjugate sub-gepup 
of order 2°, 3? which keeps 3 of the 12 symbols unchanged ; and this 
sub-group must occur self-conjugately in 3 of the 12 sub-groups which 
keep one symbol unchanged. This however makes the group of 
degree 12 imprimitive, contrary to supposition. Hence this case 
cannot occur, 

Finally, then, the only possible values of # and y are x=1, y=0. 
The order of a group of degree 13, which has more than one sub-group 
of order 13 and no odd permutations, is 2°. 3.13, 2*. 3°. 13, or 
2°. 38.13. The order of a group of order 13 with odd permutations 
will be twice one of the preceding three numbers. 

A further and much more detailed examination would be 
necessary to determine whether groups of degree 13 correspond 
to any or all of these orders. We shall see in Chapter XX that 
there is a group of degree 13 and order 2+. 3°. 13. 


Ex. If n(>3) and 2 +1 are primes, shew that there is no 
triply transitive group of degree 2%+3 which does not contain 
the alternating group. 


166. Asa further illustration, and for the actual value of 
the results themselves, we proceed to determine all types of 
primitive groups for degrees not exceeding 8. 

(Oe oes 

The symmetric group of 3 symbols has a single sub-group, 
viz. the alternating group. Both these groups are necessarily 
primitive. 

(ii) Pari 4. 

Groups of degree 4 and order 2, 4 or 8 are obviously either 
intransitive or imprimitive. Hence the only primitive groups 
of degree 4 are the symmetric and the alternating groups. 

Gi) n= 5. 

Since 5 is a prime, every transitive group of degree 5 is a 
primitive group. The symmetric group of degree 5 contains 
6 cyclical sub-groups of order 5; and, by Sylow’s theorem, every 
group of degree 5 must contain either 1 or 6 sub-groups of 
order 5. Since the alternating group is simple, every sub- 
group that contains 6 sub-groups of order 5 must contain the 
alternating group. Hence, besides the alternating and the 
symmetric groups, we have only sub-groups which contain a 
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sub-group of order 5 self-conjugately. In such a group, an 
operation of order 5 can be permutable with its own powers 
only. Hence (§ 140) the only sub-groups of the type in question, 
other than cyclical sub-groups, are groups of orders 20 and 10. 
These are defined by 
{(12345), (2354)}, 

and {(12845), (25) (34)}. 

(iv) n=6. 

If the order of a primitive group of degree 6 is not divisible 
by 5, the order must (§ 160) be equal to or be a factor of 2?. 3. 
The order of a sub-group that keeps one symbol fixed is equal 
to or is a factor of 2, Hence the sub-group must keep two 
symbols fixed,and therefore (§ 147) the group cannot be primitive. 
Hence the order of every primitive group of degree 6 is divisible 
by 5, and every such group is at least doubly transitive. The 
symmetric group contains 36 sub-groups of order 5; and hence, 
since no transitive group of degree 6 can contain a self- 
conjugate sub-group of order 5, every primitive group of degree 
6, which does not contain the alternating group, must have 
6 sub-groups of order 5. 


If @ is such a group, the sub-group of G that keeps one 
symbol fixed is a transitive group of degree 5 which has a 
self-conjugate sub-group of order 5. If this transitive group 
of degree 5 were cyclical, every operation of the doubly transi- 
tive group G of order 30 would displace all or all but one of the 
symbols. Since 6 is not the power of a prime, this is impossible 
(§ 134). Hence the sub-group of G which keeps one symbol 
fixed must be of one of the two types given above; and the 
order of G must be 120 or 60. Now we have seen, in § 161, 
that the symmetric group of degree 6 has a single conjugate set 
of primitive sub-groups of order 120 and a single set of order 
60. Hence there is a single type of primitive group of degree 6, 
corresponding to each of the orders 120 and 60. These are 
defined by 

{(126) (354), (12345), (2354)}, 
and {(126) (354), (12345), (25) (34)}: 
where the last two permutations in each case generate a sub- 
group that keeps one symbol unchanged. 
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Cy) Pn = 7 


Every transitive group of degree 7 is primitive; and if it 
does not contain the alternating group, its order must (§ 160) be 
equal to or be a factor of 7.6.5.4. A cyclical sub-group of 
order 7 must (footnote, p. 210), in a group of degree 7 that con- 
tains more than one such sub-group, be self-conjugate in a group 
of order 21 or 42. Now neither 20 nor 40 is congruent to unity, 
mod. 7; and therefore 5 cannot be a factor of the order of such 
a group. Hence the order of a transitive group of degree 7, 
that does not contain the alternating group, is equal to or is a 
factor of 7.6.4. But 8 is the only factor of 7.6.4 which is 
congruent to unity, mod. 7; and therefore, if the group contains 
more than one sub-group of order 7, its order must be equal to 
7.6.4 and it must contain 8 sub-groups of order 7. 


Such a group must be doubly transitive; for if a sub-group 
of order 24, that leaves one symbol unchanged, interchanges the 
symbols in two intransitive systems, it is easily shewn that the 
group would, contain permutations displacing three symbols 
only, and therefore that it would contain the alternating group. 
A sub-group of degree 24, transitive in 6 symbols, can contain 
no circular permutation of order 6, for it would be an odd per- 
mutation ; it must therefore contain four sub-groups of order 3. 
Hence the sub-groups of order 24 must be simply isomorphic 
with the symmetric group of 4 symbols. 


The actual construction of the group is now reduced to 
a limited number of trials. A group of degree 6, simply 
isomorphic with the symmetric group of 4 symbols, and con- 
taining no odd permutations, may always be represented in 
the form 


{(234) (567), (2763) (45)} 


and we have to find a circular permutation of the seven symbols 
1, 2, 3, 4, 5, 6, 7 such that the group generated by it shall be 
permutable with this group. Moreover since, in the required 
group, every operation of order 3 transforms some operation of 
order 7 into its square, we may assume without loss of generality 
that the circular permutation of order 7 contains the sequence 
..12.. and is transformed into its own square by (234) (567). 
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There are only three circular permutations satisfying these 
conditions, viz. 

(1235476), 

(1236457), 
and (1237465). 


It appears on trial that the group generated by the first of 
these is not permutable with the sub-group of order 24, while 
the groups generated by the other two are. There are therefore 
just two groups of order 7.6.4 which contain the given group 
of order 24. Now in the symmetric group of 7 symbols, a 
sub-group of order 7.6.4 must, from the foregoing discussion, 
be one of a set of 30 conjugate sub-groups. These all enter in 
the alternating group; and therefore, in that group, they must 
form two sets of 15 conjugate sub-groups each. Each of these 
contains 7 sub-groups of the type 

{(234) (567), (2763) (45)} ; 
and the alternating group contains a conjugate set of 105 such 
sub-groups. Hence each sub-group of this set will enter in 
two, and only in two, sub-groups of the alternating group of 
order 7.6.4; and in the symmetric group these two sub-groups 
are conjugate. Finally then, the sub-groups of order 7.6.4 
form a single conjugate set in the symmetric group. They are 
defined by 
{(1236457), (234) (567), (2763) (45)}, 

the two latter permutations giving a sub-group that keeps 
one symbol fixed. 

These groups are simple; for since they are expressed as 
transitive groups of degree 7, there can be no self-conjugate 
sub-group whose order divides 24, while it is evident that a 
self-conjugate sub-group that contains an operation of order 7 
must coincide with the group itself. Also since there are 8 
sub-groups of order 7, these groups can be expressed as doubly 
transitive groups of eight symbols. 

A group of degree 7, which has only one sub-group of order 
7, must either be cyclical or be contained in the group of order 
7.6 given by §140. Such groups are defined by 

{(1234567), (243756)}, 
or {(1234567), (235) (476)}, 
or {(1234567), (27) (45) (36)}. 


218 PRIMITIVE GROUPS [166 


The simple group of order 168, which here occurs as a 
transitive group of degree 7, is the only simple group of that 
order. For, if possible, let there be a simple group @ of order 
168 and of a distinct type from the above. It certainly cannot 
be expressed as a group of degree 7; and therefore it must 
have 21 sub-groups of order 8. If two of these sub-groups 
have a common sub-group of order 4, it must be contained 
self-conjugately (§ 123) in a sub-group of order 24 or 56; and 
this is inconsistent with the suppositions made. If on the 
other hand, 2 is the order of the greatest sub-group common 
to two sub-groups of order 8,such a common sub-group of order 
2 must, on the suppositions made, be self-conjugate in a sub- 
group of order 12. But a group of order 12, which has a 
self-conjugate operation of order 2. must have a self-conjugate 
sub-group of order 3; and therefore G would only contain 7 
sub-groups of order 3, and could be expressed as a group of 
degree 7; contrary to supposition. No other supposition is 
possible with regard to the sub-groups of order 8, since 21 is 
not congruént to unity, mod. 8. Hence, finally, there is no 
simple group of order 168 distinct from the group of degree 7. 


(vi) n=8, 


The order of a primitive group of degree 8, which does not 
contain the alternating group, cannot (§ 160) be divisible by 5. 
Suppose, if possible, that the order of, such a group is 2**+?,3 
(a=0,1, 2,3). A permutation of order 3 must consist of two 
cycles; and therefore the sub-group of order 2*.3, which keeps 
one symbol fixed, must interchange the others in two intransi- 
tive systems of 3 and 4 respectively. In this sub-group, a 
sub-group of order 3 must be one of four conjugate sub-groups, 
and therefore a is either 2 or 3. Now a group of order 25.3 
or 2°.3 is soluble, as is seen at once by considering the sub- 
groups of order 2° or 2°, Hence a primitive group of order 2°.3 
or 2°.3 must contain a transitive self-conjugate sub-group of 
order 8, whose operations are all of order 2. 


If 7 is a factor of the order of the group, the group must be 
doubly transitive; and from the case of n=7, it follows that 
the possible orders are 8.7, 8.7.2, 8.7.3, 8.7.6, and 
8.7.6.4. Moreover, for the orders 8.7.2 and 8.7.6, the 
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group contains odd permutations and therefore it contains self- 
conjugate sub-groups of order 8.7 and 8.7.3 respectively. 


A simple group of order 8.7.3 is necessarily identical in 
type with the group of this order determined above; and 
a group of order 8.7.3, which is not simple, is certainly 
soluble. Hence a composite group of order 8.7.3, and a 
group of order 8.7.6 which does not contain a simple sub- 
group of order 8.7.38, must both, if expressible as primitive 
groups of degree 8, contain transitive self-conjugate sub-groups 
of order 8 whose operations are all of order 2. With the 
possible exception then of groups of order 8.7.6.4, the only 
primitive groups of degree 8, which do not contain a self- 
conjugate sub-group of order 8, are the simple group of order 
8.7.3 and any group of 8.7.6 which contains this self- 
conjugately. We have seen that the simple group of order 
8.7.3 contains a single set of 8 conjugate sub-groups of order 
21, and therefore it can be expressed in one form only as a 
group of degree 8. A group of degree 8 and order 8.7.6, 
which contains this self-conjugately, can occur only in one form, 
if at all; for, if it exists, it must be triply transitive, and it 
must be given by combining the simple group with an opera- 
tion of order 2 which transforms one of its operations of order 
7 into its own inverse. That such a group does exist has been 
shewn in §141. These two groups are actually given by 


{(15642378), (1234567), (243756)}, 
and {(1627) (5438), (1234567), (235) (476)}; 


where in each case the last two permutations give a sub-group 
that keeps one symbol fixed. 


A primitive group of degree 8 which contains a transitive 
self-conjugate sub-group of order 8 whose operations are all of 
order 2 must be the holomorph (§ 64) of the Abelian group of 
order 8, or a sub-group of the holomorph. The sub-group that 
leaves one symbol unchanged must be a group of isomorphisms 
of the Abelian group. The group of isomorphisms of a group 
of order 8, whose operations are all of order 2, will be shewn in 
Chapter XX to be identical with the simple group of order 
168. This group has a single set of conjugate sub-groups of 
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each of the orders 7 and 21, but no sub-group of order 14 or 
42. When expressed as a group of degree 7, it has a single set 
of conjugate sub-groups of order 12 (or 24) which leave no 
symbols unchanged. There are therefore primitive groups of 
degree 8 containing transitive self-conjugate sub-groups of order 
8 corresponding to each of the orders 8.7, 8.7.3, 2°. 3, 2°. 3, 
and 8.7.6.4; and in each case there is a single type of such 
group. 

It remains to determine whether there can be any type 
of group, of degree 8 and order 8.7.6.4, other than that just 
obtained. Such a group must be one of 15 conjugate sub- 
groups in the alternating group of degree 8, and is therefore 
simply isomorphic with a group of degree 14. Since it certainly 
is not simply isomorphic with a group of degree 7, the group 
of degree 14 must be transitive. The order of the sub-group, 
in this form, that keeps one symbol fixed is 2°.3. If this 
keeps only one symbol unchanged, it must interchange the 
remaining symbols in four intransitive systems of 3, 3, 3 and 4 
respectively, since a permutation of order 3 must clearly consist 
of 4 cycles. A group of order 2°.3 cannot however be so 
expressed ; and therefore the sub-group that keeps one symbol 
fixed must keep two fixed. The group of degree 14 is therefore 
imprimitive, and the group must contain a sub-group of order 
2°.3. Moreover, since the group is not simply isomorphic with 
a transitive group of degree 7, this sub-group of order 2°.3 
must contain a sub-group which is self-conjugate in the group 
itself. The order of this sub-group must be a power of 2; 
since the group is primitive, it cannot be less than 2% On the 
other hand, the order cannot be greater than 2? since the group 
contains a simple sub-group of order 7.6.4. Hence finally, 
there is no type of primitive group of degree 8 and order 
8.7.6.4 other than that already obtained. 


There is no difficulty now in actually constructing the 
primitive groups of degree 8 which have a self-conjugate sub- 
group of order 8. They are all contained in the group of order 
8.7.6.45 and it will be found that this group is given by 

{(81) (26) (37) (45), (1236457), (234) (567), (2763) (45)}; 


while the groups of orders 8.7.3 and 8.7 are given by omitting 
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respectively the last and the two last of the four generating 
operations, 


The construction of the two remaining groups, of order 2°.3 
and 2°. 3, is left as an exercise for the reader. 


It may be noticed that it has been shewn incidentally, in 
discussing above the possibility of a second type of group of 
degree 8 and order 8.7.6.4, that the alternating group 
of degree 8 can be expressed as a doubly transitive group of 
degree 15. 

It may similarly be shewn that the alternating group of 
degree 7 can be expressed as a doubly transitive group of 
degree 15, and the alternating group of degree 6 as a simply 
transitive and primitive group of degree 15. 


167. We have seen in § 134 that a doubly transitive group, 
of degree n and order n(n —1), can exist only when n is the 
power of a prime. For such a group, the identical operation is 
the only one which keeps more than one symbol unchanged. 
We shall now go on to consider the sub-groups of a doubly 
transitive group, of degree n and order n(n — 1) m, which keep 
two symbols fixed. The order of any such sub-group is m; 
since the group contains operations changing any two symbols 
into any other two, the sub-groups which keep two symbols 
fixed must form a single conjugate set. 


Suppose first that the sub-group, which keeps two symbols 
unchanged, displaces all the other symbols. The sub-group that 
keeps a and 6 unchanged cannot then be identical with that 
which keeps c and d unchanged, unless the symbols ¢ and d are 
the same pair as a and b. Since there are 4n(n—1) pairs 
of n symbols, the conjugate set contains 4n(n— 1) sub-groups ; 
and each sub-group of order m keeping two symbols fixed must 
be self-conjugate in a sub-group of order 2m, which consists 
of the operations of the sub-group of order m and of those 
operations interchanging the two symbols that the sub-group 
of order m keeps fixed. 


Suppose next that all the operations of a sub-group 4, 
which keeps two symbols fixed, keep « symbols fixed, while 
none of the remaining n — # symbols are unchanged by all the 
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operations of H. From a symbols 4”(#—1) pairs can be 
formed, and therefore the sub-group that keeps one pair un- 
changed must keep $”(#—1) pairs unchanged. In this case, 
the conjugate set contains n(n —1)/x#(w —1) distinct sub-groups 
of order m, and # is therefore self-conjugate in a group K of 
order a(#—1)m. The operations of this sub-group which do 
not belong to H interchange among themselves the 2 symbols 
that are left unchanged by H. Now since the group itself is 
doubly transitive, there must be operations which change any 
two of these « symbols into any other two; and any such 
operation being permutable with H must belong to K. Hence 
if we consider the effect of K on the « symbols only which are 
left unchanged by H, K reduces to a doubly transitive group of 
degree « and order «(«—1). It follows that « must be a prime 
or the power of a prime. 


168. The preceding paragraph suggests the combinatorial 
problem of forming from mn distinct symbols »(n—1)/x(#—1) 
sets of x symbols, such that every pair of symbols occurs in one set 
of « and no pair occurs in more than one. 


There is one class of cases in which a solution of this problem is 
given immediately by the theory of Abelian groups. Let G be an 
Abelian group of order p”, where p is a prime, and type (1, l,...... 
to m units). We have seen, in § 84, that @ has (p” — 1)/(p — 1) sub- 
groups of order p, and (p”— 1) (p™-! — 1)/(p — 1) (p?— 1) sub-groups 
of order p*. Now any pair of sub-groups of order p generates a sub- 
group of order p*, and therefore every pair of sub-groups of order p 
occurs in one and only one sub-group of order p*. Moreover, every 
sub-group of order p* contains p +1 sub-groups of order p. When 
p is a prime and m any integer, it is therefore always possible to 
form from (p”™—1)/(p—1) symbols (p™ — 1) (p™-*— 1)/(p — 1) (p?- 1) 
sets of p + 1 symbols each, such that every pair of the symbols occurs 
in one set of » +1 and no pair occurs in more than one set. 


Supposing that, for given values of » and 2, such a distribution 
is possible, it is still of course an open question as to whether there 
is a doubly transitive permutation-group of the m symbols, such that 
every permutation which keeps any two symbols unchanged keeps 
also unchanged the whole set of # in which they occur. When « is 
greater than 3, the question as to the existence of such groups is 
one which still remains to be investigated. There is however an 
important class of groups, to be considered later (Chapter XX), 
that possess a closely analogous property. These groups are doubly 
transitive ; and from the n symbols upon which they operate, we can 
form n(n —1)/x(«—1) sets of a, that are interchanged transitively 
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by the permutations of the group: the sets being such that every 
pair occurs in one set and no pair in more than one set. 


If n(m—1)m is the order of such a group, and if 7 is a 
sub-group of order m which keeps a given pair fixed, then H must 
interchange among themselves the remaining «— 2 symbols of that 
set of « which contains the pair kept unchanged by H. 4H contains, 
as a self-conjugate sub-group, the group 4 which leaves every symbol 
of the set of x unchanged; and if m” is the order of this sub-group, 
while m=m'm", then m’ is the order of the group to which 1 
reduces when we consider its effect only on the x—2 symbols. Now 
h is self-conjugate in the group X that interchanges all the symbols 
of the set of « among themselves. But since the original group is 
doubly transitive, it must contain permutations which change any 
two of the set of x into any other two, and every such permutation 
must belong to XK. Hence K must be doubly transitive in the « 
symbols, and therefore finally the order of the group, to which K 
reduces when we consider its effect on the «x symbols only, is 
a(x—1)m’. Since the order of 4, which keeps unchanged each of 
the x symbols, is m”, the order of K is x(x—1)m. 


169. When x=3, n must be of the form 6% + 1 or 64 + 3, since 
otherwise 7 (n — 1)/a(a—1) would not be an integer. The permuta- 
tions of a doubly transitive group of degree », which possesses a 
complete set of }(n— 1) triplets, must be such that every permutation 
which leaves two given symbols unchanged also leaves a third definite 
symbol unchanged. 


The smallest possible value of 7 is 7; and the group of order 168, 
in § 166, satisfies all the conditions. 


The complete set of triplets in this case is 
126, 137, 145, 234, 257, 356, 467. 
The next smallest value of is 9, and in this case again, a group 
with the required properties exists. 
Ex. Shew that the group 
{(26973854), (456) (798)} 


is an imprimitive group of order 48, each imprimitive system 
containing two symbols; and that the sub-group, which keeps the 
symbols of one imprimitive system unchanged, is isomorphic with 
the symmetric group of three symbols. Prove that this group is 
permutable with 


{(123) (456) (789), (147) (258) (369)}, 
and thence that 
{(123) (456) (789), (26973854), (456) (798)} 
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is a doubly transitive group of degree 9, which possesses a complete 
set of 12 triplets*, viz. 
123, 147, 159, 168, 249, 258, 267, 348, 357, 369, 456, 789. 
The reader is not to infer from the examples given that, when 
nis of the form 64+ 1 or 64+ 3, there is always a doubly transitive 
group of degree m which possesses a complete set of triplets. It is 
a good exercise to verify that there is no such group when x is 13. 


The case n=13, x=4 is the simplest case that can occur of the 
division of x symbols into sets of « in the manner of § 168 when x 
is greater than 3. We shall see in Chapter XX that there is a 
doubly transitive group of degree 13 such that from the 13 symbols 
permuted by the group a complete set of 13 quartets can be 
formed, which are themselves permuted by the operations of the 
group. Of the operations forming a sub-group that keeps two given 
symbols fixed, half will keep fixed the two other symbols, which form 
a quartet with the two given symbols, and half will permute them. 

On the question of the independent formation of a complete set 
of triplets of m symbols, and in certain cases of the group of 
degree n which interchanges the triplets among themselves, refer- 
ence may be made to the memoirs mentioned in the subjoined 
footnote f. 


i 
170. We shall conclude the present Chapter with some 
applications of pernmiutation-groups, which enable us to com- 
plete and extend certain earlier results. 


We have seen in § 136 that the permutations of n symbols, 
which are permutable with each of the permutations of a 
regular permutation-group G of order n of the same n symbols, 
form another regular permutation-group of order n; and that, 
if G is Abelian, the latter group coincides with G. Hence the 
only permutations of m symbols, which are permutable with a 
circular permutation of the n symbols, are the powers of the 
circular permutation. 


Let now S be a regular permutation of order m, in mn 
symbols. It must permute the symbols in n cycles of m 
symbols each; and so we may take 


WS (Cha Lis scan) « Can) | Can Oe hee sR ae 5 ee, Gris 


* It may be pointed out that the tactical relation between the 9 symbols 
and the 12 triplets is the same as that of the inflections of a cubic and the 
12 lines on which they lie 3 by 3. 

t Netto: ‘*Substitutionentheorie,” pp, 220—235; “ Zur Theorie der Tripel- 
systeme,” Math. Ann. Vol. xxix (1892), pp. 143-152. Moore: ‘ Concerning 
triple systems,” Math, Ann. Vol. xu (1893), pp. 271—285. Heffter: “ Ueber 
Tripelsysteme,” Math. Ann. Vol. xu1x (1897), pp. 101—112. 
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If T is permutable with S, and if it changes a,, into Cath 
clearly must permute the m symbols 


among themselves; and therefore, so far as regards its effect on 
these m symbols, 7’ must be a power of 


CO jattra tert. s Opin) 


Again, if T changes a,» into @s,, it must change the set 


Opis Os st Gt Ss 
into the set 

Bay ieee atlas 
as otherwise it would not be permutable with S. 


Now the totality of the permutations of the mn symbols, 
which are permutable with S, form a group Gs. This group 
must, from the properties of 7 just stated, be imprimitive, 
interchanging the symbols in n imprimitive systems of m 
symbols each; and the symbols in any cycle of S will form an 
imprimitive system. Moreover, the self-conjugate sub-group 
Hg of this group, which permutes the symbols of each system 
among themselves, is the group of order m™ generated by 


(there. ce ig, PA Cet Sone its flash aR sm 5 CRG Re cemore Gam): 

In fact, every permutation of this group is clearly per- 
mutable with S; and conversely, every permutation of the mn 
symbols, which does not permute the systems, must belong to 
this group. 

Now @G,/H, is simply isomorphic with a group of degree 
n, for none of its operations changes every one of the n systems 
into itself. Hence n! is the greatest possible order of G's/H. 
On the other hand, every operation of the group, generated by 


(Ca ER ins) (Can ng tes sids ner a (asa Gas ote oe egy) 
and (QO) Gis Gg, orn (Sim Gain) 


is clearly permutable with S; and this group, being simply 
isomorphic with the group 


GAC Paneer Gn), (a,a2)}, 


ie. with the symmetric group of n symbols, is of order n!. 
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Hence, finally, the order of G, is m™.m!; and Gs is gene- 
rated by 


(CPN ecaern ia) (Ong Oar ene ee PS (ig Oagpet: einen), 
(ay PD) (Ayo Cag) oie oees (QimG2m); 
and Gaaidaenee a Cima): 


171. Leth, be a regular permutation-group of order m in 

the m symbols 
Cjaeyay stan Gang 
and let S,, be one of its permutations. Then if for r we write 
ay (Huie®, 1 PA casos , n, and if for each value of ¢ from 1 to m we 
form the permutation 
SeSsi-se nds 

the set of m permutations so formed constitute an intransitive 
group H in the mn symbols, simply isomorphic with h,. 


The method of § 170 can be applied directly to determine 
the group Gy of degree mn, each of whose permutations are 
permutable with every permutation of H. The order of this 
group is m”.n!;-and it can be generated by 


(Cee Gia) | Oas Onone thine Tae GRRG Baie Sine Cane) 
(Gy, Bay) (Ay9Qeg).- +0. (Qim Gem); 
and |e 
where h,’ is the regular group in the symbols 
iis Mis hs Pee pins 


each of whose permutations is permutable with every permuta- 
tion of h,. 


This group will contain H if, and only if, H is an Abelian 
group. Moreover, the only self-conjugate permutations of Gy 
are the permutations of H contained in it. For if Gy, 
contained other self-conjugate permutations §,, S;, ..., every 
operation of Gy would be permutable with every operation of 
the group {H, 8,, 8, ...}. Now G, is transitive, so that 
S,, S,, ... must displace all the symbols; and therefore 
{H, S,, S,, ...} has all its permutations regular in the mn 
symbols. If its order is mn, where n = n,n2, the order of the 
group formed of all the permutations of mn symbols, which are 
permutable with each of its operations, is (mn,)”.n,!; and this 
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number is less than m”.n!. Thus the supposition, that G,, has 
self-conjugate operations other than the operations of H which 
it contains, leads to an impossibility. 


By means of this and the preceding section, the reader will 
have no difficulty in forming the permutation-group of n 
symbols, which is permutable with every operation of any 
given permutation-group in the n symbols. 


172. If a group, whose order is a power of a prime p, be 
expressed as a transitive permutation-group, the degree of the 
latter must also be a power of p. Moreover such a group, 
since it has self-conjugate operations, must necessarily be im- 
primitive. 

The greatest value of m, for which a group of order p™ is 
simply isomorphic with a transitive group of degree p”, where 
n is regarded as given, is determined at once by considering 
the symmetric group of degree p”. The highest power of p 
that divides p”! is p’, where 

Pes pls eeaew st +p+l1. 


Hence the symmetric group of degree p” contains a set of 
conjugate sub-groups of order p” and it contains no groups 
whose order is a higher power of p. Also, these groups are 
transitive in the p” symbols; for any one of them must contain 
a circular permutation of order p”. There are therefore groups 
of order p” which are simply isomorphic with transitive groups 
of degree p”; but no groups of order p” (v’ > v). 

This group may be constructed synthetically as follows. The 
group necessarily has a self-conjugate sub-group of order p, This 
must consist of the powers of a regular permutation of order p, 
permuting the p” symbols in p”~ sets of p each; and these sets 
are imprimitive systems for the group. The group then is 
multiply isomorphic with a transitive group of degree p”™. 
This latter group has a self-conjugate sub-group of order p, 
which permutes the p” symbols in p"~ sets of p symbols each ; 
and the corresponding self-conjugate sub-group of the original 
group permutes the p” symbols in p”~* sets of p* each. These 
again are imprimitive systems for the group, each being consti- 
tuted by combining the p”~ systems of p symbols each in sets 
of p. If n>2 the process may be repeated to shew that the 
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p"? systems of p? symbols each may be combined in sets of p 
to form p”-* systems of p® symbols each, and so on. If then 
with each of the p”~ sets of p we form a circular permutation, 
the p”™ permutable and independent circular permutations will 
generate an intransitive group of order p?”™”. It will be the 
self-conjugate sub-group of the group of order p’, which per- 
mutes the symbols of each system of p among themselves. 


Next, with each set of p? symbols we can form a circular 
permutation, whose pth power is the product of the p circular 
permutations of order p, which have been previously formed 
from the p? symbols. The symbols of any set of p? will then be 
interchanged by a transitive group of order p?*?; and since there 
are p”~* such sets, we obtain in this way an intransitive group 
of pe +e" The group thus formed is that self-conjugate 
sub-group of the original group, which interchanges among 
themselves the symbols of each system of p?. This process may 
be continued, taking greater and greater systems, till at the 
last step wescombine the p systems of p”~? symbols each into 
a single system by means of a circular permutation of order p”. 
The order of the resulting group is clearly p”, as it should be. 


The self-conjugate operations of this group form a sub-group 
of order p. 


For suppose, if possible, they form a sub-group of order p’. 
Every operation of this sub-group displaces all the symbols; 
and therefore, when expressed as a permutation group in the 
p” symbols, it must interchange them transitively in p”— sets 
of p” each. 


Now (§ 171) those permutations of the p” symbols, which 
are permutable with every operation of this sub-group, form a 
group of order p’?"””. p"-7!; this number is only divisible by 
p’, as it must be, when r=1. 


Ex. 1. Prove that the above group is generated by the n 
circular permutations 


CLs <2); Fp ae RA OR ppm alii) 
(11? a, One , 1+ (p™1-1)p) 
(el 9%) 1 Poe eee eae 5 Lae p a )ip?) 


SUC e He OO eee rere erase enr ranean rOOOrrereeseseseesernceseseseer 
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and discuss the possibility of reducing the number of generating 
operations. 


Ex. 2. Shew that, for the group of degree p* and order p?*, 
the factor-groups H,/H,,, (of § 93) are all of type (1) except the 
first, which is of type (1, 1). 

The fact that v is a function of p when n is given, explains 
why, in classifying all groups of order p”, some of the lower 
primes may behave in an exceptional manner. Thus we saw, 
in § 117, that for certain groups of order p*‘ it was necessary to 
consider separately the case p= 3. The present article makes 
it clear that, while there may be more than one type of group 
of order p*(p >3), which is simply isomorphic with a transitive 
group of degree p?, there is only a single type of group of 
order 3‘ which is simply isomorphic with a transitive group 
of degree 9. 

173. In the memoirs referred to in the footnote on p. 182, 
M. Mathieu has demonstrated the existence of a remarkable group, 
of degree 12 and order 12.11.10.9.8, which is quintuply trans- 
itive. The verification of some of the more important properties 
of this group, as stated in the succeeding example, forms a good 
exercise on the results of this and the preceding Chapter. 


Ex. 1. Shew that the permutations 
(1254) (3867), (1758) (2643), 
(12) (48) (57) (69), (a2) (58) (46) (79), 
(ab) (57) (68) (49), (Be) (47) (58) (69), 
generate a quintuply transitive group of degree 12 and order 
£20 LD LOe S23. 


Prove that this group is simple; that a sub-group of degree 11 
and order 11.10.9.8, which leaves one symbol unchanged, is a 
simple group; and that a sub-group of degree 10 and order 10.9. 8, 
which leaves two symbols unchanged, contains a self-conjugate sub- 
group simply isomorphic with the alternating group of degree 6. 


Shew also that the group of degree 12 contains (i) 1728 sub- 
groups of order 11 each of which is self-conjugate in a group of 
order 55: (ii) 2376 sub-groups of order 5, each of which is self- 
conjugate in a group of order 40: (iii) 880 sub-groups of order 27, 
each of which is self-conjugate in a group of order 108: (iv) 1485 
sub-groups of order 64. 


Prove further that the group is a maximum sub-group of the 
alternating group of degree 12. 
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Ex. 2. Shew that the alternating group of degree 8 contains 
30 regular Abelian sub-groups of order 8 and type (1, 1, 1), forming 
two conjugate sets of 15 sub-groups each. 

If H,, H, are any two sub-groups belonging to the same con- 
jugate set of 15, prove that {//,, H,} is a sub-group of order 2°. 3°, 
permuting the symbols in 2 imprimitive systems of 4 each ; and that 
{H,, H,\ contains just one other sub-group H; belonging to the same 
set. Hence shew that from the 15 conjugate sub-groups a complete 
set of 35 triplets may be formed, which is invariant when the sub- 
groups are transformed by any operation of the alternating group. 
Prove also that when the sub-groups of the second set of 15 are 
transformed by the operations of H,, 7 are transformed into them- 
selves and the other 8 are permuted regularly. 


Ex. 3. Prove that the permutations of 
lO, Co Oy gine Giga 5 
for which the expression 
abed + a'b'c'd’ + abe'd’' + a'b'cd + acb'd' + a'c'bd + adb'c' + a'd'be 

remains invariant, form a transitive group of order 2°. 3, which 
contains a self-conjugate operation of order 2. 

Ex. 4. Fgom the bilinear form 

&, = a,b, +:ayby + Agby + Ayby + Ash; + Agby + ab, + Agds 


seven others €;, (1 = 2, 3, ..., 8) are constructed by carrying out on the 
b’s the permutations of the Abelian group generated by 


A or (b,0,) (b3b4) (6525) (675s), 
B or (b,bs) (6264) (bs07) (062s); 
C or (6,65) (b2bg) (0357) (042s) 5 


and simultaneously on the a’s the corresponding substitutions of 
the Abelian group generated by 


, , 


/ 
Rear a =, Gy =— My, As = Ads, aj =—ad,, 
eae ae ae , 
@s =Ba;, A =—Ba,, a, =—aBa,, a,’ = aBas; 
, / 
B Gm =, Qy=—AM,, Gs =—As, a, = att,, 
or a / = ’ pes / / 
5 — Ys, Ue = Aye, a, =—Y47) dg =— ayag; 
/ ee / = , Es 
ibcavg a =, ay =—Bd,, as =— Ys, a, =— Byd,, 
ee His, ’ 
ds =—As5, aM = Bag, a, = YA, dy = Bydg; 
where a?= 8? =y?= 1. 
Prove that 


8 8 8 
Sé2= 3azZ Bz, 
1 1 1 


and discuss this identity from the point of view of the permutations 
of the symbols involved in it. 


CHAPTER XII. 


ON THE REPRESENTATION OF A GROUP OF FINITE ORDER 
AS A PERMUTATION-GROUP*, 


174. Definitions. If S,, 8,,...... , Sy are the operations 
of a group G of finite order NV, and s,, s,, ... the permutations of 
a permutation-group g of degree n, and if to each operation S; 
of G there corresponds a single permutation s; of g, so that when 

SiSs= Sz, 
then SiS; = Sz, 
the permutation-group g is said to give a representation of G. 

It foliows from this definition that G may be either simply 
or multiply isomorphic with g. In the latter case there is a 
self-conjugate sub-group of G to each of the operations of which 
there corresponds the identical permutation in g. 

Let g and h be two permutation-groups of degree n which 
represent G, and let 


a) gies BodeSe 5 HS 

OL eS. 
Lis, Lag eter Hips 

el ee Yo. Gisisieiewe . A orcs 
Chis Ubi, sonase > Yn 


be the permutations of g and h which correspond to the opera- 
tion S; of G; then if a permutation of the symbols 


2 Mt 
ane, Darneeced ste x, 
( Le 2a 9) <a ) or t 
Ui, Um Neee Un 
exists, such that, for each 2, 
toit = 8, 


* On the subject of this chapter the reader may consult Dyck, ‘‘ Gruppen- 
theoretische Studien, II,” Math. Ann. Vol. xx1t (1883), pp. 86—95. 
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the representations g and h are said to be equivalent. If no such 
permutation as ¢ exists, or if the degrees of g and fh are not 
equal, then the representations g and h are called distinct. 


175. It has already been seen in § 20 that every group of 
order NV admits a representation as a regular permutation-group 
in NV symbols, and that such a representation can be set up in 
two ways. The permutations that correspond to the operation 
S; in the two forms are 


(ss,) 24 (5-2): 


('s) 


is a permutation of order two of the V symbols; and for each z 


('s)) (ss) (s+) = (35) (sas) = (sms) = (ss) 


Hence, i the sense of the above definition, the two repre- 
sentations of G as a regular permutation-group of V symbols 
that arise by pre- and post-multiplication are equivalent. 


Now the symbol 


176. We shall now consider the various sets of imprimitive 
systems that present themselves in the representation of @ as a 
regular permutation-group. Let 


iS AS ER Game 


be that one of a set of imprimitive systems which contains §,, 
the symbol of the identical operation. By the permutation 


ey, (ie 12a) 


S; is changed into 8; (¢@=1, 2, .....: , n); and these are the only 
permutations of the group which change S, into another of the 
set. Hence this set of permutations combine among them- 
selves by multiplication, and therefore 

SANDS tee On 
constitute a sub-group H of G. In respect of this sub-group, let 
the operations of G fall into the sets 


UT ELT EL TH eeeha Dns 
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where mn=N. On post-multiplication by any operation S;T; 
of the group, the operations of the set HT; are changed into the 
operations of the set AT,8;T;. Now 7;,8;T; must belong to one 
of the m sets into which the operations fall in respect of H. 
If it belongs to the set HT), there is an operation S’ of H 
such that 

PGA) 


and the set H7;,S;T7; is then the same as the set 
HS'T, or ie 


Hence by any permutation 


(ssn) 


the symbols of any one of the sets 
9 Oo AD 5 ES orp lai, 


are either permuted among themselves or are changed into the 
symbols of another one of the sets. The m sets therefore 
constitute a set of imprimitive systems for the regular per- 
mutation-group in the V symbols; and there is such a set of 
imprimitive systems corresponding to each sub-group of G. 
Moreover, no two of these modes of division into imprimitive 
systems can be identical with each other; since of the m sets of 
operations 
H, HT, HT, ...... Pe lane 


the first, and the first only, constitute a sub-group. 


177. If each of the m sets 
CEE Fa i 9 IBS cee Ree EMER 


is regarded as a single symbol, these m symbols are, as seen in 
the preceding paragraph, permuted among themselves on post- 
multiplication by any operation of G. A permutation-group of 
degree m thus arises which, in accordance with the definition, 
is a representation of G. Since the symbol H may thus be 
changed into any one of the other symbols, the permutation- 
group is transitive. This representation will be denoted by Gy. 
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Now if HS = dH, 
S must belong to H; and if 
AT S= His 


T;ST;= must belong to H. Hence the permutation of the m 
symbols that arises on post-multiplication by S will be the 
identical permutation, if, and only if, S and all its conjugates 
belong to H. Conversely, if J is the greatest self-conjugate 
sub-group of G contained in H, and if S is any operation of J, 
post-multiplication of the m symbols by S gives the identical 
permutation. Hence tbe representation of G under considera- 
tion is simply isomorphic with G/I. In this representation the 
permutations which leave the symbol H unchanged are those 
that correspond to the operations of H, and those which leave 
HT; unchanged are the permutations that correspond to the 
operations of 7;71HT;. 


If the permutation-group on the symbols 
? Ty AT ae een 


is imprimitive, there must be (§ 147) a set of m,(m=m,m,) of 
them, 
HERTS eee 


such that every permutation, which changes H into another 
symbol of this set, permutes the m, symbols among themselves. 
But if this is the case, the totality of the operations in the m, 
sets constitute a sub-group of G; for the product of any two of 
them belongs again to one of the m, sets. The converse is ob- 
viously true. Hence the representation of G as a permutation- 
group that arises in respect of H is primitive if, and only if, H 
is a maximum sub-group of G. 


If the conjugate sub-group 7; HT; were used for forming the 
representation, in the place of H, the set of m symbols would be 


digs OLS Saget s BLAS ObAcins . Tad Te Tx, 
and the permutation corresponding to S would be 


oe ° TAAT ST. phetaiesefa ; Leth Ts 
Die TS Tete ee & : Daa aol 
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73 17 edited bad hi WA Shs ge aaa MM #8 PW 
TAHT, T°HT,T,, ...... | TAHT. 1) 
(B HT, TRHTT, wi, cl OAT eT 
THT;S, TOAT,TS, 0... , TAHT, 1:8) 
eae ae hers TORT, T, 
es , AT ) 


(HT ATT ee TT; ) 
"\ET.S ALTS ATS 


Ee et any Tn 
ETS TSA OITA G 


Hence the representation of degree m that arises from the 
sub-group H is equivalent to that which arises from any con- 
jugate sub-group 7;7AT,. 


178. When pre-multiplication is used the operations of 
G fall, in respect of H, into m sets which may be written 


MEAT 07 AT et ‘al lA aD a 


These are transitively permuted among themselves on pre- 
multiplication by the operations of G; and the permutation, 
which in this representation corresponds to the operation S 
of G, is 

tre as a hp ae bad 3 Oren Mc whee ia f ) 
( sar Ried ae bated Meads OBR ts meade a 


It may be formally proved, just as in the preceding para- 
graph, that the representation thus arising is equivalent to the 
representation arising from H by post-multiplication. 


179. Suppose now that g is any representation of @ as a 
transitive permutation-group on m symbols 


Let H be that sub-group of G, whose operations correspond 
to the permutations which leave a, unchanged, and let 


Le) 2.004 , m) 
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be an operation of G that corresponds to a permutation changing 
@, into a; @=2, ...04. ,m). Then HT; is the set of operations 
of G which correspond to the permutations that change a, into 
a;; and therefore the set of symbols 


undergo, on post-multiplication by S, a permutation identical 
with the permutation of 


that corresponds to S. 


Hence the representation g of G, as a transitive permutation- 
group, may be set up by the method of §177. It follows that 
the number of distinct representations of G as a transitive 
permutation-group cannot exceed the number of distinct sets of 
conjugate sub-groups in G. 


180. Definition. Let g be any representation of G as a 
permutation-group (not necessarily transitive) of degree n; and 
in this representation let h be the permutation-group that cor- 
responds to a given sub-group H of G. Denote by m the number 
of the n symbols which are left unchanged by every permutation 
of h. Then m is called the mark of H in the representation g. 


The marks of any two conjugate sub-groups of @ in g are 
clearly the same; for if H leaves a,, a, ..., m only unchanged, 
and if S changes these symbols in 0,, &:,..., b», then the latter 
are the only symbols unchanged by S71HS. Also from the 
definition of equivalent representations the mark of H in g is 
equal to the mark of H in any representation equivalent to g. 
No two representations of @ can therefore be equivalent unless 
the mark of each sub-group in one is the same as its mark in 
the other. 


Denote now by s the number of distinct sets of conjugate 
sub-groups in G, and choose 


as representative sub-groups, one from each set. Let the 
orders of these sub-groups be 
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and suppose them chosen so that 


This involves that G, is Z, the identical operation; G; is G 
itself; while NV, is 1 and N, is N, the order of G. Let 


be the representation of G, as a transitive permutation-group, 
that arises by the method of §177 when G; is taken for H. 


It has been seen that if G,’,a sub-group conjugate to G;, 
is used instead of G; an equivalent representation will arise. 
Hence gr) 'G:, .-1-<+ , 9s include all distinct representations of 
as a transitive permutation-group. Of these g, is the repre- 
sentation as a regular permutation-group in V symbols, and g, 
is the representation in which every operation of G corresponds 
to the identical permutation on a single symbol. 


Denote by m,/ the mark of G;in g;. Each such symbol is 
either zero or a positive integer. Since G; is that sub-group of 
G which corresponds to the sub-group of g; that leaves one 
symbol unchanged, m;* is necessarily equal to or greater than 1, 
and the only sub-groups of G whose marks in g; are different 
from zero are those which are contained in G; and its conjugates. 
Hence 

mj=0, when 1>9, 


and the table of marks is as follows: 


Ce eee ne. Giger eae eee 
Gti Nee0 0 
Jo | Me mM,’ 0 0 
Ji m,* m, esis ster eras m; see Ane 0 
rel AALS Ret Ae ecg) Ms Sees OE 


It is to be noticed that m,/ is not necessarily different from 
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zero if i<j. The symbol m,' is the degree of g;, or with the 
previous notation, V/N;. 

An inspection of this table shews that in no two of the 
representations g;(7=1, 2, ...... , 8) can each sub-group of G@ 
have the same mark, and therefore these s representations are 
all distinct. 


181. If g is a representation of G as an intransitive per- 
mutation-group, the symbols operated on by g will fall into a 
number of transitive sets, and each of these sets must undergo 
a transitive permutation-group equivalent to one of the groups 
G3 (G=1),2, soe , 8) Ifa; transitive permutation-groups equiva- 
lent to g; thus occur, the representation g may be completely 
represented by the symbol 


$s 

LAiJi 

1 
denoting that the representation g is made up of a, representa- 
tions equivalent to gi, 4, equivalent to g., and so on. 


Moreover, if the marks of G,, G,,..., Gs im g are known, 
and if yw; is the mark of G; in g, then for each 7 


s 
j= Zany 


Since the determinant of the marks 
| m;* | 
is necessarily different from zero, these equations determine the 


as uniquely, and so give the complete reduction of g into its 
transitive constituents. 


We may sum up the preceding results in the following 
form : 


THEOREM I. A group of finite order which contains s 
distinct sets of conjugate sub-groups admits s distinct repre- 
sentations as a transitive permutation-group. If these be denoted 
by gi (v= 1, 2; 2.2... , 8), then every representation of the group as 


a permutation-group as given by the symbol a9; in which the 
1 


a’s are zeroes or positive integers, and no two such representations, 
with different a’s, are equivalent. 
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182. It is to be noticed that two distinct representations of a 
group G may, when no attention is paid to the correspondence 
between the operations of G' and the permutations of either per- 
mutation-group, be identical with each other; i.e. they may consist 
of exactly the same sets of permutations. Thus, to take a very 
simple instance, let G be the group of order 9, generated by two 
permutable operations P,, ?, of order 3, The cyclical permutation- 
group generated by (a,a,a;) gives four distinct representations of @G. 
In one of the four the operations of {P,} correspond to the identical 
permutation ; and in the other three the operations of {P,}, {P,P,} 
and {P,P,} correspond to the identical permutation. 


A less obvious case is offered by the representation of the 
symmetric-group of degree 6 as a transitive permutation-group in 
6 symbols. It has been seen that the symmetric-group of 6 symbols, 
order 720, has two distinct conjugate sets of sub-groups of order 120, 
simply isomorphic with the symmetric-group of 5 symbols. It has 
therefore two distinct representations as a permutation-group of 
degree 6: and these regarded merely as permutation-groups are 
necessarily identical with each other, since each consists of all the 
permutations of the 6 symbols. 


183. Let H and H’ be sub-groups of G which are not 
conjugate, and g and g’ the corresponding representations of & 
as a transitive permutation-group. If J and I’ are the greatest 
self-conjugate sub-groups of G contained in H and H’, then 
g, g are simply isomorphic with G/J, G/I’ respectively. 
Suppose now that, considered merely as permutation-groups, g 
and g’ are identical with each other. Then G/J and G/I’ are 
simply isomorphic, and in the isomorphism so established H/T 
and H’/I’ are corresponding sub-groups, since they each correspond 
to the sub-groups of g and g’ which leaves one symbol unchanged. 
If J and I’ are each #, the identical operation, then the 
permutation-group g is simply isomorphic with G, and the 
isomorphism of G, in which H and H’ are corresponding sub- 
groups, is necessarily an outer isomorphism. Hence :— 


THEOREM II. Jf a transitive permutation-group g, sumply 
isomorphic with G, gives two distinct representations of G, then 
G must admit an outer isomorphism which changes the conjugate 
set of sub-groups of @ that correspond to the sub-groups of g 
which leave one symbol unchanged wn the first representation into 
the conjugate set which correspond to the sub-groups of g that 
leave one symbol unchanged in the second representation. 
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184. Let g; and g; be constructed on the sets of symbols 


Oy iligs nae dees » Ln, 
and Mg Yas tire eae > Ym,s 
and let fe) (31, 2885 , ™m,'), 

Xt 


be the permutations which correspond to an operation S of G. 


Then the m,’m, products ay, undergo, corresponding to the 
operations of G, permutations such that 


(ecae) 
Ty Yw 
is the permutation corresponding to S. This permutation- 


group of degree m,'m is necessarily a representation of G; and 
by Theorem I it may be denoted by a symbol 


s 
LVdijk Jk- 
> hs: 


It is spoken of as the result of compounding the repre- 
sentations g; and g;, and from this point of view may be 
represented by the symbol g;g; (or 9j9:). In gig; the mark of G; 
is obviously m;'mJ; and the coefficients aj, are therefore de- 
termined by the system of equations 


s 
mem = Dagm® (t= 1, 2, 6... 3). 
1 


The only operations of G for which one of the 2’s remain 
unchanged are those of a sub-group conjugate to G;. Hence 
the only operations of G for which ay, remains unchanged are 
those of the sub-group common to 7 G,7' and U“G,U, T and 
U being suitably chosen operations of G. The coefficients ayy 
are therefore necessarily zero unless k is not greater than the 
lesser of 2 andy. For the particular cases in which g, or g, is 
compounded with another representation, the result is easily 
seen to be 

NJ=M'r, IeGJi=IJi- 


185. The number of distinct ways in which a given group 
can be represented as a permutation-group of given degree is 
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determined at once by the table of marks. Any such repre- 


. . . J 
sentation is equivalent to Layg;, and the degree of this 
1 


s 
representation is La;m,'. Hence the sole relation between the 
1 


a’s in order that the degree of the group may be n is 
s 
La;m,' =n. 
1 


To each distinct solution of this equation in positive 
integers there corresponds a distinct representation of degree n. 


The alternating group of degree 4, whose order is 12, has five 
different conjugate sets of sub-groups, viz. those of order 1, 2, 3, 4, 12. 
The student will find it a simple exercise to verify in this case the 
following results : 


Ex. Shew that for the alternating group of degree 4 the table 
of marks is 


ry ee dn eer 
Feil? » 0 0 0 ) 
J2 6 2 0 0 0 
9s | 4 0 L 0 0 
94 3 3 0 3 0 
Is 1 1 1 1 1 


Prove that the composition of the representations is given by the 
relations 


9s = 291+ 292, Js =N+I9s, Jr = 394) 
9293= 2915 G294= 392) I9s=Iv 
and that the group admits 6 distinct representations of degree 7. 


186. The permutation-groups we are here discussing are 
quite special cases of the more general groups of linear substitu- 
tions to be considered in the following chapters. When a set 
of permutations are transformed by a linear substitution they 
become, in general, a set of linear substitutions; but it is 
always possible to choose the linear substitution so that the set 
of permutations is transformed into another set of permutations. 
When such more general transformations are admitted, the 
question of equivalence, as between permutation-groups, may 
and does take a new form. In fact two permutation-groups 
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which are distinct in regard to transformation by permutations 
are not necessarily distinct in regard to transformation by linear 
substitutions. Though it is natural in dealing with permuta- 
tion-groups, as such, to use the more narrow definition of equiva- 
lence here given, we shall later on (§ 217) resume the question 
and determine the equivalences that always exist, except in the 
case of a cyclical group, among the s representations of a group 
as a transitive permutation-group, when transformations by 
linear substitutions are admitted. 


187. A second process apparently, but not really, different 
from that made use of in § 177 for presenting a group of finite 
order as a permutation-group, may be shortly referred to here, 
because of its convenience in many particular cases. 

Let J sid ae hae ee 


be a set of conjugate operations or sub-groups of a group G. 
If § is any operation of G, 
Ee eet aL sata es se ek ) 
: (sop,6 S2PsS oe... a 

is a permutation of the m P’s. To each operation of @ will 
correspond a definite permutation of the m symbols, and the set 
of permutations so arising obviously constitute a transitive 
permutation-group with which G@ is isomorphic. In fact a 
representation of G thus arises. The sub-group of this per- 
mutation-group which leaves P, unchanged corresponds to 
those operations of G@ which are permutable with P,. If then 
Gp, is the greatest sub-group of G which contains the operation 
or sub-group P, self-conjugately, the representation thus 
arising is equivalent to that formed by the method of § 177 in 
respect of the sub-group @p,. 


It may be noticed that however the P’s are chosen, the 
permutation in this form that corresponds to any self-conjugate 
operation of @ is the identical permutation, so that if G has 
self-conjugate operations no representation of the form con- 
sidered can be simply isomorphic with @. Moreover the 
regular representation will never occur in this form; and in 
general there are other representations which do not occur. 


The process therefore, though often convenient, is not exhaustive 
as that of § 177 is. 


CHAPTER XIII. 


ON GROUPS OF LINEAR SUBSTITUTIONS ; REDUCIBLE AND 
IRREDUCIBLE GROUPS*. 


188. A SYSTEM of 7 linear equations 


Yy = AyD, + Ay Ly + ++. + Ann, 


eo eo) 


Yn=An®+AngLot ... + Ann®n, 


in which the coefficients aj are regarded as given quantities, 
determine uniquely the n y’s in terms of the » a’s. Such a 
system of equations is called a linear substitution performed on 
the ws. It may be expressed in the abbreviated form 


j=n 


Y= = AijX;, (2 = 1, Zs coerce ; n) cece esecccce (i). 
j=l 
The determinant 
Ay Aye in 
Ay, Ae Aon 


eee eee 


So 


An Ong +++ Ann 


* On the question of the reducibility of groups of linear substitutions the 
reader may consult the following memoirs: H. Maschke, ‘‘ Beweis des Satzes 
dass diejenigen endlichen linearen Substitutionsgruppen, in welchen einige 
durchgehends verschwindende Coefficienten auftreten, intransitiv sind,” Math. 
Ann. Vol. uit (1899), pp. 363—368; A. Loewy, “Zur Theorie der Gruppen 
linearer Substitutionen,” Zbid. Vol. t111. (1900), pp. 225—242; ‘“‘ Ueber die Re- 
ducibilitat der Gruppen linearer homogener Substitutionen,” Trans. Amer. 
Math. Soc. Vol. ut (1902), pp. 44-64; ‘Ueber die Reducibilitét der reellen 
Gruppen linearer homogener Substitutionen,” Ibid. Vol. 1v (1903), pp. 171— 
177; W. Burnside, ‘‘ On the reduction of a group of homogeneous linear sub- 
stitutions of finite order,’’ Acta Mathematica, Vol. xxvu11 (1904), pp. 369—387 ; 
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for which the abbreviation 
| a5 | 

is used, is called the determinant of the substitution. If this 
determinant is different from zero, the linear substitution (1) 
also gives the a’s uniquely in terms of the y’s: but not otherwise. 
We shall be concerned here mainly with linear substitutions 
whose determinants are different from zero, and in what follows 
it is to be understood that this is the case. 


The determinant | a,| being different from zero, the system 
of equations (i) may be solved with respect to the a’s in the 
form 


a; == Aj:¥i; ©) = iL. De ceceee ; n) ec ceceees (aye 
where | A; | . lay|=1. 
Further, if 
k=n 
Sasi bu yx, (J = iL. oe eeeeee - n) ec cccccncece (11) 
=1 


be another linear substitution on n symbols, the y’s may be 
eliminated between (1) and (11), giving the system of equations 
a= 

= 

s 


Cite UG = eet Br SV iecererreed (iii), 
1 


k=n 
where Cig = > On. 
k=1 


Moreover, from the rule for the multiplication of de- 
terminants 
Ces | =| Bee). | Gets |, 
so that the determinant of (iii) is different from zero. 


189. A linear substitution, as defined above, is an operation 
performed on a set of n symbols and leading to a new set of 
n symbols. It is completely specified by its coefficients, what- 
ever letters may be used to represent the old and the new sets 
of n symbols. It is customary to use unaccented and accented 
letters to denote the old and the new sets of symbols. The 
operations A, A’, B and C, given by the systems (i), (i), (ii) 
“On the condition of reducibility of any group of linear substitutions,” Proc. 
L. M. 8S. Series 2, Vol. 111 (1905), pp. 430—434. The question is also dealt 


ae less explicitly, in the memoirs by G. Frobenius referred to in the following 
chapter. 


190] LINEAR SUBSTITUTIONS 245 
and (111), thus expressed are 


, 
“Y= >> AijX5, 
1 


and the relations between them are 
A’A=AA’=EH, AB=C, 
where, as usual, # denotes the identical substitution 
i; = Ge g(t Le ae os » 2). 
Linear substitutions on a given number of symbols are there- 
fore such that any number of them carried out in succession 
lead to another linear substitution on the same symbols, while 


to each substitution A there corresponds a unique inverse A’. 
The existence of groups of linear substitutions follows im- 


mediately from these properties. 


The permutations of symbols that have been already con- 
sidered are a very special case of linear substitutions. The number 
of these however is necessarily finite, so that the permutation-groups 
of n symbols are necessarily groups of finite order. This is obviously 
not in general the case with groups of linear substitutions. 


190. Each of the two linear substitutions 


and Uy. = = Aji Xj 
1 


is spoken of as the transposed of the other. If 
FW AWS B, By; C, C; 
are pairs of transposed substitutions, and if 


AB = C, 


s=n 
then Ci = y bis Qs; 
s=1 


246 CONJUGATE AND TRANSPOSED [190 


But if B, At = Dp; then 


s=n 
dig = % djs dei = Ci, 
s=1 


and therefore D=C,. 
Hence, if AB=C, 
then Ay 1B? =Ce 
It follows that if the linear substitutions 
i, A, By Cee 
form a group G, then 
ash s st bigy sO srircced 
form a simply isomorphic group G;, the substitutions A,™, 
Dee aCe wena of G; corresponding to the substitutions A, B, 
Clee. of G 


Each of the groups G and G; is called the transposed of 
the other. 


Denoting by @j the conjugate imaginary of a,j, and by A the 
linear substitution 
n 
Li = Ly Aya; @=1, 25 veces ,n), 
1 
the relation 


n 
Cy = > Dis Qe 
1 
: = ah ee 
involves Cy =D disdyy, 
1 


and therefore if the linear substitutions 


form a group G, then 

i ALB Oe 
form a simply isomorphic group Gin which A, B,... correspond 
tO, By ees 


Each of the groups G and @ is called the conjugate of 
the other. 


If G and G’ are two simply isomorphic groups of linear 
substitutions, there are always a variety of one-to-one corre- 
spondences that can be established between the individual 
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substitutions of the two groups. Thus, 8 and S,7 being cor- 
responding substitutions of a group and its transposed group, so 
also, for another isomorpbism, are SS and S,;, & being any 
substitution of the original group. In regard to this latter 
isomorphism the groups are not to be regarded as transposed 
groups, though the totality of the substitutions of the second 
is constituted by the totality of the transposed substitutions of 
the first. The phrases “transposed groups” and “conjugate 
groups” imply the isomorphisms in which S, S;7 and S, S are 
respectively pairs of corresponding substitutions, 

Rather more generally if the coefficients a; are rational numbers 
in an algebraic field determined by an algebraic number &, and 


if when ¢ is replaced by one of its conjugate values &, ay becomes 
a’, and A becomes 4’, then 


eA? Be Cee ee 
and Vp ee A Mk, | Cees 


are simply isomorphic groups of linear substitutions, in which A 
and A’ are corresponding substitutions. In fact the relation 


n 
Ci = > b;5 Ay 
1 
involves necessarily 
n 
ey = > D'ig@' gj 
1 
191. Let G be a group of linear substitutions on n symbols, 
of which A, or 
n . 
x, —— Ajj Xj, (a = it vi seeeee ; n), 
1 


is any one; and G’ a simply isomorphic group on m symbols, 
in which A’, or 


i= ad ue Von be) wore , m), 
1 


is the substitution corresponding to A. By multiplying together 
these systems of equations we have 


J=n v=m ia apne techs n 
Ve , / d y ‘ 
LLY =D DY aya’ ypLjYy ( : : 
y j=l v=1 | iY NGS al 2s t vlesiee > m 


a linear substitution on the mn products of the a’s and y’s. 
Denote this linear substitution by a: and the similar ones that 
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arise from B and B’ and from C and C’ by 8 and y. Then 
aB is 
s=n t=m j=n v=m , 
Le Yu = eee, Dis but phe ga Ag A tyXjYv- 
s=1 t=1 g=1 v=1 
Now if AB=C, then 
os Dis es = Cry 5 
s=1 


while in consequence of the isomorphism of G and G’, 


Ve / iF 
A’B’=C’, 
t=m F P . 
and >a Ot = Cun: 
t=1 
Hence af is 
poe j=n v=m y 
Bee = Dy Out as Ve, 
j=1 v=1 
Le. aB=y. 


The set of linear substitutions on the mn products of the 
a's and y’s thys formed, by multiplying together the equations 
defining corresponding substitutions of G and G@’, therefore 
constitute a group I’ simply isomorphic with @ or G’. 


If between G and @’ there exists an isomorphism of the 
most general kind (§ 32), such that to every substitution of G@ 
there correspond p substitutions of G’ and to every substitution 
of G’ there correspond q substitutions of G, a similar con- 
struction may be effected. Let 2 (@@=1, 2, ...... ) be the 
operations of an abstract group simply isomorphic with G', and 
Dhd Cyr aal epee ) those of an abstract group simply isomorphic 
with G’; and suppose that every operation of one of these 
groups is permutable with every operation of the other. 
Further, let 


be the p operations of the second group which, in respect 
of the isomorphism between G and G’, correspond to the 
operation =; of the first. Then the set of operations 


Di ty Did a, stereos 5) 2i>ip, (= i 2, seeeee ), 


constitute an abstract group g of order N which is multiply 
isomorphic with both Gand G’. To every operation of g there 
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corresponds a single substitution of @ (or G’), and to every 
substitution of G (or G’) there correspond p (or q) operations 
of g. 


Gets; (e= fe, tet , VV) be the operations of g; and let 
a; = DX izjEX;, (a = al re, ccenee ) n), 
1 
and Wy Se Veuetes (l =atler a aetans ,m), 
d: 


be the substitutions of G and G’ which correspond to S;. With 
this notation, of the NV substitutions whose coefficients are ay, 
osalba2 vy Sat , V) only N/p are distinct, each one occurring 
p times; and a similar statement may be made with respect to 
the substitutions whose coefficients are a’;,. It may however 
be verified, exactly as above, that the set of NV substitutions on 
the mn products of the a’s and y’s, 


gaia TS yd n 

te, ; NPR: 6BB8 G0 ; 

Yu = > {Wipe wk Xj Yo a 12 ), 
j=l v=1 Sot ay 


constitute a group simply isomorphic with g, the substitution 
written being that which corresponds to the operation S,. 


This process of forming from two isomorphic groups of 
linear substitutions a third group which is simply or multiply 
isomorphic with each of them, on a number of symbols equal to 
the product of the numbers affected by the two given groups, is 
spoken of as a composition of the two groups. It should be 
noticed that, although for brevity we speak of compounding 
two groups, the process involves not only a given pair of groups 
of linear substitutions but also a given isomorphism between 
them. 


192. Suppose that =k,«; is a linear function of the a’s 
which is changed into a multiple of itself by A, so that 
py kaya; = rA> hya;. 
oH) a 


Then Lhiay = rk;, j= Ib 2 sloletaicie 5 n), 
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and Qy—A, Gig Mie ee in = 0. 
dn , An—r, aon 
Gn » Ane 5) eee Ann — Xr 


This equation is called the characteristic equation of A. 
Corresponding to any root A of this equation there is clearly at 
least one linear function of the 2's which is changed into » times 
itself by A. 


If S?AS=B, and the notation of § 189 is used for the 
substitutions A, B, S and S~ (or S’), then 


bi; => Siu Guy Sy: 


u,v 


Now > sKzSxyj = 0, ty, 
: =i, Cas 
Therefore if ry = 0, Cay 
=), 1=%, 
then bi = ry — > Siu (Gasp ry dun) Sy. 
? Uv 


Hence the determinants of the substitutions, whose coefficients 
are ay— rz and by —Ay, are equal; in other words the substitu- 
tions A and B have the same characteristic equation. The 
characteristic equation of a linear substitution is therefore the 
same as that of any one of the substitutions into which it may 
be transformed. In particular, in a group of linear substitutions 
the characteristic equations of any two conjugate substitutions 
are the same. 


The sum of the roots of the characteristic equation of a 
substitution, in other words the sum of the coefficients in the 
leading diagonal of the substitution, i.e. 

Ay + Ao. +... + Ann, 


is called the characteristic of the substitution. In a group of 


linear substitutions each one of a set of conjugate substitutions 
has the same characteristic. 


193. The foregoing results in regard to linear substitutions 
and groups of linear substitutions involve no limitations with 
respect to the order either of the substitutions or of the groups. 
The general theory of groups of linear substitutions whose order 
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is not finite lies, however, outside the range of this treatise, and 
in what follows we shall consider almost exclusively groups of 
linear substitutions of finite order. In such groups each sub- 
stitution is also necessarily of finite order. For such a substitu- 
tion the roots of the characteristic equation must obviously be 
roots of unity, for a substitution which replaces a linear function 
of the variables by 2 times itself is clearly not of finite order 
unless some power of X is unity. The condition that the roots 
of the characteristic equation should be roots of unity is how- 
ever clearly not sufficient to ensure that the substitution 
should be of finite order. Thus this condition is satisfied for 
the substitution 
=a, yY=eunty, 

which is not of finite order, since its nth power is 

e=n, y=net+y. 


It is essential then to determine the general form of a linear 
substitution of finite order. To this we now proceed. 


Suppose that A is a linear substitution of order NV per- 
formed On &, 2%, ....+> , @p. Let y, be any linear function of the 
z's, and suppose that A changes y, into ¥,, y, into y;, and so on. 
Since A is of order NV, yy4; is the same as y,; and if y,,,, is the 
first y which is the same as y;, then n, must be a factor of WN. 
Let be a primitive n,th root of unity, and put 


Yi+ Yo + Y3 Pana a Obey, 19) oils 
y+ OY. + OY + ee Ot iy,) =i 
Yt wy, + 4 Ys + see +O MHY, = No ’ 


Yt oy, +074, +...+FO"71Yn, =I 
If all the 7’s were zero, y, would be zero contrary to suppo- 
sition. Hence a certain number, say m, of the 7’s are different 
from zero; and A replaces each one of them by a distinct 
multiple of itself. In fact, if , is not zero, it is the only one 
of the 7’s which A replaces by o* times itself. The m, non- 
vanishing 7’s are therefore linearly independent. 


If m, is less than n, there must be a linear function z, of the 
z's, which is not a linear function of the 7’s. Treat this in the 
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same way as y,._ If 2n,4: is the first of the series of z’s which is 
identical with z,,. is a factor of N. Let o’ be a primitive n,th 
root of unity and form as before the n, functions 


(ey a, CENA Ae! ? Cn 1 


These cannot be all identically zero, or z, would be zero, They 
also cannot all be either zero or linear functions of the 7’s or Z 
would be such, contrary to supposition. Hence if m, is less 
than n, at least one more linear function of the 2’s can be 
formed which A replaces by a multiple of itself. This process 
can therefore be continued until m independent linear functions of 
the a's have been formed, each of which is replaced by a 
multiple of itself under the operation of A. Moreover each of 
the multipliers is necessarily an Nth root of unity. Hence: 


THEOREM I. If 
a, =Layx;, (t=1, 2,...... » n) 
1 


is a linear substitution A of finite order N, it is always possible 
to find a substitution S, such that SAS ts of the form 


/ , / 
Uy => @X, Xo = @2%>, eocees ) Ln => On Xn, 
Where Wy, Wo, 0.6.0. , @, are Nth roots of unity. 
The g2_ roots... of guniby.s ty, 5 ws suoees , @, are called the 


multipliers of A. Their sum is the characteristic (§ 192) of A; 
and their product is the determinant of A. 


Ex. Prove that every linear substitution of order two on three 
symbols is of one of the forms 


, 


(i) a’ = — x, y=—-Yy, ey 
(ii) aw =a+a (ax + by + cz), 
y' =Yy +t B (aw+ by + cz), 
av =2+y(axt+by+cz), 
(iii) wv =—a—a (axt by + cz), 
y =—y—B (awt by + cz), 
a =—z—y (aat+ by +cz), 


where aa + bB+cy=—2. 
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194. In the preceding paragraph we have determined a 
canonical form to which any linear substitution of finite order 
may be brought. It is obviously not unique unless the 
multipliers of the substitution are all distinct. It is not 
therefore to be expected that a unique canonical form should 
exist for a group of linear substitutions of finite order. There 
is, however, a certain standard form to which any group of 
linear substitutions of finite order may be brought, the 
coefficients of each substitution of the group satisfying certain 
relations, the same for all. This form is directly connected 
with the existence of a bilinear invariant for any group and 
its conjugate, which we proceed to consider. 


A bilinear form in n variables and their conjugates 
By 5, 05 nie MODE, i Ua ee alee 5 Lon ewLZs 


2 Cy X52;, 
a9 


the coefficients of which satisfy the relations 
cy=e, (t,j=1, 2,...... , 2), 


is called an Hermitian form. 


The coefficients being regarded as given numerical (complex) 
quantities, such a form takes a real numerical value whatever 
(complex) numerical values be assigned to the variables. If 
the form is such that it cannot take a negative value, whatever 
values are assigned to the variables, it is said to be definite. 
For instance 

B,D, + WgWy + o0-0. + Lp Fn 


is a definite form. 


If, in a definite form, ¢, is not zero, it must obviously be 
positive, for otherwise the values #,= a=... =%,=0 would 
make the form negative. 


If, in a definite form, cy is zero, then ¢; (1=2, 3,....-. ,n) 
must also be zero. In fact for the values 4,=#%,=...=%=0 
the form becomes 


Cogley + Cy_¥ Hy + CoH, Xo. 
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If ¢. is not zero, this may be written 
[ (Coa + Croiy) (Coby + Coy) — CroCr FX ]/Coo, 
and is negative, when Cy%, + C2.%,=0, unless C= 0. 
If c,, is zero, the form may be written 
(a + C120) (By + Cn®,) — Lhly — Cy2lnXsX,, 
and again is negative, when #, + ¢.%, = 0, unless ¢, = 0. 
A definite Hermitian form may be brought in an infinite 
number of ways to a standard expression. Put 
Ven Ey = C2 + Cy + ++ + Om En; 
Ven Ey = Cn + Ce%y +... + CinZn- 
The form then becomes 


&E+ 2 dissect 


Ci Cy ij 


where di; — Pot. so that di = dji. 
11 


If d= 0, thet dy = 0 (2 = 3, 4, ...... ,n). If d.. is not zero, it 
is positive and we may take 

V doe —&= yg Ly + Aggy +... + AneXn; 

V Chop ES Fr? Ay, at dy; rye Ee 
For a definite form this process may be continued, and it leads 
to the expression 

EE, + GE +... + EE, 

for the form, where the number of terms, s, is equal to or less 
than n, while &, &,..., & are independent linear functions of 
the original variables. 


The form will take the value zero if, and only if, 
Gy = Ft Sb, = 0; 
When s=n, this involves 
L = Xo=...=L,=0, 


so that the form is zero only for simultaneous zero values of the 
variables. In this case we shall call the form a non-zero definite 
form*, 


* This is not a recognised phraseology. 
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When s<n, the form will vanish for other values of the 
original variables besides simultaneous zero values, and when it 
is necessary to emphasize this point the form may be called a 
zero definite form. It may be shewn that the determinant 
|cy| of the form is zero in the second case and not zero in 
the first. 


195. Let Gand @ be two conjugate groups of linear sub- 
stitutions (§ 190), for which corresponding pairs of substitutions 
are 


If the y’s are the conjugate imaginaries of the a’s, then 
for each corresponding pair of substitutions the y’s are the 
conjugate imaginaries of the #’s: and the equations defining 
corresponding pairs of operations may be written 


n 
/ 
xi =X My}, 
1 


When the «’s and #’s undergo any pair of corresponding 


substitutions of G and G, 
> 2; X; 
é 


becomes Gh agar 
Dd Ugg Hip Let. 
t..8,6 


Hence, if G@ is of finite order and if > denotes a summation 
a 
with respect to corresponding pairs of substitutions of G and G, 
dz > Hig hit let 
a, 2, 8,t 
is a bilinear invariant for G and G. 


Now the coefficient of 2,%,in J is = a,;,@;,, which is a real 
aot 


positive non-zero quantity. Also the coefficients of #,%, and %,a, 


are > digGiz and & aiG;,, and these are conjugate imaginaries. 
a,4 a,% 
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nm 
If the abbreviation 2; be used for = aya;, 
1 
T => (a,%%,© + 0,9, +... + 0% F_). 
a 


Each term in this sum is a real positive quantity unless 
te y= Eo, = 9: 
It follows that I is a non-zero definite Hermitian form. 
Hence* :— 


THEOREM II. For any two conjugate groups of linear sub- 
stitutions of finite order G and G there exists a non-zero definite 
Hermitian form which is invariant when the two sets of variables 
in the form undergo corresponding substitutions of G and G. 


It should be noticed that the form = ;x; on which the 


substitutions have been effected may be replaced by any non- 
zero definite Hermitian form in the a’s and their conjugates. 
There may therefore very well be more than one such invariant 
form. The essence of the theorem is that when @ is of finite 
order there is always at least one such invariant form. If @ is 
not of finite order this is not, in general, the case. 


196. Suppose now that J is an invariant non-zero definite 
Hermitian form for G and G, and that by the process of § 194 
or otherwise it has been brought to the expression 


[= £6, + &E,t...4 Enea: 


n 
where E; = = tym, 


Denoting these two substitutions by 7 and 7, the groups G 
and G nme when the &s and és are used as variables 
T“GT and T~GT. These are clearly still conjugate groups 
and for them 

© EE 


is invariant. 


* A. Loewy, Comptes Rendus, Vol. oxxut (1896 .168—171; E. 
Math. Ann. Vol. u (1898), pp. 213—219. Pe a aeeanae 
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If ; 
Ei = 


E/- 


be typical corresponding substitutions of 77“G7 and T—>GT, 
then 


ai E;, 


e+ Ms ew Ms 
> 
Il 
dee! 
bo 
= 
NS 


GE, 


LEE = = ayn E Es. 
v 4,8, ¢ 
Hence Saz%;, = 1, 
i 
2 Ais Ait => 0, (t + se): 


If Aj; is the minor of a, in the determinant |a,|, and if D is 
the value of the determinant, these relations are equivalent to 


x = Ais 
us D e 
The substitution A therefore is 
n pAb 
Gas ao, (t=1, 2 oes. , n). 
v : D 8 ( ) 


Now the inverse of this is 
0; = 2 Cia (0 = Dw ooo , 2) 
which is the transposed substitution of A, so that 
A=A,". 
These results may be summed up as follows: 


THeorEM III. Any group of linear substitutions of finite 
order may be transformed so that the coefficients of its substitu- 
tions satisfy the relations 

2 dis Gis =1, ps3 Ais it = 0, (t + 8). 
a @ 
In this form the bilinear eapression X£,E; is invariant for the 
i 


group and its conjugate, while the conjugate group and the 
transposed group are identical with each other ; ie. A= A,", if 
A is any substitution of the group. 
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197. Definition. A group of linear substitutions in 


symbols 

Hy, Lay weeeee > Ln; 
is called reducible, when it is possible to find s(<n) linear 
functions 

Bi ciikey encode nee 


of the n symbols which are transformed among themselves by 
every substitution of the group. When this is not possible the 
group is called crreducible. 


A permutation-group is always reducible. In fact the sum 
of the symbols operated on by the greup is unchanged by every 
permutation. Again the group that results from the composition 
of any group of linear substitutions of finite order with its conjugate 
is always reducible; for the Hermitian bilinear form which is 
invariant for the group and its conjugate is a linear function of the 
symbols «;%; operated on by the compounded group. 


Definition. When it is possible to form ¢(>1) sets of 
independent linear functions of the 2’s, 


. : En, Es, aceieksiaie d ‘She 
ean Cu OP SOON) ’ fon, 


En, eS see. oy ae 


where S++... +5 =n, 


such that the functions of each set are transformed among 
themselves by every substitution of the group, while the group 
of linear substitutions in each set is by itself irreducible, the 
group is called completely reducible. 


A group of linear substitutions of finite order is either 
irreducible or completely reducible. This theorem which is 
fundamental in connection with groups of finite order we now 
go on to prove. 


198. The step-by-step process by which any non-zero 
definite Hermitian form, in n variables and their conjugates, 
is brought to the form 


FE + Gb +... + EnEn, 
must break off at some step before the last, when applied to a 
zero form. 
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Suppose that for a group G@ and its conjugate G, the 
zero definite Hermitian form 
D Oy 050; 
is invariant. By the above process this form may be expressed 
as 


£8, * £,E,+ ves + &,E,, 


where s is less than n. 


Take Eur Eps KEatc att Ee 


a set of n linearly independent functions of the a’s, and their 
conjugates, as the new variables for G and G. The transformed 
groups will still be conjugate, and for them 


8 = 
= SIE; 
is invariant. 
If Ei = > ay&j, 
ag oe 
E; = > Giz E;, 


are typical corresponding substitutions for the transformed 
groups, 


wits > > aren TA 
1 t=1 u=1 v=1 
Hence if uU>s, 
i=s = 
0= Aju Win 
o=1 
or iy = 0. 
The s variables &, &, ...... , &, are therefore transformed 


among themselves by G. Hence: 


TrrorEeMIV. Jf a zero definite Hermitian form is invariant 
for a group of linear substitutions G and its conj jugate G, then G 
as reducible. 


199. Suppose now that the bilinear form 
DX Wij @iYj 
:s invariant when the m a’s and the n y's undergo corresponding 
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substitutions of two isomorphic groups. By a suitable choice 
of new variables, the bilinear form can be written 


s 
2 En, 
1 
where &,, &, ...... yep RNG By, a)gs nea , n, are linearly independent 
functions of the a's and y’s respectively. Replace the z’s by 
&,, &, whe\eecae ? E,, Es, CO eS 5) Em; 


m linearly independent functions of themselves, and the y’s by 


UIE PG » sy Nst+1> sseees a 
With these as variables let 


oy = - ay E; C= ob Day cele ,m) 


n 
and ni => 2 Bynj GQ= ik, ae eoeves ) n) 
1 


be corresponding substitutions of the two groups. Then 


- 
Skim= = > = Qin BiokuNe 


4=1 w=1 v= 


Hence 
Cin Bin = 0, vt U, 


Ain Bin = 1s USS, 


On Bin = 0, U>S. 


- Mo ep Me »wMe 


Every determinant of s rows and columns formed from the 
scheme 


Bi, Ayo, Aig, seeeee » Aig) seveee » Gm, 
Qo) > Ao» > Ao PY SORE iC y Qos Tei IAD TC y Aom, 
Os, Aso, Aggy severe » Ags, veeeee » Asm, 


cannot be zero, for then the determinant of the linear sub- 


stitution 
me 


Gi = & anj8 (ose Let keen ,m) 
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would be zero. Suppose 


Ga, Na, a, 
Asa, Ara, oa, 
Asa, Asa, 3.1 Asay 


is different from zero. Then from the relations 


5 
> Ain Bin =0, v+ U 
1 


CRS A ics ey) 
1 follows that §,,(¢=1, 2, ...... , 8) 18 zero, except when v 
has one of the values aj, dy, ...... Ole: 


Now the relations 
s 
YAuBn =1, us 
1 
shew that if uw is not greater than s, each one of 
Bu (a = i . aiacaversts 5 s) 


cannot be zero. Hence ay, dp, ...... , aerntistabe ef 12, ee. ck eo 
and Bi, is zero if u is greater than s. Similarly a; is zero if 
u>s. Hence if 


S Ein 
1 


is an invariant bilinear form, both the first s &’s and the first s 7’s 
must be transformed among themselves by every substitution 
of their respective groups. 


Moreover, when corresponding substitutions on the first s 
&’s and the first s ’s are taken to be 


s 
Gi = Lays, 


Ss 
ni = = Bis, 
the coefficients must satisfy the relations 


: ay Bix = 0, a+ k, 


aj Bi = 1. 
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If A, is the minor of ay in the determinant D of the substitution 
on the s &’s, then 
DB y= Ay. 


Hence the corresponding substitution on the s 7s is 
s 
Dy = = Ayn, 
and its inverse is 


s 
n= % aj}. 


s 
When > &;,n; is invariant, it therefore follows that the s &s 
1 


and the s 7’s must undergo corresponding substitutions of a 
group and its transposed group. 


The most important application of this result is to the case 
in which the group G of linear substitutions on the m a’s is 
irreducible. When this is the case, s is necessarily equal to m, 
and the &’s may be taken to be any m linearly independent 
linear functions of the «’s. Suppose them so chosen that, when 
taken as variables, G has the standard form of Theorem III. 
The 7’s are then m linearly independent functions of the y’s; 
and when the &’s undergo any substitution of G@, the 7s 
undergo the corresponding substitution of the transposed group, 
or what is the same thing (since G is in standard form) of the 
conjugate group. Hence :— 


THEOREM V. If G@ is an irreducible group of linear sub- 
stitutions on the variables x, @, ...... , &p in the standard form 
of Theorem III, then the only bilinear form in the «’s and 
another set of variables which is invariant when the a’s and the 
other set of variables undergo corresponding substitutions of G 


and of an isomorphic group H is > ay; where the y’s undergo 
the substitutions of G. 
200. Let G be a reducible group of linear substitutions of 


finite order in the s + t symbols 


XY, Xo, eeecee > Xs, @eiry eeetee ) Usrt, 
which transforms the symbols 
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among themselves. Suppose that 
l= > Aj Xy x; 
1s a non-zero definite Hermitian form, invariant for G and G@. 
Use the step-by-step process of § 194 to bring I to standard 
form, taking the symbols in the order 
Wet1, Lgioy evevee  UBtts Wy Vay seco » Us, 
so that J becomes 


Esa Eotit ferabeta ts. + EneFose +88 +.0+ E,E,, 
where ee Ee theese 5) &, 


are functions of 
as Ge ne sas ls 


only. When the &’s and their conjugates are taken as variables, 


G and G are reducible conjugate groups for which 
stt 


> EE; 
is invariant, while the first s é’s and the first s £’s are trans- 
formed among themselves by G and G respectively. 


ettig poe 
Since & ££; is invariant for G and G, it follows that @ is 
1 


identical with G,. Now if G does not transform the symbols 


Laie Vater es , €s44 among themselves, G, (or @) would not 
transform the symbols &,, &, ...... , &; among themselves as it 
actually does. Hence G must transform each of the sets 

Ait Py ect te aes 
and E41) Laney eeeeee ) Esse 


among themselves. If the group in either of these sets is 
reducible, the same reasoning may be applied again. Hence:— 


TueoremM VI. A group of linear substitutions of finite 
order is either irreducible or ts completely reducible. 


The condition that the group should be of finite order has 
only been used in establishing the existence of an invariant 
non-zero definite Hermitian form for the group and its con- 
jugate. It follows that any group of linear substitutions which, 
with its conjugate possesses such an invariant form, is either 
irreducible or is completely reducible. 
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Ex. 1. Prove that the group of order 16 in four variables, 
generated by 


g=iz, y=, wW=-W, v=W; 
gay, Yat UH Va—h; 
U U , , ey 
ail =i Y =, U=-, v=-Y; 
+ 
where v=—l, 


is reducible, transforming the variables in two sets of two each, 


Ex. 2. Prove that the group of order 32 in four variables, 
generated by 


we=ax, y=aly, w=au, v=a *v 


xe =, y' =—%, u' =, v=—U; 

i , , / 

v=u, y=, wa=-a, V=-y; 
where af=—l1, 


is irreducible. 


201. The coefficients in a non-zero definite Hermitian form, 
formed as in § 195, 
L=3 ay%;%;, 
which is invariant for a group of linear substitutions and its 
conjugate, are rational functions of the coefficients in the two 
groups. The reduction of the form to the expression 


hG+&h+..+ErErs 


as explained in § 194, involves the introduction of the quantities 
a, etc.; and the coefficients in the transformed groups are not 
therefore, in general, rational functions of the coefficients in the 
original groups. The process may, however, be modified so that 
no new irrational quantities are introduced. To effect this, put 


_ Oo) Ont 
=, + — Mot... +=— X,, 
On) Oy) 


ef. i cee» J a 
hy = Oy yt SE, 
O41 opt 
Then L=oy min + % By %, (4, 7 = 2, 3, ...... 5. 7) 


Hence J can be expressed in the form 


AMM + AMM + 0. + Aan Mrs 


where the 7’s are linear functions of the ’s with coefficients which 
are rational in the coefficients of the substitutions of the groups, as 
also are the a’s. When the »’s and 7’s are taken as new variables, 
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the transformed groups are still conjugate, and the coefficients in 
their substitutions are rational functions of the original coefficients. 
With this modification the coefficients of the transformed groups are 
subject to the relations 


> AjAjshy=0, t+, 
v 
> a; zg Az, = d,. 
7 
lf the first m of the ’s are transformed among themselves, then 
a;,=0, when 7<m, s>m. 
Hence, if ¢>m, the equation 


> 4;0;,0;,= 0, S=55 
a 


becomes 
O= Am+1%m+1, 8 %m41, t+ +++ + An On, 3%, t- 
If s <m, this equation holds for ¢=m+1, m+Q, ...... ,n. Now 
the determinant 
Om+i, m4+1 Om4+i, m+2 +8 Om +1, n 
am +2, m+1 Am+o, m+2 20.0 Onna, n 
Qn, m+1 An, m+2 tee Qn, n 


cannot be zero, since it is a factor of the determinant of one of the 
substitutions of the group. Hence 


Gon +1, 6 — %m-+2, 8 — += = On, 5 = 0, 
for all values of s from 1 to m. The variables Nnt1> Nmtay o-2++ “9M 
are therefore transformed among themselves ; while the coefficients 


in the groups of substitutions on the two sets of 7’s are rational 
functions of the coefficients in the original form of the groups. 


This is equivalent to the statement that, even when the coefficients 
in the groups dealt with are limited to a given field of rationality, 
a group of linear substitutions is either irreducible or completely 
reducible, relatively to the field*. This generalized idea of re- 
ducibility relatively to a given field may be defined as follows. A 
group of linear substitutions on m symbols is irreducible, relatively 
to a given field (which necessarily contains the coefficients of its 
substitutions), when it is impossible to choose m (<7) linear func- 
tions of the variables with coetticients in the given field which are 
transformed among themselves by every substitution of the group. 


202. Let 7 be a linear substitution on n symbols which is 
permutable with every substitution of a group G@ of linear 


* Loewy, Trans. Amer. Math. Soc. Vol. ut (1902), pp. 62—64. 


266 SUBSTITUTIONS PERMUTABLE [202 


substitutions on the same variables. Then S—Z'S is permutable 
with every substitution of S7GS. If A, is a root of the 
characteristic equation of 7, S may be chosen so that S“Z'S 
replaces a certain number of the variables by A, times them- 
selves. Every substitution which is permutable with S~7S 
must obviously transform these variables among themselves ; 
and therefore this must. be true of every substitution of S7GS. 
Hence, unless S77'S, and therefore also 7, replaces each 
variable by 2, times itself, S7GS, and therefore also G, must be 
reducible. 


THEOREM VII. The only substitutions which are permutable 
with every substitution of an irreducible group of linear sub- 
stitutions are those which replace each variable by the same 
multiple of atself. 


It may be pointed out that the above reasoning holds even 
when the determinant of 7’ is zero. In this case, S77'S re- 
places a certgin number of the variables by zero, when S is 
suitably chosen, and these must be transformed among them- 
selves by every substitution of S7GS. Hence :— 


Corollary. The only substitution of zero determinant, 
which is permutable with every substitution of an irreducible 
group of linear substitutions, is the substitution which replaces 
each variable by zero. 


203. The result of the last article may also be expressed as 
follows! Tf a7, we, He , &, are the variables operated on by an 
irreducible group of linear substitutions, then the only linear 
functions of the a's which undergo for every operation of the 
group the same linear substitution as the a’s are 

[ele las metres pins 


where & is any constant. 


Suppose now that the mn variables 
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are transformed among themselves by a reducible group of 
linear substitutions G, such that each set of variables with 
the same first suffix undergo among themselves the substitutions 
of an irreducible group, while the substitution that any set 
undergo corresponding to a given operation of G@ is inde- 
pendent of the first suffix, or in other words is the same for 
each of the m sets. Then it follows at once from the previous 
statement that the most general set of n linear functions of the 
mn variables, which undergo for every operation of G the same 
linear substitution as 


=m 
is Dohler oA ds (al esr a A ,n), 
t=1 


where the a’s are arbitrary constants. 
Suppose now that the linear substitution 7, or 
Beas PL, Zee tneas ea an We Ree , 2), 


where for each double suffix y, is a linear function of the a’s, 
is permutable with every operation of G. The necessary and 
sufficient condition for this is that for each 2, 


Yars Yiay serves ) Yin» 
and FL ly laren ese a be 


shall undergo, corresponding to each operation of G, the same 
linear substitution. The most general form of 7’ is therefore 


t=m 
Li= ba Ait tj, OF i, Ds teeeee TT OG in ws seeees > n), 
t=1 


where the m? symbols a denote arbitrary constants. The totality 
of linear substitutions of this form, subject to the condition that 
the determinant |a,| is different from zero, constitutes the 
most general group of linear substitutions on the mn variables, 
each of whose operations is permutable with every operation 


of G. 


With this result the reader will be able to form the most 
general group of linear substitutions each of whose operations is 
permutable with every operation of any group G of linear sub- 
stitutions of finite order on a given set of variables. 
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Ex. 1. The sub-group of a transitive permutation-group of degree 
n, which leaves 2, unchanged, permutes the remaining n — 1 symbols 
in m—1 transitive sets; and é, represents the sum of the symbols in 
the sth set. A permutation of the group which changes , into 2; 
changes the set of symbols whose sum is €, into a set whose sum 
is £0. Prove that every permutation of the group which changes 
az, into 2; also changes &, into é,9; and that the most general linear 
substitution which is permutable with every permutation of G is 


m 
Hj = 04%; + Ba, ), 
2 


(= aoe , 1), 
where the a’s are arbitrary constants. 


Ex. 2. If the coefficients of all the substitutions of a group of 
linear substitutions of finite order are real, prove that there is a 
quadratic function of the variables which (i) is invariant for all the 
substitutions of the group, and (ii) vanishes only, when the 
variables are real, for simultaneous zero values of the variables. 


Shew also that when new variables are chosen such that the 
invariant quadratic function is the sum of their squares, the co- 
efficients of every substitution of the transformed group satisfy the 
relations 

2 Ais ig = 0, (s+¢), 2a; =1. 
au v 


Note ro §§ 188, 189. 


If D4, Dg, Do are the determinants of three linear substitutions A, B, 
C, and if AB=C, we have seen that D4Dp=Dg; while also 


Dz-14p=Dp-1D4Dp=D 4. 


Hence if the determinants of some of the substitutions of a group differ 
from unity, those substitutions whose determinants are unity constitute a 
self-conjugate sub-group. Moreover the corresponding factor-group is 
cyclical, if the group is one of finite order. 


CHAPTER XIV. 


ON THE REPRESENTATION OF A GROUP OF FINITE ORDER 
AS A GROUP OF LINEAR SUBSTITUTIONS*. 


204. Definitions. Let S; (¢=1, 2, ...... , V) be the opera- 
tions of an abstract group G of finite order NV ; and let 


or 2 = > Dip Lj (i i 7, ss ecne 5 n) 


be the substitutions of a group of linear substitutions I’. 


If to each operation S; of G there corresponds a single 
operation s; of I’, such that when 


SS; = Sk, 


then 8:8; = Sp, 
T is said to give a representation of G as a group of linear 
substitutions. 


* The theory of the representation of a group of finite order as a group of 
linear substitutions was largely, and the allied theory of group-characteristics was 
entirely, originated by Prof. Frobenius. His original memoirs on the subject all 
appeared in the Berliner Sitzungsberichte, and the most important of them are : 
‘‘Ueber Gruppencharaktere” (1896), pp. 985—1021; ‘‘ Ueber die Primfactoren 
der Gruppendeterminante” (1896), pp. 1343—1382 ; ‘‘ Ueber Relationen zwischen 
den Charakteren einer Gruppe und denen ihrer Untergruppen”’ (1898), pp. 501— 
515, “ Ueber die Darstellung der endlichen Gruppen durch linearer Substitu- 
tionen ” (1897), pp. 9941015; ‘‘ Do. do. 11” (1899), pp. 482—500; “ Ueber die 
Composition der Charaktere einer Gruppe ” (1899), pp. 330 —339. In this series 
of memoirs Prof. Frobenius’s methods are, to a considerable extent, indirect ; 
and the same is true of two memoirs ‘‘ On the continuous group that is defined 
by any given group of finite order,” I and Il, Proc. L. M. S. Vol. xxrx (1898) in 
which the author obtained independently the chief results of Prof. Frobenius’s 
earlier memoirs. More recently in the memoir ‘‘ On the reduction of a group of 
homogeneous linear substitutions of finite order,” Acta Mathematica, Vol. xxvu1 
(1904), pp. 369—387, and ‘‘ On the representation of a group of finite order as 
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It is to be noticed that this definition of the representation 
of an abstract group as a group of linear substitutions, does not 
involve or assume that G and [I are simply isomorphic. If G 
is not a simple group it may be multiply isomorphic with I. If 

Cini hire Lig Ze aise ) 


j=n 
or “= 2 ijn; (a — i a seeeee ; n) 
j=l 


be another representation I” of G@ in the same number of 
symbols as a group of linear substitutions, and if a linear 
substitution Z’ on the n symbols exists, such that 

ss Le Ck, 
for each k, the representations I‘and I” are said to be equivalent. 
If no such linear substitution as 7’ exists, the representations 
are called distinct. 


The two groups of linear substitutions T and I” may consist of 
the same set of substitutions and yet may give distinct representa- 
tions of G. > 


For instance in the case of the non-cyclical group, defined by 
Sp HAL=L, Weeds; 
we may take s, and s, to be 
“=0,2 and « =,2, 
w, and w, being any two pth roots of unity. Unless both o, and a, 
are unity, the set of linear substitutions that thus arises, giving 
a representation of the group, is 
BS Oer HS Oly BI: ,p-1), 
where w is a primitive pth root of unity. 


Hence in this case the same set of linear substitutions gives 
p’—1 distinct representations of the group. 


A less simple case, and one in which G and I are simply 
isomorphic, is given by the abstract group G defined by 


Oy SD sy aa ph SS See 


an irreducible group of linear substitutions and the direct establishment of the 
relations between the group-characteristics,” Proc. L. M. S. Series 2, Vol. x 
(1903), pp. 117—123, the author has established the chief results of the theory 
by direct and comparatively simple methods. The exposition in the text mainly 
follows the lines of the two last mentioned memoirs. 

Some account of the theory of group-characteristics is also given in Prof. 
Weber’s Lehrbuch der Algebra, 2nd Edition, Vol. 1, pp. 193—218. 
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Here we may take s, and s, to be 
te Son ey Sy 2 = ; 
d fade ‘ 4 Oa 
an c= wy y = x, n 
and the group of linear substitutions on a, y, z is a representation of 
G. If we take s, and s, to be 


San, Hy Solty) | 2= o's, 
and ee! he =a ae! Sy, 
we obtain another representation of G by means of the same group 
of linear substitutions. It is however certainly distinct, for the two 
substitutions 

B= Ort, Y =or7y, 2 = we2, 
and LH=ot J=aoy, © =e, 
having different characteristics, cannot be transformed the one into 
the other. 


205. Since any group of linear substitutions of finite order 
is either irreducible or completely reducible, the most important 
representations of an abstract group are clearly the irreducible 
representations. From these any representation whatever can be 
built up. Among the irreducible representations there neces- 
sarily occurs what is known as the identical representation, viz. 
that in which every operation of the group corresponds to the 
identical substitution 

L=L£ 
in a single symbol. This identical representation will always 
be denoted by I’, and the other irreducible representations by 


Doles ater . 


Any representation whatever of the abstract group as a group 
of linear substitutions may then be denoted by the symbol 
2oT,, 
where each ¢ is either zero or a positive integer. In fact, when 
the group of linear substitutions is completely reduced, each 
separate irreducible group of linear substitutions that arises 
must be equivalent to one of the I’s, and the symbol X¢;1; 
denotes that of these separate irreducible groups just c; arise 

which are equivalent to I’. 

The separate irreducible groups that thus arise on the com- 
plete reduction of a group of linear substitutions are called its 
urreducible components. 
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The sets of variables which are transformed among them- 
selves by the irreducible components are called the reduced 


variables. 


206. Suppose that when a group of linear substitutions has 


been completely reduced the two sets of variables 2, Xj, ....+- oes 
ANG Fyre Yate srese , yz, are transformed, each among themselves, 
irreducibly. 


We have seen in § 199 that, unless the 2’s and the y's 
undergo equivalent representations of the group, there can be 
no invariant bilinear form in the a’s and 7's. Hence for 
the group and its conjugate, when expressed in terms of the 
reduced variables, there can be no invariant Hermitian form 
containing a product #y, unless the same condition is satisfied. 


Suppose that, in the completely reduced form of the group 
considered, there are just ¢ sets of variables 


Ya 


the irreducible components corresponding to which are equiva- 
lent to a given irreducible representation of the group. 


The variables of each set may be chosen so that (i) corre- 
sponding to any operation of the group, those of each set 
undergo the same substitution, and (ii) the invariant Hermitian 
forms for each separate set are 


Ly Ly + LjgBig + ...... Stoop icne 
Let. = dq... on 
J = 2Aip,jq Lip Liq 
be an invariant Hermitian form; and 
, ges. 
in = 2 Aponte, (= 1, 2. vcicens 48) 


a typical substitution for any one of the sets. Then 


S77 ee ee = Se 
“ip, jqvipXjq = Dip, jq%puk % qvk Liu Bjy, 
and therefore 


Qiu, jo= & Aip,jqg tuk Ugo: 
P.q 
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These relations express that 
Din, july %y 
is invariant for the group of linear substitutions 
Lp = 2 tpg 
and its conjugate. 
But the only invariant form for this group is 


S _ 
Dx; X;. 
1 


Hence Gip,jg=9, P# 
Vip, ip = Vig, ja 
If then Qip,jp = dy, 
the most general invariant Hermitian form in the st variables 


and their conjugates is 
as * Y . 
2X, Odin jp. 


%5,P 
This form contains just ¢? arbitrary constants 
by MG eS pa): 


Hence combining this result and the immediately previous 
one, we may state the following: 


THEOREM I. The representation of an abstract group, as a 
group of linear substitutions, denoted by c;T; and its conjugate 
has exactly Xo; linearly independent invariant Hermitian forms. 


207. Let Gy be the representation of a group of finite 
order G as a transitive permutation-group in respect of a sub- 
group H of order N, (§ 177); and suppose that in this represen- 
tation H permutes the symbols in m transitive sets, 


LH, Ug, Vz, oveeee » Uy Vita, Vita coves » Uj weeeees 
The Hermitian invariant for Gy and Gy that arises from 
LyX, + Ly Ly 
is the same as that which arises from 2%, + #3, and is distinct 
from that which arises from #,%4, +224, Hence for Gy and 


Gy there are just m linearly independent Hermitian invariants. 


On the other hand, if 
Gy= el; 
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gives the complete reduction of Gy, the number of these 
independent Hermitian invariants is Xc,. Therefore 
1 = Oa, 

Suppose that there are just m, independent linear functions 
of the symbols operated on by I, which are invariant for H. 
From any one of them N/J, linear functions arise, under the 
operations of T',, which formally undergo the permutations of 
Gy; and when this permutation-group is completely reduced it 
must obviously contain I’, as an irreducible component. Hence, 
if m,;>1, I’; must occur among the irreducible components of 
Gy. Now in Xc,[, the number of independent linear in- 
variants for H is =c,m,. On the other hand the number of 
independent linear invariants for H in Gy is obviously m. 
Hence 

m = XCsMz, 
and therefore 
Soe De, 

Omitting the suffix s in c, and T,, let 
Ea, Ex, BIO ’ Ein 
(U1) 62 ve: 5ic) 
be the c sets of symbols (linear functions of the 2’s) which 
undergo the linear substitutions of the irreducible representa- 
tion I‘ when Gyis completely reduced ; and suppose the symbols 
chosen so that those of each set undergo the same linear 
substitution for each operation of G. The original variables 


” 


Uy, Ug, eoevee > ZNIN, 
of Gg are linear functions of the reduced variables; and in the 
expression for a, a linear function of each separate reduced set 
of variables must occur; since 2, assumes NV/N, linearly inde- 
pendent values under the substitutions of the group. 
Suppose that 

i re fei Etre kag ene oe = gs es . 

where 8; = Daj Ey is a linear function of the symbols of the 


ath set. 
If the ¢ functions da; y;, (i =1, 2, ...... , c) are not linearly 
independent, put 
me Y= A, ai Yi + Jabs da, Yj 1. veces a AM 2a) Yj. 
j J 
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Then 
=F a ee FP ovcenee a =i = Bn aur =i Sharer sere =e EN OG 
where =n => 2a; [éy ao A; Ey] fe 
Now each of the c—1 ae 
Ent AiEn, Fat AsEa, ...... snGan 9 Ag Gono (omen ti 2sie. icieet ly) 


undergo the substitutions of [; and therefore, on he supposi- 
tion made, when the eabnenaens of the group are carried out 
on #,, fewer than N/N, independent linear functions would 
arise. It follows that the c linear functions Xa; y; are linearly 


independent. Now for the operations of H, a, is invariant and 


therefore also y,, Ey, ....-- , Eee. Hence, if 2, is the same 
linear function of the > symbols of the first set that By is of those 
Obie tbh seb. Las Lut aan , Exe are invariant for the sub- 


stitutions of I which correspond to the operations of H; and 
they have just been shewn to be linearly independent. 


There are therefore at least c linear functions of the symbols 
operated on by I, which are invariant for H. Hence with the 
notation of the earlier part of the paragraph 

Wg Cae 

Combining this with 

Le2 = LmsCz, 
it follows that 
Cy = Mg. 

THEOREM II. If Gy is the representation of a group G of 
finite order as a transitive permutation-group in respect of a sub- 
group H, the complete reduction of Gy is given by the formula 

Gy= an Ts, 
where I’, is any irreducible representation of G and ms, rs the 
number of independent linear invariants for Hin T;. More- 
over, if m is the number of transitive sets in which the sub-group 
of Gy, which leaves one symbol unchanged, permutes the symbols, 


then 
m= =m. 
s 


208. When a group G, of finite order N, is represented as 
a regular permutation-group in WV symbols, the sub-group that 
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leaves one symbol unchanged consists of the identical operation 
E. Now in any group of linear substitutions the number of 
independent linear invariants for # is equal to the number of 
variables. 

Hence, when the theorem of the previous paragraph is 
applied to the reduction of Gg, it takes the form 


s=p 
Gp= > Ns ee 
ci 
where n, is the number of symbols operated on by the irreducible 


representation [',, 4 being the number of distinct representa- 
tions. 
Suppose the reduction of Gz, carried out, and let 

HG, Vig, esses » Lin 

(8 Let eras ,n) 
be the n sets of symbols, each of which are transformed among 
themselves by the substitutions of the irreducible representation 
IT. Suppose, moreover, the symbols chosen so that for each 
operation of G,those of each set undergo the same substitution. 


Any linear substitution on the original variables which is 
permutable with every substitution of Gz, must, when expressed 
in terms of the reduced variables, transform among themselves 
the n? symbols ay (1,7 = 1, 2,...... ,n). This is an obvious 
consequence of the fact that the different irreducible repre- 
sentations are distinct, so that one cannot be transformed into 
another. 


Hence (§ 203) a substitution which is permutable with every 
operation of G, must so far as it affects the n? variables be 
of the form 


f k=n 
Ne Aik Ve; 
C= 1 ee ,n) 


Such a linear substitution therefore effects the same trans- 
formation of the symbols in each column of the scheme 


Hy LQ, sess » Zn, 


i i | 
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while each substitution of T effects the same transformation of 
the symbols in each row. 


Now (§136) there is a group @’, of order N, of regular 
permutations on the NV original symbols, which is simply iso- 
morphic with G, while every operation of @’ is permutable with 
every operation of @. 


Hence, when @ is completely reduced as above, G’ is simul- 
taneously completely reduced ; and, as regards the above scheme 
of n? symbols, 


(i) Every operation of G@ gives the same substitution of the 
set of symbols in each line; 


(ii) Every operation of G’ gives the same substitution of 
the set of symbols in each column; 


(iii) The group of substitutions of the symbols in each 
line, corresponding to the operations of G, and the group of 
substitutions of the symbols in each column, corresponding to 
the operations of G’, are each irreducible. 


Hence, for the group {G, G’}, the set of n? symbols in the 
scheme undergo an irreducible group of linear substitutions. 
In fact a linear substitution on the n? symbols, which is permut- 
able with every operation of G, must be of the form 

k=n 
ws ee CRE oie a One) 8 eae Hearne , 1), 
while if it is also permutable with every operation of @’ it must 
be of the form 


It is therefore 
a's = ALi; (0,9 = Le 2, selon ele > n). 

The group of permutations {G, G’} therefore, when com- 
pletely reduced, transforms the W variables in » reduced sets of 
TOM ists , n,2 variables respectively. Moreover, since I, 
and [; are distinct representations of G, the w representations 
of {G@, G’} that thus arise are also distinct. It follows, by § 206, 
that there are just ~ independent Hermitian invariants for 
the permutation-group {G, G’} and its conjugate. On the other 
hand it has been seen in § 207 that the number of independent 
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Hermitian invariants for any transitive permutation-group and 
its conjugate is equal to the number of transitive sets into 
which the symbols fall for the sub-group that leaves one 
symbol unchanged. Now for the permutation-group {G, @’} it 
has been seen (§ 136) that this number is equal to r, the number 
of conjugate sets of operations in G. Thus 


p=s. 

THEOREM III. A group of finite order, with r sets of 
conjugate operations, has just r distinct irreducible representa- 
tions. When the representation of the group as a regular 
permutation-group is completely reduced, every irreducible 
representation occurs; and the number of times that any one 
occurs is equal to the number of symbols on which it operates. 

209. Let H, of order M, be a self-conjugate sub-group of 
G, of order V; and consider the representation Gy of G,as a 
transitive permutation-group, in respect of H. We have seen 
in §177 that G is multiply isomorphic with Gy, every 
operation of H corresponding to the identical permutation in Gy. 


Considered merely as a group of permutations, Gg is a 
regular permutation-group of degree N/M, simply isomorphic 
with the abstract group G/H of order N/M. If r’ is the 
number of conjugate sets in this abstract group, just r’ distinct 
irreducible representations of G/H arise when Gy is completely 
reduced. Each of these is an irreducible representation of G; 
and being distinct representations of G/H, they are necessarily 
distinct representations of G@. Hence :— 

THroREMIV. Jf H is a self-conjugate sub-group of G, and 
if G/H has r’ sets of conjugate operations, there are at least r’ 
distinct irreducible representations of G, in each of which the 
identical substitution corresponds to every operation of H. 

The converse of this theorem will be considered in the 
following chapter (§ 228), and it will be seen that 7’ is the 
actual number of representations of G which have the property 
in question. 

210. If G is an Abelian group, every operation of it is self- 
conjugate and r=. Hence for an Abelian group the number 
of irreducible representations is equal to the order of the group, 
and each of them is in a single symbol. 
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Now a group of linear substitutions in a single symbol is 
necessarily cyclical. Hence if a group & admits such a repre- 
sentation other than the identical one, G must contain a self- 
conjugate sub-group H such that G/H is a cyclical group; i.e. 
G must be distinct from its derived group G,. On the other 
hand, when G is distinct from G, every distinct irreducible 
representation of G@/G, gives a distinct representation of G, 
and G/G, is Abelian. Hence :— 


THEOREM V. Jfa group G of finite order N has a derwed 
group G, of order N,, there are just N/.N, distinct representations 
of G in a single symbol. 


CHAPTER XV. 


ON GROUP-CHARACTERISTICS. 


211. In the present chapter we shall investigate a number 
of remarkable and important relations between the various 
representations of a group of finite order as an irreducible group 
of linear substitutions. A uniform notation is essential for this 
purpose, and, at the risk of a certain amount of repetition, this 
notation will fifst be explained in some detail. 


The abstract group considered is called G. Its order is J, 
and the number of distinct sets of conjugate operations which 
it contains is r. The first set is that consisting of the identical 
operation F alone, and the numbers of operations in the 7 sets 
are 


so that Me ho hy PERS + h,. 
The r distinct irreducible representations of @ will be 
Called inner l y. ccr es , 0; the first of these is the identical 


representation (§ 205) in which every operation of the group 
corresponds to w’ = a. 


The number of symbols operated on by I’; is represented by 
x1"; but usually for convenience of printing the brackets round 


the 7 will be omitted. From Theorem III of the preceding 
chapter it follows that 


N= (xr)? + (X28)? +... + (qm). 
An irreducible representation of the group in a single symbol 
is susceptible of one form only; but those in more than one 
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symbol may be transformed (i.e. the variables may be chosen) 
in an infinite number of ways. In particular [; may always be 
thrown into such a form that for T; and its conjugate TI; the 
Hermitian invariant is of canonical form. T); is obviously an 
irreducible representation if I’; is. The two may or may not 
be distinct. The suffixes are understood to be chosen so that 
I; is equivalent to Ty; and 7’ and 7 are the same or different 


according as I; and I’; are equivalent or distinct. 


If T; and Tj are two irreducible representations of G, to 
each operation of G there corresponds a single substitution of 
I’; and a single substitution of T;. A definite isomorphism is 
thus established between IT; and T;. Hence when they are 
compounded as in § 191, there results another representation 
of G as a group of linear substitutions which may or may not 
be irreducible. This representation will be denoted by 


s=r 
> Ouelis; 
s=1 


where each gys is either zero or a positive integer; and the 
formula expresses that when the compounded group is com- 
pletely reduced the irreducible representation T, occurs just 
Jijz times. The compounded group, ie. the group of linear 
substitutions on the products of the symbols operated on by I; 
and Ij, may be denoted by the symbol IT; or IjI’;, and the 
formula 


Us 
DT, = Wa = Py Fuels 
1 
gives the complete reduction of the compounded group. 


The occurrence of I’, on the right-hand side of this formula, 
ie. the case when gj, is not zero, indicates the existence of one 
or more bilinear invariants for T; and Tj. It therefore follows, 
from § 199, that gj is different from zero only when T; is equi- 
valent to I’; (or, which is the same thing, when I’; is equivalent 
to T\), ie. when 7 is 7’ or 7 is 7’; and that then 


Jin = 1. 
212. The characteristics (§ 192) of any two conjugate 


operations in a group of linear substitutions are the same; and 
it is therefore legitimate to speak of the characteristic of a 
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conjugate set of operations, meaning thereby the characteristic 
of any one of the operations of the conjugate set. 


The characteristics of the r conjugate sets in the represen- 
tation I’; will be denoted by 


x", Mans Pome es : 7), 
where again the brackets round the 7s will generally be 
omitted. If S is an operation of the jth set, and if the order 
of S is m, then ;, being the sum of the multipliers of S 
(§ 193), is the sum of as many mth roots of unity as there 
are symbols operated on by T;. In particular y,', the character- 
istic of E, is, as already defined, the number of symbols operated 
on by I. 
The set of quantities (each of them a cyclotomic integer) 


x, X2, BAe ae ? “e 
is called a set of group-characteristics. 


There are r such sets corresponding to the r irreducible 
representations of @. 


For the identical representation I',, each one of the set of 
group-characteristics is 1. Hence in this representation 


Lys = Lhiye = N, 
s i 


where the first summation is extended to all the operations and 
the second to all the conjugate sets of G. 


From the definition of I';, it follows that the set of group- 

characteristics for it are 
Nis Vee Vets ont Neb 

Hence [; and [y are certainly distinct unless each group- 
characteristic for T; is real; and when IT; and Ty are distinct, 
their sets of group-characteristics are sets of conjugate 
imaginary quantities. It will be seen presently that when 
each group-characteristic for I; is real, T; and T; (or Ty) are 
equivalent. 


213. We have had occasion in Chapters III and IV, when 


considering the properties of groups apart from any special 
mode of representation, to deal with expressions such as 


A+B+...+D, 
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where A, B,..., D are operations belonging to a given group. 
We now consider what will correspond to such a sum of 
operations when we have to do with groups of linear substitu- 
tions. The essential property of such sums is that they obey 
(subject to the multiplication table of the group) the associative 
law of multiplication. In fact if 


AC=8, AD=T, BO=U, BD=V; 
then (A+ B)(C+D)=S+T+U+Y9. 


With the notation used at the beginning of Chapter XIII, let 
the linear substitutions that correspond to A, B, ..., V be 


n 
y 
“u= DVAyX, 
1 


n 
a = 2D byx;, G=T1, 74, eeey n) 
1 


n 
a, = LVyT;. 

1 

Consider now the linear substitutions 
n 

xi = % (ay + by) 2, 
% GQ=1, 2,98) 
De = = (Cy + dij) Lj. 


Their determinants are not necessarily different from zero ; 
but they may be carried out successively, and the resulting 
linear substitution is 

k=n j=n 
x; =>: > (cu + du) (ax; + big) Xj, G= Ub IEE aoe. n). 
j= 


Now, since AC=S, 
k=n 
> Cik Ah = Siz, 
k=1 


and so for the other products. Hence the resulting sub- 
stitution is 
jen } 
co = >> (Sy + ty + uy t Vij) Xj, a= 12 rs n). 
j=l 
It follows that, when the operations of the abstract group 
are represented by the linear substitutions as indicated, we may 
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take as corresponding to the sum A+B+...+D the linear 
substitution 


jan - 
L = = (ay + by +... + dy) x, (C= Je, niocclaiete nm) 
va 


and that then any relation which holds among such sums of 
operations of the abstract group will also hold among the 
corresponding linear substitutions. 
With this notation if 
TAT=B, and T“BT=4, 


then A+B is clearly permutable with 7; and if A,, Ag,...... waits 
are a number of linear substitutions which are permuted among 
themselves on transformation by 7, then A,+ A,+...... +A, is 
permutable with 7’ 


Moreover it follows, from the definition of the characteristic 
of a substitution, that the characteristic of 4;+A.+...... +A, 
is the sum of the characteristics of A,, A», ...... Pe: ee 


Suppose now that 


are the operations of the 2th conjugate set of a group G; and, as 
in § 41, put 


In any irreducible representation of G, the substitution 
corresponding to C;, whether of non-zero determinant or not, 
is permutable with every substitution of G. Hence (§ 202) 
C; must replace every symbol operated on by the same multiple, 
a, of itself. The number of symbols being y,, the characteristic 
of C; is ay,. On the other hand the characteristic of 

S, + Sot... a Si, is hixi. 
Hence 
ay, = hixi, 
and the substitution CO; is 
, hii , hixi 


“n= XY, X= Xo, ee eeeee 


Now the relations (§ 42) between the conjugate sets of G, viz. 


s=r 
s= 


214] GROUP-CHARACTERISTICS 285 


being identities, in virtue of the multiplication table of G, must 
hold for this concrete representation. The linear substitutions 
denoted by the two sides of the equations are therefore the 
same, and hence 


hie Bins *S" 9. Bane. 

Oma g=1 Xi 
These equations hold for each irreducible representation. They 
may be rather more conveniently expressed in the form 


ns 
h; h; vik xf = “re * Cosa xe”, 
(2, ip | cial A Rtg oes 7). 


214. In the representation of G as a regular permutation- 
group of V symbols, 


He. CaN Sn tea eens 


Vi Ole GA=VOHs. ie. pty = ¢, 
where o denotes the sum of the N symbols. With 
Cg — Oi Bg Dy vos one , Ly — a 
as new symbols, this substitution is 
ao = No, (a, — 2) = 0, (a, — a) = 0, teeeee > (xy — %) = 0. 
Now in the completely reduced form of G, the identical 
representation occurs just once (Theorem III, Chapter XIV), 
and the corresponding reduced variable is a. Hence the 
reduced variables for any other irreducible component must be 
linear functions of the ditferences 2 — %, %3 — Hy, 1.00 , By — Ly. 
Hence in each irreducible component of G, except the 


identical one, C,+C,+4+...... + C, replaces each symbol by zero. 
By the preceding paragraph, C,+C,+...... +0;,, 10 any irre- 


«gs Xi 
ducible representation, replaces each symbol in & a 
a at 


times 


itself. Hence 
Sy xst = Zhixe& =0, k+1, 
Ss i 
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where the first summation is extended to the operations and 
the second to the conjugate sets of G. 


215. In the group on the y;'y/ products of the variables 
that arises by compounding the representations T; and I, the 
characteristic of any substitution is the product of the corre- 
sponding characteristics in T; and Tj. In fact if 

Bp = 2 Ong hq: 

and an = buvYos 
are corresponding substitutions of T; and Tj, the resulting 
substitution of the compounded group is 

(pYu) = > ApqbuvLq Yrs 
and the sum of the coefficients in the leading diagonal of this 
is LAppbgq OF X App. Xba. Now in two equivalent groups the 
characteristics of any substitution are the same. It follows 
that the relation 

vig 

ia By, = ~ gels, 


- 
expressing the complete reduction of the group compounded 
from I; and Tj, involves, for each p, the equation 


rT 
Xp Xp" = > JiieXe"s 


the two sides of this equation being different forms of the 
characteristic of the pth conjugate set in the compounded 
group. 

If the last equation be multiplied by hy, and a summation 
be carried out with respect to p, ie. with respect to the con- 
jugate sets, there results 


p=r joe we p=r 
= hpXn'Xe? = = Gio & hyxp’. 
De) s=1 p=1 

Now we have seen, in §§ 212, 214, that 


Sy ign = AN; 

p= 

p= 

> hoy’ = 0, s+1. 
p=1 


Pp 


Mil 


Hence hoxXn'Xe = Gin NV. 


bp 
p=1 
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Also it has been seen, in § 211, that 9; is unity or zero, according 
as j is or is not 7’; so that 


Ges ae 
> hpXp'Xp' = N 
p=1 
Bly War: 
and = hexn'Xpi =9, 770. 
p=1 
216. From these equations it immediately follows that no 


two distinct irreducible representations have the same set of 
group-characteristics. 


For if vp =x, “foreach p, 
then Ne = Ve alot. oach. p, 
and Lye Ned == Pee Xo =H, 

- 1 


in contradiction of the equation 


Eni =0 748 


In particular, if the characteristics of TI; are all real, T; is 
equivalent to I';, or 7’=7. Moreover the sets of group-charac- 
teristics are linearly independent, in the sense that their 
determinant |y,'| is not zero. For suppose that a relation 


k=r 
> Arxn® = 
k=1 
holds for each p. Then 
=r k=r 
5 hyxp” & Arxp* = 0, 
p=1 k=1 
and in virtue of the above relations 
A,N=0, 


so that each A, is zero. 


Suppose now that in any representation of G as a group 
of linear substitutions the characteristics of the r conjugate 


sets are vr, (s=1, 2, .....: , r). When completely reduced let 
the representation be equivalent to 2¢,I’;. Then for each s 
Ws = Berye- 


Since the determinant | y,'| is not zero, these equations deter- 
mine the c’s uniquely. Hence :— 
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TuEorEM I. The necessary and sufficient condition that two 
representations of a group of finite order, as a group of linear 
substitutions, should be equivalent is that the characteristic of 
each conjugate set shall be the same in the two. 


Further, the actual solution of the last equations is 


pa hebsxs* 


¢; = ——-— 


217. With the aid of this theorem, we can now complete the 
discussion of the equivalence of two representations of a group as a 
permutation-group when transformations by linear substitutions are 
admitted, ie. when two representations are regarded as equivalent 
if a linear substitution can be found which will transform one into 
the other. 


If g is any representation of G@ as a permutation-group, the 
characteristic of any operation S of G@ ing is the mark (§ 180) of the 
cyclical sub-group {S} ing. In fact if (a,ag...... a,) is any cycle of the 
permutation of g which corresponds to S, the characteristic, so far 
as these n symbols are concerned, is zero. 


Unless G is a cyclical group, the s distinct sets of conjugate sub- 
groups in G are not all cyclical. Denote the number of distinct 
conjugate sets of cyclical sub-groups by p; and (departing slightly 
from the notation of § 180) let 


Gian Gas netees: cae 

be representative sub-groups, one from each set. Then the necessary 
and sufficient conditions, when transformation by linear substitu- 
tions is admitted, that the two representations 

§ s 

aig; and 3bjg; 

1 1 
should be equivalent is that 

sa,mi = 3b,m? (21,2, sees ; Pps 


For if these equations are satisfied every operation of @ will have 
the same characteristic in the two representations. 


Writing a;—b;=¢;, 
the system of equations 


Semis 0 GS1, 2iences ai)) 
s= 


must have s—p linearly independent systems of solutions in integers, 
since the determinant |m,'| (2, ¢=1, 2, ...... , p) is certainly different 
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from zero. Moreover for such a system of equations there is a set 
of s—p solutions*, 


CACAO’ eee Oh Gee Ue es. ,8—p), 
in terms of which the general solution can be expressed in the form 
ot Shp, o,"), 

n 


where the 4’s are arbitrary positive or negative integers. 


Every possible equivalence will therefore arise from the s—p 
fundamental equivalences 


Sol g,=0 (r= 5 2, alae ) S—p). 
1 


Of the c’s some are positive and some are negative; and the 
equation expresses the fact that the representation given by the 
terms with positive coefficients is equivalent to (i.e. can be trans- 
formed into) the representation given by the terms with negative 
coetiicients. 


It is clear that though such an equivalence as 
Fi=9 

may occur, there will not necessarily be equivalences of this form. 

Ex. 1. For the alternating group of four symbols (§ 185), prove 
that the fundamental equivalences are 

Ist Js=J2t 9s, it 29s= 39, 

and verify them directly by transformation. 

Ex. 2. The simple group of order 168 contains two distinct 
conjugate sets of sub-groups of order 24, in respect of each of which 
it may be represented as a transitive permutation-group of degree 7. 


Shew that in the representation (§ 166) in which the group is 
generated by 


(2210p 36X07), (47200324) (U5 gRy), (BGs) (425), 
the two permutations 
(02200304) (506%), (WX 75g) (HxX3) 
generate a sub-group of order 24 which does not leave one symbol 
unchanged ; and that the given representation is transformed into 


the representation in respect of this sub-group by the linear sub- 
stitution 


Dy) = Wg + Ly + Wy, ly = Net Ay te, We = Hy + Het MX, 
Wy = Mgt yt, Wy =H +My + yp, Vy =H + Vt Ws, 


ey =i, + y+ He. 


* Hiliott, Algebra of Quantics, p. 192. 
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218. In the representation of G as a regular permutation- 
group, the characteristic of every operation except E is zero. 
The completely reduced form of this group is (Theorem III, 
Chap. XIV) 


= xy ihe 
a 


Hence for each p except 1, 


If now the equation of § 213, 
s=r 
( k 
hphaXy" xq" = XA" Pa Cpgshs Xe, 


be summed with respect to k, i.e. with respect to the distinct 
representations, 


ker s=r k=r 
hyhg > Xo Xa => Cagalts Ds yeu Ons 
k=1 s=1 a | 


= Cpa V 
from the above equations. 


‘ : ‘ : ; 
Now ¢Cpq is hp or zero according as q is or is not p’. 


Mi 


Hence xx 0, gtp, 
k=1 


k=r 
Syl! = Nh. 
k=1 
The latter equation may obviously also be written 
k=r 
“pal Xo" Xp" = N/hp. 


For convenience of reference the various relations among 
the group-characteristics obtained in the preceding paragraphs 
are collected here. They are clearly not all independent of 


each other, but they form a complete system of relations all 
of which will be required in the sequel, 
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s=r 
hyhaXp* xa" a xa" = Cpgshs xe", (p, q k = iN 2, OR) ‘ia 
s= 
th ook nF 
Xe" Xe? = > JiieXe's (p, %J =1, 2, «+0, 1), 


*S hav, ky. ¥ 
2 exe Xe =, 


= Xp"xg' = 0, q+). 


219. The coefficients gj, that occur in the expressions for 
the composition of the irreducible representations, satisfy 
certain relations analogous to those connecting the coeffi- 
cients Cijk- 


From their definition it follows that 
Jigk = Yiike 
As has already been seen, by equating the characteristics of 
T;T; to those of ¥ gi,1,, we have 


Xp Xp? = > Dik Xv" (p = il. 2 eee) r). 
Since the determinant | y,*| is not zero, these equations deter- 
mine the g’s in terms of the characteristics, giving 


N gin = © haXo'Xe! Xo 

Similarly NW gens = > hye’ Xp" xy; 
p 

and N gig = = hpxp' Xe Xv" 
p 


Now the sums on the right-hand sides of the two latter 
equations are the conjugate imaginaries of the sum on the 
right-hand side of the first; and the sums, all being real, are 
therefore all equal. Hence 
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Further, since the multiplication involved in the composi- 
tion of T; and I; is associative, 


Bs lig: Ds= 2 ijk M,0;= = Disk Jkst Be 
and T; 4 I; | Be — = isk TT; = Disk J kit Vy: 
Hence > gijzJest iS unaltered by any permutation of the symbols 
k 
Oh ee 
That the numbers gj, are comparatively small follows from 


their definition. Moreover a simple expression holds for the 
sum of their squares. Thus 


N 9% = = hyXp'Xp) Xv" 


= 2 haXa' Xa’ Xa" 
so that N? gin = = hphaXo'Xq' Xv? Xa’ Xv" Xa" 
P.4 
Now 9» = Xo'xa' = 0, Pq 
; = N/hp, Pay: 
3 
Hence NS Gn = = = ) 
tj, k p 'tp 
1 
or = Pik= NX. 
i,j,k p 'p 


220. The representations of a group in a single symbol clearly 
combine among themselves by composition. Denote them by 
OPT) al leg Pipe ,¢) where ¢ is the ratio of the order of the group 
G to the order of its derived group H. Then the system of 
relations 

r=T, 
between these ¢ representations is easily seen to be in effect the 


multiplication table of an Abelian group simply isomorphic with 
G/H. 


If T is any other representation of G then TT (¢=1, 2,...... a) 
are clearly irreducible representations of G. Moreover if K is the 
self-conjugate sub-group of G, whose operations correspond to the 
identical substitution in T';, P,P and T are distinct representations 
unless the characteristic in I of each operation of G not contained 
in KX is zero. In fact it is obviously only when this condition is 
satisfied that every operation of G has the same characteristic in 
T and [,T. 
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When this condition is satisfied, then 
Pal => Vie. 
and therefore, since 
Tink = Jiri 
T; occurs just once in the reduced form of II’, where I” is the 
inverse representation of IT. Now if 
0,0 => Ly 
then 1D 


Hence each of the representations in a single symbol 


occurs once in the reduced form of TI’. If the order of G/K is m, 
the number of these representations which are distinct is m. 


On the other hand if I, and IT, are two representations of G in 
more than one symbol, and if 7+’, then in the reduced form of 
I\,I, there is no representation in a single symbol. For if T; (7 < ¢) 
occurred, then I, and TT, would be equivalent representations, and 
as has been seen above this can only be the case if /=’. 


221. If S is an operation of order m, the characteristic of 
S in any irreducible representation is the sum of a number of 
powers of w, a primitive mth root of unity, say 


Ng=or+ o%+...... + w%, 
The characteristic of S# in the same representation is 
Vige = cht + wat ....., + wit, 
If S and S* are conjugate operations, these characteristics must 


be the same, so that in each irreducible representation ys is 
unchanged on writing o” for o. 


Conversely, if this last condition is satisfied, S and S* must 
be conjugate operations. For suppose if possible that S and 
S“ belong to the ith and jth conjugate sets respectively, where 
j +7 and therefore j’ +7. For two such sets 


SS AIA ee 
ge 


But on the supposition made y,;* and yj;* are conjugate 
imaginaries, and therefore the supposition that 7 +7 leads to a 
contradiction. In particular if S is not conjugate to any of 
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its powers there must be representations in which yz is changed 
when any other primitive mth root of unity is written for o. 


222. The case of a group of odd order presents peculiarities 
that should be noticed. In such a group no operation can be 
conjugate to its inverse. For if R7+SR=S~, then R°*SR*=S. 
But, R being an operation of odd order, R must be permutable 
with S if R? is; so that the assumption made is not true. 
Hence some of the characteristics of every conjugate set must 
be imaginary. For the same reason 7, the number of conjugate 
sets, is necessarily odd, for // is the only set which is not distinct 
from its inverse. Moreover, of such a group there can be no 
irreducible representation in which the characteristics are all 
real. In fact, if the characteristic yg of S is real, then 2yu 


vs 
extended to the w powers of S which are of the same order as 
S, which is a real integer (positive or negative) in any case, is 
an even integer because 
XS NE 
: a es : 

Hence if the characteristic of every operation were real, the 
equation 

> X Sian 0 

s 


would be yg + an even number =0, which is impossible, since 
Xn is necessarily odd (§ 225 below). Hence :— 


THEOREM II. No irreducible representation of a group of 
odd order, other than the identical representation, is equivalent to 
its conjugate. 


Corollary. No group of linear substitutions of odd order 
with real coefficients is irreducible. 


This theorem involves a remarkable relation between the 
(odd) order NV of a group and the number 7 of its conjugate sets. 
It has been seen (§ 218) that 


N= > (y*) 
s=1 


For a group of odd order r is odd, say 2p +1, and each irre- 
ducible representation, except the identical one, is distinct from 
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its conjugate, while the number of symbols in any irreducible 
representation is odd. Hence the above equation takes the 
form 


S=p 
N=1+ > 2(2a,4+1) 
oh 


= 7 > 8a, (a, + 1): 
s=1 
and therefore 
N=r (mod. 16). 


223. The actual determination of the group-characteristics 
involves only algebraical processes when the numbers cj, are 
known. Moreover these numbers can always be calculated from 
the multiplication table of the group. 


Multiplying each side of the equation (§ 213) 
hin hix 19 ss i hs st 
Xi 


ar aneet o Xi 
by an arbitrary coefficient A;, and summing with respect to 7, 
we have 


XY ee js xe 5) 
tr A chix 
here =>, — + 
y é Z=1 x" 
; ans banc ; 
Eliminating the 7 quantities —“- from the r equations 
X1 
that arise by putting 7=1, 2,...... ,7, there results 
2 Asin — a DA Cire y teers ) Aci | 
a t a 
| 
> AjCin ) = A jCin — &, eeeeee ’ Ariss | 
C= "5 a a \ 
DA > -2Aicyg Sha. , Acie — F 
a a a 
or FE Ar, Aas eres ,A,)=0, 
where the left-hand side is an integral homogeneous function 
of the rth degree of &, A,, Ao,...... , A, with rational integral 


coefficients, the coefficient of &" being unity. The r roots of 
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this equation are the r values of 


r ny k 
5 Aue 
1 6! 
IGT) oes ,r; and the homogeneous function f must 
therefore fall into » homogeneous linear factors. The coeffi- 
cients in these linear factors are rational functions of roots 
of unity, since y;is the sum of x, mth roots of unity, where 
m; is the order of an operation of the ith set. Hence if m 
is the least common multiple of the orders of the operations of 
the group, the linear factors of f are rationally determinable in 
terms of the mth roots of unity. 
If now E— Ya; A; 


is one of the linear factors, then the equations 


hixi 
iM = a; (V=2 7) 
Xi 
determine the ratios of the corresponding set of group-cha- 
racteristics. Using these values in the equation 


LhixiXi = N, 
we have x= a ae N, 
a MY 


determining y,, which is necessarilya positive integer,and thereby 
completing the determination of the set of characteristics. 
224, In illustration of this process a simple example will be 
given, viz. the non-cyclical group of order 10. This is defined by 
Sa Bears £ TST = S-. 
The conjugate sets are 
Ly Se bSO oS, 87) ceo T! WTS cris Toe elie 
Representing these in the order written by 
O;, Os, Os, Cy, 
the multiplication table of the conjugate sets is at once found to be 
CP? =20, + C; ’ 


C,C; = C, + OF ; 
C0, = 2C), 

C2 j= Gir Gs ; 
0,0, = rian 


(Oe = 5C, 113 50, ae 50; 
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The equation for € is therefore 


A,-& A, A, rr = 0, 
24, A,+A;—& A,+A; 2A, 

2A; A,+A, A,+A,-é 2A, 

5A, dA, 5A, A, +2A,+24,—€& 


By adding the first three rows and then adding or subtracting 
the last, two of the factors are obviously 


EA om Ak TAg tS A. 


By combining the first three rows the other two factors are 
found to be 


1 5 
fA, +5 (da +4) + 9 (dy — Ay). 


The first two factors give 


a SC 


» —=2, “=4+5 
Xi Xi x 
leading to Xi 1, > Cle 1 XSite 1, x4 = Ie 
and x= 1, X= 1, X3= 1, X=. 


The other two factors give 
2ye- —1+/5 2x, —-14,/5 5Xs_ 6 
5 = 


Xi 4 : X1 2 . Xi 
leading to 
duct 0) —-1-,/5 
M=2, X= X3 = a X= 95 
—-1-,(/5 —1+,/5 
and Xi = 2, x2 = 5 J ia Xs a ’ 420 


225. If in the equation for & (§ 223) arbitrary rational 
integral values are given to the A’s, & will satisfy an equation 
with rational integral coefficients in which the coefficient of the 
leading term is unity. In other words € is an algebraic integer. 
In particular this is the case if all the A’s except one are zero 
and that one unity. Hence, for each 7 and k, hiy,*/y.* is an 
algebraic integer. 


The relation (§ 218) 
hyhqxXp* Xa" = xi" > Cpqs ls Xs" 


gives, when p’ is written for q, and the relation (§ 43) 


Cygalts = Cps'q’ hg 
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is taken account of, 
Lig 
hpXp" Xp" = xa" * Cpe'p Xe: 
Summing this equation with respect to p, 


Pp, 8=P 


Shyxp* Xn" =X" = Cpsp xe", 
p p, s=1 


or N= Xi si Cote xe ? 
8 


and therefore NV is divisible ee x1". Hence :— 


THEOREM III. The number of variables in terms of which 
a group of finite order can be represented as an irreducible group 
of linear substitutions is a factor of the order of the group. 


226. Let 2a,I; or I be any representation of G in which 
the characteristics are y,(p =1, 2,...... ,r). If the result of 
compounding I with itself n times and completely reducing 
the compounded group be denoted by the formula 

r= Yn ls; 


z 


then (be) =Zynixe (PHU, 2 eo) 


from which we obtain 
as i 
Ny ni= = hyxXp" Vp)”, 
p 
and NA" yni ==, >, hinVnr (avrp)”, 
n n, p 


where «@ is arbitrary. If | «| is small enough, the r series on the 
right are certainly convergent when extended to infinity, and 
their sum is 

Ss hy Xp" ‘ 

p l-arpy’ 
so that, if yn;= 0, for each n, then 


S ete = 
Lay ~ 
Suppose now that a 3 is simply isomorphic with I. Then 
the characteristic wy, of H is different from the characteristic 
of every other operation of G, and therefore the preceding 
identity cannot hold. In this case, for each 7%, it is possible 
to find n so that ya;+0. Hence:— 
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THEOREM IV. Jf T is a representation of G as a group of 
linear substitutions, and if G@ is simply isomorphic with T, then, 
when the process of compounding V with itself is carried far 
enough, every irreducible representation of G will arise. 


Corollary. If s(<1r) of the irreducible representations of 
Gara, (0 Bak ,T;, combine among themselves by com- 
position, then G has a self-conjugate sub-group H, each of 
whose operations is represented by the identical substitution iv 
these s representations of G and in no others. 


s§ 
If the representation 2a;I’; were such that @ was simply 


isomorphic with it, every aedteuls representation would arise 
by compounding this representation with itself and therefore 
by compounding [,, [,,...... ,[; among themselves. Hence 
there are operations of G other than # which correspond to 


s 
the identical substitution in {a;I;, whatever positive integers 
1 


a; may be. Let H be the self-conjugate sub-group of G& con- 
stituted of these operations. Then to the operations of H 
there correspond the identical substitution in each of the 
representations [',, [,...... ,l',. Suppose now, if possible, that 
I',(¢><s) is another representation of G to the identical substi- 
tution of which the operations of H correspond. Since I; does 


s 
not occur when Ya,I; is compounded continually with itself, 
: 


where y, is the characteristic of the pth conjugate set in 


s 
SKelie. 
1 


Now for each conjugate set in H, and for these only, 
Vp = 5 
and for each conjugate set in H, 
Xp = Xi’: 
Hence the left-hand side of the last identity contains the term 
MX" 


1l—ay,’ 
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where ny is the order of H, while all the other terms have 
denominators different from this one. The identity therefore 
cannot hold; in other words the supposed existence of the 
representation I; leads to a contradiction. The proof of the 
corollary is thus completed. Its converse is obviously true. 


The expression 
ly hyXp' 


N, 1-2 vp 
is a generating function for determining the number of times 
that the irreducible representation I’; occurs when the repre- 
sentation in which W,(p=1, 2,...... ,r) are the characteristics 
is compounded continually with itself. 


227. Ifaset of variables 


undergo a group of linear substitutions which is a representa- 
tion of G, their homogeneous products of n dimensions also 
undergo a group of linear substitutions which is a repre- 
sentation of G, and the question arises as to what the reduced 
form of this group is. Herr Molien* has obtained a series of 
generating functions for determining this reduction. If 


Oya! were , Om”) 
are the multipliers of an operation of the pth conjugate set in 
the given group of linear substitutions, then the sum of the 
homogeneous products of the @’s of n dimensions, ie. the co- 
efficient of # in the expansion of 
i 1 
(1—2xo,”)) (1—xo,”))...... (1—2a,"))’ 
is the characteristic of the pth conjugate set in the group of 


linear substitutions on the homogeneous products of the a’s 
of n dimensions. 


Consider now the expression 


1 s hnXp" 
N (1 — #a,”’) eases a = LOn'P)) ” 


* “Ueber die Invarianten der linearen Substitutionsgruppen,” Berliner 
Sitzungsberichte (1898), pp. 1152—1156. 
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The coefficient of x in this is 


iI , 
iy hyXp' Wp, 


where yf, is the characteristic of the pth conjugate set in the 
group on the homogeneous products of the a’s of n dimensions. 
Hence, § 216, this coefficient is the number of times I; occurs in 
the reduced form of the group on the homogeneous products of 
the a’s of n dimensions. The expression given is therefore 
the required generating function. In particular, the coefficient 
of #” in 
i he 
Nig Ur wa es, & (1 — 2am) 
is the number of linearly independent functions of the a’s of 
the nth degree which are invariant for all the substitutions of 
the group. 


As a simple illustration of the last result we take the group of 
order 10 generated by S and 7, viz. 


L=on, 49 =o ys w= 1 
Cay, Y= w; 
already considered in § 224. Here 
1 s hy 
NV 5 (1 —axw,!?)...... (1 —aw,,'”)) 


mele! z : 2 ae 
S10 & =a (1 — aw) (1 — #7") (1 —axw*)(l=a0) l= 
= 1 + ot at to + oe + ae? + 8 + + Doel +... : 


The reader will have no difficulty in verifying directly the results 
indicated by this series. (Compare § 266.) 


AAS a eH ESN BREE. as ,ly(r’ <r) are r’ irreducible represen- 
tations of G, which combine among themselves by composition, 
and if H is the self-conjugate sub-group of G, each of whose 
operations correspond to the identical substitution in each of 


the r’ representations, then T, Ty, ...... , ly are obviously irre- 
ducible representations of G/H. 
Let Hi Spots ,SmH be the sets into which the opera- 
tions of G fall in respect of H, and 
Co Sapree oe ge Hee 


the corresponding operations of G/H. 
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In [';(i <7’) there corresponds the same substitution to each 
of the operations of the set S,H of G, and this substitution 
corresponds to the operation s, of G/H. Now, because I; and 
[; are distinct representations of G, 


2 x'sx!'s = 9, 
the summation extending to all the operations of G. 
But if 7’ is any operation of H, 
x's=x'sr, and x7 9= yx sr 
= "5 — xs. 
Hence, summing first for the operations of tlie set S, H, and 
then for the sets, 
"> Ks Xs! = 0, 
where nz, is the order of H. The representations I; and Tj, 
considered as representations of G/H, are therefore distinct. 


Now every irreducible representation of G/H must obviously 
occur among the irreducible representations of G; and 


are the only representations of G in which each operation of H 
corresponds to the identical substitution. Hence 


are the distinct irreducible representations of G/H; and the 
number of conjugate sets in this group is 7”. 


229. We shall now proceed to consider further the actual 
reduction of the representation of G as a regular permutation- 
group. It has been seen how the r sets of group-characteristics 


may be determined; and for the present purpose they will be 
regarded as known. 


Denoting as before the sum of the operations in the 7th 
conjugate set by C;, form the r expressions 
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where the first sum is extended to the r conjugate sets, and the 
second to the V OS of G. Then 


Le) G= a x C; C; = Cord Cx 


>| 7 Mi i 


a 


Now ~ Cijs Xi? = > Xi (S 43) 


Cory he Xx”? 


' 


S 
~ 


DP ye 
jz hate Xi Xe (§ 218) 


Hence KOS oe ve O, = tox? oa 
s 1 Xi 
In particular 
Ky Kq= Bee xs 
1 
ie wane 


=0, unless g = p. 
It follows that the NV expressions 


are certainly not linearly independent. 


Suppose that just m of these expressions are linearly inde- 
pendent, and let them be 


LGSe (pms? 2. ,m), 
If S,, is any operation of G, each of the m expressions 
TG S7 Su (= eee ,m) 
can be represented as linear functions of 
Das Gala ,m). 
If EpSiSu= 2 ada KS 
Pe (Canes Bee ,m), 


j=m 


and KS:S8y = >) Aijy KS; 
jal 
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then Ky88i8,= 2 ty KpSsSo 
j=l 


Hence, on post-multiplication of the m expressions 

Viger Cals esses ,m) 
by the operations of G, a group of linear substitutions on m 
symbols arises which gives a representation of G. The same 
is obviously true if pre-multiplication is used instead of post- 
multiplication. Moreover, since in simplifying the expression 
S,K,S;Su, the same expression necessarily results whether we 
first form K,S;S, and then S,.K,S;S,, or first S,K,S; and 
then S,K,S;.Su, every linear substitution that arises from a 
post-multiplication is permutable with every linear substitution 
that arises from a pre-multiplication. 


Further, since 
j=m 
j=l 


is, when the multiplication-table of the group is taken account 
of, an identical relation, the coefficients in the linear substitu- 
tions are rational functions of the group-characteristics of the 
particular set dealt with. 


230. We next consider how this representation of G as a 
group of linear substitutions on m symbols may be expressed in 
terms of the irreducible representations. For this purpose it is 
necessary to know its set of characteristics, 


In any representation the characteristic of C; is h; times 
the characteristic of any operation of the 7th set. 


Now it has been seen that 


Kp 0; = UX? x, 


vo 


and therefore for each az 
hi? 
NG R on ONS: “si ete h 


Hence the characteristic of any operation of the 7th set is 
mxi?/x,”. From this it follows (§ 216) that the group of linear 
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substitutions in question is equivalent to (m/y,") I',, and there- 
fore that m is necessarily a multiple of y,”. So also the group 
of linear substitutions that arises by pre-multiplication on the 
same set of the symbols, is equivalent to (m/y”)I’,. Since 
every substitution of the one group is permutable with every 
substitution of the other, m/y,? cannot be less than y,?._ In 
fact if we suppose the first group completely reduced, and the 
symbols of each irreducible component 


Ly, Vy, ev eeeee » try 

(t = X1)> 
U9, Won, osvves » He, 
Oo c ee erecesnccccaresennsser (s = m/x:), 
Ug, Log,  vavees » ts, 


chosen so that each set undergoes the same linear substitution 
corresponding to each operation of the group, then the second 
group must transform among themselves the symbols in each 
column of the table. Hence the number of symbols in each 
column is equal to or a multiple of y,”, The number m is 
therefore equal to or a multiple of (y,?), From each of the 
r expressions K, (p=1, 2, ...,7) a corresponding set of symbols 
arises. Those arising from the different K’s are necessarily 
independent, since the representations they give correspond to 
distinct irreducible components. 


Now 2ve =, 
p 


and the number of linearly independent symbols in all the sets 
cannot exceed N, the original number of symbols. Hence 
finally m = (yy?) 

THEOREM V. Jf x1, X%2,--Xr are the group characteristics 
for the irreducible representation IT of a group G, then 


% xiCi (= 2X ea) 


takes just (x,) linearly independent values on post-multiplication 
by the operations of G. The (x1)° linearly independent functions 
of the S's that so arise are transformed among themselves by 
post-multiplication, and give the component denoted by y,0V in 
the reduction of the regular permutation-group which vs simply 
isomorphic with G. The coefficients in the group of linear sub- 
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stitutions thus formed are rational functions of the characteristics 
of the set chosen. Every substitution of this group of linear 
substitutions is permutable with every substitution of the congu- 
gate group on the same (x;)* functions that arises by using 
pre-multiplication in the place of post-multiplication. 


231. Let a, 2,..., 2m (m=x,") be the y,? symbols which 
are transformed among themselves by the two groups, arising 
by pre- and post-multiplication, of the preceding theorem ; and 
denote these groups by G, and G,. Each of them is equivalent 
to the representation xT of G. Suppose that 


i=m 
&, ae S A;x;, 


a=1 
where the A’s are arbitrary coefficients, is changed into 


fai Cppeee yon 


by the linear substitutions of G, that correspond to a sub-group 
gj=n 

H of order n contained in G. Then > &; is the most general 
j=1 


linear invariant for H in the representation G, of G If in T 
there are just a linear invariants for H, 2E; must contain just ax, 
independent linear functions of the a’s. In cther words 2&; 
contains just ay, arbitrary coefficients; and the ay, linear 
functions of the 2s which multiply these arbitrary coefficients 
are the ay, independent linear invariants of H in G,. Moreover 
the coefficients of the z’s in these linear functions are rational 
functions of the characteristics. Since every substitution of G, 
is permutable with every substitution of G,, these ax, linear 
functions are transformed among themselves by every sub- 
stitution of G,, and the coefficients in the linear substitutions 
that so arise are rational in the characteristics. Hence al’ can 


be expressed in a form in which the coefficients are rational in 
the characteristics. 


The group x1" is therefore in general further reducible 
without introducing any irrational quantity beyond the 
characteristics themselves. The only exception* is when the 

* The author has shewn that this exceptional case can only occur when the 


Sylow sub-groups of G of odd order are cyclical, while the Sylow sub-group of 


even order is either cyclical or of the type given on p. 132. Cf. Messenger of 
Mathematics, Vol. xxxy. (1905), pp. 51—55. 
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number denoted by a is zero for every sub-group of @ except 
E£. In particular, whenever G@ contains a sub-group H which 
has only one linear invariant in I’, this process completes the 
reduction of y,I'; and I itself can be expressed in a form 
in which the coefficients are rational in the characteristics. 


232. When for a given group G, i.e. a group whose multiplication 
table is known, the characteristics have been calculated, the process 
that has just been described for constructing the representation 
xT and partly or wholly reducing it is undoubtedly a lengthy one. 
An alternative process is to start from some other representation Gq 
of the group as a transitive permutation-group in the place of G,. 


If in the irreducible representation I’, the sub-group H has just 
a linear invariants, then (Theorem II, Chapter XIV) T occurs just a 
times in the completely reduced form of Gy. In particular, if a is 
unity, there must be x, linear functions of the symbols operated on 
by G,, which are transformed among themselves by the permutations 
of Gz, the numerical coefficients which occur being rational functions 
of the characteristics of I. 


In illustration of this process we will now actually set up one 
of the irreducible representations of the alternating group of degree 
5; assuming for that purpose a knowledge of the characteristics of 
the group. These, as we have seen, may be calculated from the 
multiplication table. They are given in Ex. 3, p. 319. 


The alternating group & of degree 5 admits an irreducible repre- 
sentation in three symbols for which the characteristics of identity, 
operations of orders 2, 3 and two sets of operations of order 5 are 
respectively 3, —1, 0 and $(1+ V5). If w is a primitive fifth root 
of unity, the multipliers of an operation of order 5 are therefore 1, o, 
w~!; anda cyclical sub-group of order 5 has a single linear invariant. 
Hence when the representation of G as a transitive permutation- 
group of degree 12 is completely reduced, the representation in 
question will occur just once. If S;(#=1, 2,...... , 12) are a set of 
12 conjugate operations of order 5 and U any operation of the group, 
the permutations of the transitive group of degree 12 are given by 


S; ) 
(yas ; 


Hence there must be three linear functions 
j=l2 


es > aS; Gai; 2, 3) 
j=l 


of the §’s such that 
(REL TEU, Gs 


are expressible linearly in terms of &, &, & for every operation 
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of the group. Moreover it must be possible to choose these functions 
so that when JU is an assigned operation of order 5, 

U3i0=%, U%U0=08, UEU= w*. 


The operations of the group are most readily specified by the 
permutations of five symbols. Write 


S'=(abede), T= (ab) (cd), 
TOST= Sy, SASS H=San 8 os = Sg 
S-1S58 = 15g; 9 9 eae See 
Then since an operation of order 5 and its inverse are conjugate 
operations, S, S,, S,, S3, S,, S; and their inverses form the set of 
conjugate operations. Now S permutes S,, S,, 83, S,, S; cyclically. 


Hence the only linear function of the S’s which is changed into 
itself on transformation by S is 


€&,=S+aS14+ B(S, + S.+ 53+ S,+ 85) 
+ B' (Sy + S71 4+ $34 + Sy? + S57). 
Similarly the only linear functions which are changed respectively 
in w and w7! times themselves on transformation by S are 
&=S8,+0 18, + wo 2S, + oS, + wo 49; 
+ y (Sy? + @3S.7? + w-7283 1 + w 38,71 + w 485-7), 
and = S,+ wS, + w'S;+ oS, + witS; 
+ 6(S)-7 + wS.7? + w8371 + 3S, + wAS,-1), 
Now by using the permutations it is immediately verified that 
LAPS LES ERAS IS TST = 155; 
TST = 8,7 TS TS ae 
and it is certainly possible to determine a, £, f’, y, 5 so that 
LET = Les F BE, + vé3, 
TET = NE, + p&+v'&, 
TET = "Ey + pbs + "Es; 
where the coefficients are numerical constants. Moreover, since 
Sand 7’ generate the group, when a, £, f’, y, 8 are so determined, 
W320, 0,0, UE, will be linearly expressible in terms of 
&, €) & for every operation U of the group. The actual calculation 


presents no difficulty. Thus the comparison of the coefficients of 
S, S,, S,, S; on either side of 


T&T =NE, + wh + v's 
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gives Nesul, 


i 1 i! 
- Sea oc Us 
uJ5 = wo +077, 
¥J/5 =0+07} 


The complete solution, by using all three relations, gives in 
addition to the above 


1 
c= y—o-—— 1, ea 
1 2 
= =i =pyi=.— 
5 ls 5? 


I eh posts =wotwl, PN A) =w*+w? 
The substitution corresponding e T may Ne slightly simplified 
by writing €, and &, in the place phres rhs and = €,, a change which 


leaves the substitution aetna to S unaltered. When this 
is done the alternating group of degree 5 is represented as an 
irreducible group of linear substitution in three variables, which is 


generated by 
f, =Sj3 ty Sead Coe Sy; 
and 5) = & Bs & a7 é;, 
J 58) = 26, + (w+ 0) & + (w+ 0") &, 
/5&) = 2 + (w + 07) &, + (w? + w*) &; 


these being the substitutions that correspond to (abcde) and (ab) (cd) 
respectively. 
In the form of the group thus obtained the coefficients are not 


rational functions of the characteristics ; but it is certainly possible 
to transform the group so that this condition shall be satisfied. If 


£4+6+&=m, §+0&+0 'f=m, &, + wf, + w*E, = ng, 


it will be found that, in the transformed group with the 7’s as 
variables, the coefficients of the substitutions are rational functions 


of V5. 
As a further illustration of methods that may be used for 
setting up an irreducible representation (whose characteristics are 
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known) of a given group, we will consider the simple group of 
order 168 defined as a permutation-group of degree 7 in § 166. This 
group has an irreducible representation in which the characteristics 
of identity, operations of orders 2, 3, 4 and two sets of operations 
of order 7 are respectively 3, — 1, 0, 1 and $(—1+ J- 7). Ifa is 
a seventh root of unity the multipliers of an operation of order 7 
are a, a2, a‘; and the substitution corresponding to the operation 
may be taken to be 


E’=af, &' =a, &, = af€;. 

The multipliers of an operation of order 2 are 1, —1, —1._ Now 
(Example, p. 252) any such substitution may be written in the 
form 

&/=-& +4 (lé,+ mé,+ n&), 

é =—& +56 (lg, + m€, + Nés), 

&,' =—& +0 (Jé, + mE, + n&5), 
al+bm+en=2. 


Moreover, by taking Jé,, mé,, né,; as new variables, the former 
substitution is unaltered and the latter takes the simpler form 


&/=- &+4(6&+&+ &), 
&/=-& +b(6+6+8), at+b+e=2. 
&, =—& +¢(& + & + &). 


Hence it must be possible to choose a, 6, ¢ so that these two 
substitutions correspond to any operation of order 7 and any 
operation of order 2 of the group. 


Now with the group defined as in § 166, (1673524) and (26) (37) 
are a pair of permutations which generate the group, and they are 
such that 

(1673524) (26) (37) = (124) (356). 


Hence if the two substitutions correspond to (1673524) and 
(26) (37) respectively, they generate the group, and their product 
is a substitution of order 3 with zero characteristic. In order that 
the latter condition may be satisfied, it is at once found that 


aa + ba? + cat=a+a?+ at, 


and a (a> + a’) + b (a? + a®) +0 (a® + a) =a° + a5 + a’, 
while a+b+c= 2. 
These equations determine a, 0b, c uniquely, giving 
a’ — a? a> — at a®’—a 
a-l= 6—1=—= 1h 


ie Tiina = ae 
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where a+a’?+at— a — oF — = —7, 
If we put 
t= & (a? a a’), XL = £ (at = a’), Xe; = é; (a = a®), 


this substitution takes a more symmetric expression while the 
previous one is unaltered. Hence an irreducible representation of 
the simple group of order 168 in 3 variables is generated by 


Oy Sak, T, Hat, wy = ota,: 

and J —T2,! = (a° — a?) a, + (a®—a) x + (a? — ig 

wed fy = (a® = a) 2X, + (a? = a) y+ (a5 a a”) Xs, 

JT, = (a? — a*) a, + (a> — a?) @, + (a°— a) wy; 
these two substitutions corresponding to the permutations (1673524) 
and (26) (37). It will be found that if 

LH, + %o+ Xg=Y,, a%+0°X,+ atx,=Y., a°x, + att, +a%,= Ys, 

the coefficients in the substitutions of the transformed group with 
%5 Y2, Ys aS variables are rational functions of ETE 


233. The general question as to the nature of the irrational 
quantities in terms of which the coefficients of any group of 
linear substitutions may be expressed has not yet received a 
complete answer. In every case that has been actually 
examined the coefficients may be expressed rationally in 
terms of the mth roots of unity, where m is the least 
common multiple of the orders of the operations of the 
group. Herr Schur* has shewn, among other results, that 
this is certainly the case for soluble groups; and the authort 
has shewn that, unless there is a number a, greater than 
unity, such that each multiplier of each operation of the group 
occurs a or a multiple of a times, it is the case. 


234. We have seen in § 223 that 
k=r t=r A hixi* 
I ( — um v ) 
k=1 é i=1 xi" 


is a rational homogeneous function of £, A,, As, ..., A, with 
rational integral coefficients. Let m be the least common 


* T. Schur, ‘‘ Arithmetische Untersuchungen tiber endliche Gruppen linear 
Substitutionen,” Berliner Sitzungsberichte, 1906, p. 181. 

+ W. Burnside, ‘On the arithmetical nature of the coefficients in a group 
of linear substitutions of finite order,” Proc. L. M. S., Series 2, Vol. tv. 


(1905), p. 8 
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multiple of the orders of the operations of the group, and let 
w be an assigned primitive mth root of unity. Then y;* is, 
for each value of & and 7, the sum of y,* powers of w ; and each 
factor in the above product is a linear homogeneous function 
of £,.A,, As, ..., A, with coefficients which are rational functions 
of w. Now the primitive mth roots of unity satisfy an irre- 
ducible equation with rational coefficients. Hence if in each 
of the factors of the product is replaced by w*, where yp is 
relatively prime to m, the factors will be permuted among 
themselves. From this it follows that if 


Ve = oN + w+... ores (gas Ee er) 
are the characteristics of the r conjugate sets in an irreducible 
representation of a group, so also are 
Xe) = os + whe +... 4+ ohm, (s=1, 2,..., 7), 
where yw is any number relatively prime to m. 


Moreover if [and T',,, denote the irreducible representations 
to which these two sets of group-characteristics belong, the 
result of writing w“ for w in each characteristic is to give a 
permutation of the r sets of characteristics (or of the 7 irre- 
ducible representations) which is denoted by the symbol 


i r,, sais) Li ) 
Yr, Dai eee) D(x) 5 
If £4 one aot oe 


are the distinct operations of any conjugate set O, and if w still 
denote a number which is relatively prime to the least common 
multiple of the orders of the operations, then 
Sis S,4, weeny S;,¢ 

are distinct and constitute a conjugate set, which may be de- 
noted by C™. If then every operation of the group be replaced 
by its wth power, a permutation of the conjugate sets arises 
which is denoted by the symbol 

ae C;, * eres C, \ 

Cy pale eae ele 


Consider now the r symbols 
Ky= Ex C.= Eyrss8, (P=, 2-17) 
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that have already been used in § 229. For any permutation of 
the r sets of group-characteristics they are merely permuted 
among themselves. In particular a definite permutation of the 
K’s will arise from the permutation of the sets of characteristics 
denoted by 
bp Ds ae Le ) 
ee Dow), F075) Diu) 
which is given on replacing @ by w* in each characteristic. On 
the other hand K, remains unchanged, for each p, when * is 
written for » in each characteristic and at the same time S* is 
written in the place of S for each operation. In other words 
each K remains unaltered when the sets of characteristics 
undergo the permutation denoted by 
(T1,T., ..., Ts 
i, Pow), SO) Dy (u) ; 
and the conjugate sets undergo simultaneously the permutation 
denoted by 
a Cr, ., C, ) 
CO) ee Oe 
The &’s are therefore permuted among themselves when the 
sets of characteristics are unpermuted, while the conjugate sets 
undergo the permutation denoted by the last symbol; and this 
permutation is the inverse of that which arises when the con- 
jugate sets are unpermuted, and the sets of characteristics 
undergo the permutation 
Ne ah eget et Be ) 
(7 Dou), eey Dy (u) 
The group of permutations of the C’s which arises when for 
uw is taken each of the d(m) numbers less than and prime to m 
is an Abelian group, since 


ce es en bl Re at is ‘ 


It is also intransitive since C, is necessarily unpermuted. If 
O; and C; belong to the same transitive set in this permutation- 
group, the cyclical sub-group generated by any operation be- 
longing to C; must be conjugate to the cyclical sub-group 
generated by any operation belonging to C;; and conversely, 
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unless this condition is satisfied C; and C; do not belong to the 
same transitive set. Hence the number of transitive sets in 
which the C’s are permuted is equal to p, the number of distinct 
conjugate sets of cyclical sub-groups in the group. 


Now the K’s are linearly independent functions of the C’s, 
equal to them in number, which are permuted among them- 
selves when the C’s undergo the permutation-group considered. 
The group in the K’s and the group in the C’s must therefore 
have the same number of linear invariants; and the number of 
transitive sets of the group in the K’s is therefore p. 


But this group also arises from the permutations of the 
r sets of characteristics given on replacing w by w* in each 
characteristic, the conjugate sets being unpermuted. 


Hence finally the permutation-group of the r sets of charac- 
teristics (or of the corresponding r irreducible representations) 
consisting of the permutations 

Li) ieee 
(rn Le iaames i) 


(uw and m relatively prime) 


permutes the sets (or the irreducible representations) in p 
transitive sets. 

The irreducible representations that belong to the same 
transitive set may be called a family of representations. 


235. If y; @=1, 2, ..., r) are the characteristics for one 
member of a family, the expression 
=i, 
a 
when for » is taken in turn each number less than and prime 


to m, takes just m, distinct values if m, is the number of 
members in the family. 


If 2H; = SHO, 
then 2yici = zyiCien, 
Also if uu’ = 1 (mod. m), 


iS a] 
a 
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Hence m, must be a factor of ¢(m), and if 
d(m) = mM, 
there are just m, values of yw’ such that 


Ne Gi = Xi Abel 2avonny 1) 


Now the y’s are rational functions of w, a primitive mth 
root of unity. Since they are unaltered when @ is replaced by 
any one of a set of m, primitive mth roots of unity, they must 
be rational functions of an algebraic number &, which itself 
is a rational function of w taking just m, values when @ is 
replaced by any other primitive mth root. The irreducible 
equation with rational coefficients which & satisfies is therefore 
of degree m,, and the field of rationality which it determines is 
the same as that determined by the set of characteristics. 


If the members of the family are 


Darl pus 3 cE ng 


™y 


every operation necessarily has a rational characteristic in the 
representation denoted by I, +I, +...+T7,. Conversely it 


follows, from the formula of § 216 for the complete reduction of 
any representation, that a representation in which the charac- 
teristics are rational must, when completely reduced, contain 
each of the representations Uy, r,. wie ry. the same number 


of times. 


THeorEM VI. If r is the number of sets of conjugate 
operations of a group, and p the number of sets of conjugate 
cyclical sub-groups, the r irreducible representations of the 
group fall into p distinct families. The characteristics of the 
distinct members of a family are derived from the charac- 
teristics of any one of them, expressed as rational functions 
of w, on replacing w by w*. Here pw is any number relatively 
prime to m the least common multiple of the orders of the 
operations of the group, and w is a primitive mth root of unity. 
Any representation of the group in which all the characteristics 
are rational, when completely reduced contains each member of 
a family the same number of times. 
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236. The results of the last two paragraphs may be used 
to prove a remarkable property of the multiplication table of 
the conjugate sets (§ 44) from which they have been obtained. 


It has been shewn in § 229 that, if 
Kp = =x CO, (p= 1, 2pon5 7) 


then OVE VE 
and in a similar way it may be proved that 
N 
ge — xP ee 


Since the determinant of the characteristics is different 
from zero, the C’s can be expressed in terms of the X’s, and 
the expression 1s 


hi 
C; = W =x? Kp. 


It has also been seen in § 234 that if 
Kp w = = xe? 0, 
i 


then the r symbols Kpw (p=1, 2, ..., r) are the symbols 
Ky (p=1, 2, ..., r) in some altered sequence. The last re- 
lations give, on solution with respect to C;“), 


hh; 
N?2 


ih; N 
a Bal = XE AG? xP kK, (x) 


MH) Ou) = > y.Py; 
Hence C,H) 0,4 = » Kx Kp w Kew) 


Pd 


= 


_ ih; s XO Xia Ne C,). 
N ps ne 


Now the relations (§ 218) 


hihs xe? x 5” = Xi? & Cijshe Xe” (p => ike yh oeey a) 
s 
give on solution with respect to Cig 


Thihy KP Xj? Xe? => VP Ney. 
Pp 
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Hence C0, = Soyo ), 


THEoREM VII. The multiplication table of the conjugate 
sets of @ group ws invariant for the Abelian. group of per- 
mutations of the conjugate sets that arises on replacing every 
operation of the group by its wth power, where wu is any number 
relatively prime to the least common multiple of the orders of the 
operations. 


237. It may be shewn in a precisely similar manner that 

the multiplication table 
rT; >Gijsl'ss 
which gives the composition of the irreducible representations, 
is invariant for the permutations of the representations denoted 
by 
(i ih “ioral by, ) 
PL, Vey, eo Pew?’ 

where I; is that representation whose characteristics are 
obtained from those of I; on replacing w by o*. 


In fact it will be found that the r symbols 
A, = 2 y*T; Caieel | 25 teria) 
k 
are merely permuted among themselves when, in them, the 


I’s undergo any one of the above permutations; while the 


A’s are such that 
N 


H?= jg oiki 
H;H;=0, (t+)). 
1 
Now I, => yw hixe Hi 
Hence Tywliw =. 2 hihjxe*y;' A Hy 
= = Dhixet xe! Hi 


1 
=a = hixe xe’ xe Vow. 
4,8 
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Now (§ 219) NGias = Shirxi* Xe Taal 


and therefore Poy Dewy = Zoe Vege 
8 


238. Ex. 1. Prove that the numbers (x,'), (¢=1, 2,. 


are the roots of the equation 


[238 


h,N 
a 
> CipqCvqn — nang i igseae ee bareeee & Cipg Crap 
pq pa 
h,V 
> CopqCvap > Copq Cxqp — rom > Copq Crap 
pa pd pq a 0 
h_V 
2: Crpq Sven BiG pa Cog n= == Bi Chilean aan 
pq pa 
(Frobenius). 


Ex. 2. Shew that the representation of G as a permutation- 
group, that arises on transforming the V operations of @ by each of 
themselves in turn, when completely reduced contains the irre- 


ducible representation T,, just Sy;* times. 
i 


Ex. 3. If C,, C,, C3, C4, Cs are the conjugate sets consisting of 
identity, the operations of order 2, those of order 3, and the two 
sets of order 5 respectively, in the alternating group of 5 symbols, 


prove that 

C2 =150,+ 2C,+30,+5C,+ 5C;, 
Co.= 40, +60, +5C,+50C,, 
G0,= 40, +30, +5C;, 
6xe5= 40, + 3C0,+50C,, 

C2 =200,+ 8C,+70,+50,+ 5C,, 
GOHE= 40, + 30,4+ 5C,+5C;, 
C,0= 4C,+30,+5C,+ 5C;, 
CP veatauy + 3C0,+50,4+C;, 
CC, 40,+30,+C, +(C;, 


(Oe = 12¢, TF 30; Se C; 2 5C;. 


Thence or otherwise shew that the sets of group-characteristics 


are given by the table 
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C, 1 3 3 4 5 
Co 1 ai wy 0 1 
Cs 1 0 Ovonhions 1 S41 
Cy 1 a A eek ee 0 
Cs res ha 28 2 ae a4 0 


Ex. 4. Form the sets of group-characteristics for the two types 
of non-Abelian groups of order p*, and shew that they are 
identical. 


Ex. 5. Prove that in every representation of a group of finite 
order as an irreducible group of linear substitutions in m(> 1) 
variables there are operations with zero characteristics. 

(Proc. L. M. S. New Series, Vol. 1. p. 115.) 


Ex. 6. Shew that if, in a representation of a group of order V 
as an irreducible group of linear substitutions, the characteristic of 
every operation is either zero or a multiple of a rational integer 2, 
then not more than JV/n? operations can have non-zero charac- 
teristics, 


Ex. 7. Shew that 
xi 
3 =0 
k Xi 
is the necessary and sufficient condition that an operation of the th 
conjugate set should not be a commutator; and determine, in a 
similar form, the conditions that it should not be the product of two 
or more commutators. 


Ex. 8. Prove that the group defined by 
Ale Lah = LISAS BA — 5 


has 15 conjugate sets; and admits 9 representations in a single 
symbol and 6 representations in 3 symbols. Shew that in the latter 
B and A may be represented by 


ei sony = wy, 2 =i ; 

Lien ay =12, Z=an; 
where w is any primitive seventh root of unity and a is any cube 
root of unity. Shew also that, when a is a primitive cube root of 


unity, it is not possible to represent the group in a form in which 
the coefficients are rational functions of the characteristics. 
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Ex. 9. Prove that the group of order 2" defined by 
Af =H, Bi2A®, BAAB=A, 
which has only one operation of order 2, admits 2”-? + 3 irreducible 
representations of which four are in a single symbol, while 2"-’—1 
are in two symbols. Shew also that, in any irreducible representa- 
tion which is simply isomorphic with the group itself, A and B 
may be taken to be 


Caan, y =o ty; anda =y, y =— 2; 
where a is a primitive 2”-1th root of unity. 
Ex. 10. Shew that the numbers g,, satisfy the relations 
> Invi Fadi = > "pai 
for all values of the suffixes p and g. 


Ex. 11. Prove that if each prime that divides the order of 
a group is congruent to unity (mod. 4), then the order of the group 
and the number of conjugate sets are congruent (mod. 32). 


CHAPTER XVI. 


SOME APPLICATIONS OF THE THEORY OF GROUPS OF 
LINEAR SUBSTITUTIONS AND OF GROUP-CHARACTERISTICS. 


239. WE shall now apply some of the methods and results 
of the preceding three chapters to obtain a series of special 
theorems some of which give properties of a group independent 
of its mode of representation, while others are directly con- 
cerned with permutation-groups. 


The theorem, due to Prof. Frobenius, that a transitive 
permutation-group whose operations except H# permute all or 
all but one of the symbols, contains a self-conjugate sub- 
group whose order is equal to its degree, and the theorem that 
every group whose order contains only two distinct primes is 
soluble, are good examples of the power of this method. Before 
the development of the theory of group-characteristics these 
theorems, though special cases of them had been established, 
presented difficulties which had not been overcome. It cannot 
be doubted that further important results await the investigator 
in this line, 


240. It has been seen in § 225 that h;y,/y, is an algebraic 
integer. If m is the order of the operations of the 7th set, x; is 
the sum of y, mth roots of unity; and unless these are all the 
same, mod. y;/x; is zero or a real positive quantity less than 
unity. This is immediately obvious when the roots of unity 
are represented graphically. 

If S is any operation of the 7th set, and if « is a number less 


than and prime to m, then S# belongs to a conjugate set of h; 
operations, whose characteristic is obtained from y; on replacing 
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each root of unity in it by its pth power. Denote this as 
before by ys Then M, =(hi/x)*?™” UxXiw, where in the 


product p takes each of the d(m) values which are less than 
and prime to m, is (i) an algebraic integer, and (ii) a rational 
number. The latter statement follows from the fact that the 
product is a symmetric function of the $(m) primitive mth 
roots of unity. Hence M, being both an algebraic integer and 
a rational number, is a rational integer. Also 


Ily; @ = II mod. Xi (u)» 
Me Me 


and therefore (h;/x:)?™ II mod. x; (.) is a rationalinteger. Hence 
a et 
if h; and x, are relatively prime, II mod. y;,,) must be divisible 


by x:%" or else must be zero. "Now it has been seen that 
unless the mth roots whose sum is y; are all the same, 
mod. yi) /%1, if not zero, is a real number less than unity. 
Finally then we may state the following :— 


THEOREM I. Jf in a representation of a group of finite 
order as dn irreducible group of linear substitutions the number 
of variables and the number of operations in some conjugate set 
are relatively prime, then either (i) the characteristic of the set is 
zero, or (i1) all the multipliers of any operation of the set are the 
same. 


Corollary I. An irreducible group of linear substitutions 
in p (prime) variables, whose order is divisible by p?, must 
contain self-conjugate substitutions. 


For if p* is the highest power of p which divides the order 
of the group, and if a sub-group of order p* is not Abelian, it is 
necessarily irreducible; and therefore contains self-conjugate 
operations, which must be self-conjugate operations of the 
group. 

If the sub-group of order p* is Abelian, the conditions of 
the theorem are satisfied for each of its operations, and it is 


immediately obvious that, when a>1, their characteristics 
cannot all be zero. 


Corollary II. Ifthe number of operations in some con- 


jugate set of a group of finite order is a power of a prime, the 
group cannot be simple. 
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Let h; =p", so that WV, the order of the group, is divisible by 
p™. Since 


N= > (xa")?, 


there must be representations, other than the identical one, in 
which x, is not divisible by p. In such a representation, either 
Xi 18 zero or y¥;= X%,, Where w is a root of unity. In the latter 
case, if y, >1, the group has a self-conjugate sub-group containing 
the ith conjugate set, and, if x, =1, the group is distinct from 
its derived group. Now x; cannot be zero in each representation, 
except the identical one, in which y, is not divisible by p. For 


je 
fs ie = 0, 
and, on the supposition made, this relation would involve the 
contradiction 

1 = 0(mod. p). 


The group is therefore in any case composite. 


Corollary III. A group whose order contains only two 
distinct primes is soluble. 

If N=p*q*, an operation which is self-conjugate in a sub- 
group of order p* is one of g’?(b<) conjugate operations. The 
group G therefore, by the previous corollary, contains a self- 
conjugate sub-group H; and the same reasoning applies both 
to G/H and to H. Hence G is soluble. 


241. The author has shewn* that, subject to exceptions when 
p is 2 and qg of the form 1 + 22” or when p is of the form 2”—1 and 
q is 2, a group of order p*g8 (p* > g®) has a characteristic sub-group 
of order p*, where a satisfies the inequality p*>p*q-?. This result 
may be used as a basis for the discussion of such groups. The 
following comparatively simple results are proposed as an exercise 
for the reader, 

Ex. 1. Shew that if a group of order p%g® has more than one 
sub-group of order p*, and if no two sub-groups of order p* have a 
common operation except Z, then these sub-groups must be cyclical. 

Ex. 2. Shew that if p* is the order of the smallest self-conjugate 
sub-group of a group of order pg®, and if the group contains no 
operation of order pg, then gf is a factor of (p*—1), and the sub- 
groups of order gf are cyclical. 


* «©Qn groups of order pag,” Proc. L, M. S., Series 2, Vol. 11. (1904), 
pp. 432—437. 


324 GROUPS [242 


242. If H is a sub-group of G, and if 
HA eee pega fl 


are the sets into which the operations of @ fall in respect of H, 
it has been seen in § 177 that these sets are permuted among 
themselves on post-multiplication by any operation of G, and 
that a transitive permutation-group thus arises, which is a 
representation of G. 


Let H’ be a self-conjugate sub-group of H such that H/H’ 
is a cyclical group of order m. Unless H is identical with its 
derived group, there must be such a sub-group for some value 
of m greater than unity. In respect of H’ the operations of H 
fall into the sets 


d 8 Mirage ale 8 La Fey i 8 see 
where S is an operation of H, whose mth power is the first that 
occurs in Hf’, 
If w is an mth root of unity 
HH’ +o 7H’'S +o07H’S?+....... +o -™h A’gn 
is unaltered on multiplication by any operation of H’ and is 


changed into w times itself on multiplication by S. Denote 
this expression by K, and consider the n expressions 


Wiad (Gs PRG eos. eal bee 
If, on post-multiplication by U, any operation of G, HT; 
becomes HT;, there must be an operation ¥ of H, such that 
TU = T;, 
and then KTU = KT; =0°KT;, 
if = belongs to the set H'S*. 


Hence, when the n above expressions are post-multiplied by 
any operation of G, each is changed into one of the set multiplied 
by some power of w. Neglecting the factors so introduced, the 
permutation of 
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A representation of @ is thus set up as a group of linear 
substitutions of a specially simple kind. They are not mere 
permutations, but permutations affected by factors, all of which 
are mth roots of unity. 


Whatever the factors may be such substitutions are called 
monomial substitutions. 


This representation of G as a group of monomial sub- 
stitutions cannot be equivalent to the representation as a 
permutation-group in respect of H. In fact, when the latter 
representation is reduced, it necessarily contains the identical 
representation, while the former one clearly does not. 


The product of the symbols operated on by the monomial 
group of substitutions is changed into a multiple of itself by 
every operation of the group; the factor in each case being a 
power of w. It may happen that this factor is unity for every 
operation. If this is not so, a representation of G in a single 
symbol, other than the identical representation, arises; and 
therefore G must be isomorphic with a cyclical group whose 
order is equal to or is a factor of m. 


243. We proceed to apply the representation of a group 
as a group of monomial substitutions to obtain results con- 
nected with the solubility of the group. 


Let p* be the highest power of p which divides the order of 
G, H be a sub-group of & of order p*, and J the greatest sub- 
group of G which contains H self-conjugately. Suppose further 
that every operation of J is permutable with every operation of 
H, so that H is Abelian. 


If S, of order p®, is one of a set of independent generating 
operations of H, there is a sub-group H’ of H of order p** in 
respect of which the operations of H fall into the sets 


H', H’'S, H'S?. ...... , H's, 


Take H’ and S for the group and operation denoted by the 
same symbols in the previous paragraph and form the repre- 
sentation of Gas a group of monomial substitutions in respect of 
them, using a primitive pth root of unity for o. 
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If KT, is changed into a multiple of itself on multiplication 
by S 
TS = S’T,, 
where S’ is some operation of H; or 


T,STA= S’. 


But the operations S and S’ of H cannot be conjugate 
in G unless they are conjugate in J (§ 123). Hence if KT; 
is changed into a multiple of itself on multiplication by S, 
7; is permutable with S, and KT;S=owKT;. Moreover the 
number of sets AT;, each of which is changed into » times 
itself on multiplication by S, which is 1/p* of the number of 
operations of G permutable with S, is not a multiple of p. 
The product of the factors for these symbols is therefore a 
primitive p®th root of unity. Consider now a set of the 
symbols KT; which are permuted cyclically by S. Denote 
thent by ay, 5, .. << , tp (b<¢ B). The corresponding part of 
the monomial substitution which represents S is 


- 
LZ = OL, 


a' sb = Wy Bi, 

where @,, @g, ...... , Mp are pth roots of unity. 

The p*th power of this substitution is identity, and therefore 

(Oats oP = 1, 

Hence @,@,...... Wp 18 not a primitive p*th root of unity. 

Combining the two results it follows that the product of all 
the symbols is changed by the substitution that corresponds to 
S into o’ times itself, where o’ is a primitive p*th root of unity. 
Hence G must contain a self-conjugate sub-group in respect of 


which it is isomorphic with a cyclical group of order p?, and 
neither S nor any power of S occurs in this sub-group. 


This self-conjugate sub-group satisfies the same condition 
as G, as regards the prime p, and may be treated in the same 
way. Hence :— 
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THEOREM II. Jf p* is the highest power of p which divides 
the order N of G, while H is a sub-group of G of order p* and I 
the greatest sub-group of G which contains H self-conjugately ; 
and vf every operation of I is permutable with every operation of 
H, then G has a self-conjugate sub-group of order N/p*. 


244. A number of particular cases of this theorem are of 
sufficient importance to be stated explicitly. 


Corollary I. If p*m, where m is not divisible by p, is the 
order of G, and if every operation of G whose order is a power 
of p is permutable with every operation whose order is prime to 
p, then G is the direct product of two groups of orders p* 
and m. 


Under the given conditions G contains a self-conjugate sub- 
group H of order p*. If H is Abelian, the conditions of the 
theorem apply, and G contains a self-conjugate sub-group M of 
order m. Then since M and H can contain no common opera- 
tion except H, G is the direct product of M and H. 


If H is not Abelian, let H, of order p™ be the derived group 
of H. Since H, is a characteristic sub-group of H, it is a self- 
conjugate sub-group of G. The conditions of the theorem 
apply then to G/H,, which therefore has a self-conjugate sub- 
group of order m, containing all its operations whose orders are 
relatively prime to p. Hence G has a self-conjugate sub-group 
of order pm, with the same property. Similar reasoning may 
be applied to this sub-group. Hence, finally, G@ again contains 
a self-conjugate sub-group M of order m; and @ is therefore 
the direct product of M and H. 


Corollary II. If, in G, the Sylow sub-group H, of order 
p*, is Abelian; and if & is the greatest number of a set of in- 
dependent generators of H which have the same order; then 
when NV, the order of G, and (p*¥—1)(p*7—1)...... (p—1), 
are relatively prime, @ has a self-conjugate sub-group of order 
N/p*. In fact, when these conditions are satisfied, it has been 
seen in § 86 that every operation of @ which is permutable 
with H is permutable with every operation of H, and therefore 
the conditions of the theorem are satisfied. 
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Corollary III*. The order N of G@ is p.™p,."...... Prom, 
where 7, Das +++ , Pm are primes in ascending order and m is 
relatively prime to each of them. For each 7 from 1 to n, the 
sub-groups of order p;% are Abelian, and &; is the greatest 
number of a set of independent generating operations which 
have the same order. Then if, for each 1, N/p,*p, ...... pia 
and (p*i— 1) (pit —1)...... (p;—1) are relatively prime, G has 
a series of self-conjugate sub-groups of orders 


Nip Pipes sscaet peurtis ly 2) Tt... , n). 

The existence of the self-conjugate sub-group of order 
N/p,~ follows from the preceding Corollary. Applying the 
same reasoning to this, it has a self-conjugate sub-group of 
order N/p,~p.%. This clearly consists of all operations of G 
whose orders are relatively prime to p,p., and is therefore a self- 
conjugate sub-group of G; and this reasoning may be repeated. 


Corollary IV+. If the Sylow sub-groups of G, for all 
primes dividing the order of G except the highest, are Abelian 
groups with either one or two generating operations and if 12 
is not a factor of the order, then G is soluble. In fact 


(p?—1)(p —1) 
can only be divisible by a prime greater than p if p=2; and 
then 3 is the divisor. With this exception the conditions of the 
previous Corollary are certainly satisfied. In particular, a group 
whose order is not divisible by the cube of a prime or by 12 is 
certainly solublet. 


245. If the order of a group is 2¢n, where n is odd, there 
are other cases besides those covered by the preceding Theorem 
in which it may be shewn that there is a self-conjugate sub- 
group of order n. 


Suppose first that the sub-groups of order 2* are of one of 
the types 


* Frobenius, ‘‘ Ueber auflésbare Gruppen, u.’? Berliner Sitzwngsberichte 
(1895), p. 1085. 

+ Frobenius, loc. cit. p. 1041. 

{ By a method similar to that used in Theorem II, the author has shewn 
that if p> is the highest power of p which divides N, and the sub-groups of order 
p® are non-Abelian, there is a self-conjugate sub-group of order N/p3, if N and 
(p?-1) (p-1) are relatively prime. (Proc. L. M. S., Vol. xxxi, p. 265 (1900).) 
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A**=E, B=E, BAB=A- 
Aw7=E, B=E, BAB=A0" 
A*7=E, B=E, BAB=A-*. 


In each case {A**, B} is a group of order 4 and type (1, 1), 
and there is no Abelian sub-group of order 8 and type (1, 1, 1). 
If A*~ and B are conjugate operations in the group, there 
must (§ 124) be an operation S of odd order such that 


Ans Ct Ae Pore DB) SAS St ee 


are permutable operations. Since there is no Abelian sub-group 
of order 8 and type (1, 1,1), this is only possible if S?is permut- 
able with A%*~*. Hence if n is not divisible by 3, A” and B 
are not conjugate operations, and therefore B is not contained 
in any sub-group conjugate to {A}. Now A is one of 2u 
conjugate operations, where uw is odd. No one of these can 
be permutable with B; for if BA’= A’B, then {A’, B} would 
be an Abelian group of order 2*, and the sub-groups of 
order 2% are not Abelian. Hence the permutation that arises 
when the 2 operations conjugate to A are transformed by B 
is an odd permutation; and therefore the group has a self- 
conjugate sub-group of index 2 in which B does not occur. 
In this sub-group the sub-groups of order 2*~ are cyclical; and 
therefore the group has a self-conjugate sub-group of order n. 
If the sub-groups of order 2* are of the type 


AY? =F, B=A*™", BAAB= A>, 


it may be shewn, as in the former case, that when n is not 
divisible by 3, B and A** * are not conjugate operations. Here 
A*™~ is one of 2u conjugate operations, where yw is odd, and 
since the group contains no two permutable operations of 
order 4, which are not inverses of each other, just 2 of the 2u 
operations remain unchanged on transforming by A*™*. For 
the same reason none of the 2m operations remain unchanged 
on transforming by B. Hence, since A* *=B?, one of the two 
permutations corresponding to A” ” or B must be an odd 
permutation, and the group has a self-conjugate sub-group of 
index 2. In this the sub-groups of order 2*7 are either 
cyclical or of the type under consideration ; and in the latter 
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case the same reasoning may be repeated. Hence again there 
is a self-conjugate sub-group of order n. The types considered 
cover all non-Abelian groups of order 2* with operations of 
order 27. Hence :— 


THeorEM III. A group of order 2¢n, where n is odd and 
not dimisible by 3, which contains operations of order 2*~ has a 
self-conjugate sub-group of order n. 


Corollary. The order, if even, of a simple group must be 
divisible by 12, 16 or 56. For groups whose orders are not 
divisible by 16, the two preceding theorems cover all cases 
except that where the order is divisible by 2° and the groups 
of order 2% are of type (1, 1,1). In this case, if the order is 
relatively prime to (28—1)(2?—1) there is a self-conjngate 
sub-group of order ; i.e. unless 12 or 56 divides the order the 
group must be composite*. 


246. Let G be a group of order NV and G’ a sub-group of 
G of order NV’. For G we use the ordinary notation for the 
irreducible representations and the characteristics, viz. I, is 
any irreducible representation of G, x{ is the characteristic of 
Sin I, and hg is the number of operations in the conjugate 
set to which S belongs. For G’ let y, denote any irreducible 
representation, yr, the characteristic in y, of any operation P 
of G’, and h’p he number of operations in the conjugate set cf 
G’ to which P belongs. As usual the representation of both G 
and G’ with suffix 1 is the identical representation. In the 
representation [T,, of G, the set of linear substitutions corre- 
sponding to the operations of G’ will, in general, form a 
reducible group. For each u, the completely reduced form of 
this group will be denoted by 
> kuvYe 


v 


Now the characteristic of P, an operation of G’, in I, is ee 


Its characteristic in Tkypyy is YKeuw"- Hence 
Vv v 


ue = Sus Vv 


* An examination of the orders of known non-cyclical simple groups brings 
out the remarkable fact that all of them are divisible by 12. 
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for each wu. Multiply this equation by w¥_,, and sum for the 
operations of G’. Then 


= xP YP felis uy vp p-- 
Now (§ 218) =p VP = (), wt, 
Svipn i 
Hence NM heuy = 2X = =X>a ve, 
P 


and if S is any operation of G, 
WM hewXs = Yo Gee ak 


u, P 
But (§ 218) =X Pe 0 
{XsXpa = hp or VU, 
according as S is or is not conjugate to P. 
Hence Dhw = Ee zy? 
u . N’hp PB. Fs 
where the summation with respect to P is extended to all the 
operations of G’ which, in G, are conjugate to S. 
The result thus obtained* connects, without exception, the 
characteristics of G with those of any sub-group of @. 


247. We now make the particular supposition that G 
contains V/N’ sub-groups conjugate to G’, no two of which 
have a common operation other than L, so that G can be 
represented as a permutation-group of degree N/N’, whose 
operations, except LZ, displace all or all but one of the symbols. 

If P is an operation of G’, all the operations permutable 
with P must belong to G’, for if 

QPQ=P, 

Q-4’Q = Q”, 
then P would belong to both G’ and G”. Hence the number 
of operations in G conjugate to P is Nh'p/N’, ve. 

Nh’'p= N'hp. 


* Frobenius, ‘‘ Ueber Relationen zwischen den Charakteren einer Gruppe 
und denen ihrer Untergruppen,” Berliner Sitzwngsberichte (1898), p. 502. 
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If now, in this case, the equation 
U N vo 
ZhwXs= Whee? 


be applied to P, there are h’p terms in the sum on the right, 
and they are all equal. Hence 


Sua Xp = Vo 


This holds for all operations of G’ except £. When we 
write # for S, the relation is 


Dhue = Vi, /N". 
Combining the last two results with 
eS =z Shean V'ps 


which holds for all operations of G without exception, we 
have 


Vo rs > huokewo p> is + E, 
ON |N’ => kuokie 
Now Sy = N’, 
=Vehp=0, P+E. 


Hence for all operations of G’ without exception 
Ww N << BG w Vv v v 
P ale ~ N? Vn = Ve p= > buokwo yp: 
From this it follows, since the sets of group-characteristics 
are linearly independent (§ 216), that 
N—N’ 


Shurkur = a5 ae vo eS v= W, 


N— WN’ 
= (uo)? = V2 rs, P+. 


If now from these equations we calculate the values of 
> (kuv — Wks), we obtain 
Uu 


* (ku = Wes)? = 1 + (ve, 
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Also k,, =1, and if y>1, k,, =0, so that 
(ki — Ve ky? = (vi y. 
Hence, if »>1, 


S (ue — Yb)? = 1. 
uUu=2 


Now each of the r—1 terms on the left is either zero or a 
positive integer. Hence r—2 of them must be zero, and the 
remaining one unity. 


In just the same way it may be shewn that if v>1, w>1, 
v+w, then 
= (kup = vo en) (bien = Vo ea) = 0), 
u= 


Hence the values of wu for which k,—W%ky and 
uw — Ve kus are +1 cannot be the same. The notation may 
therefore be chosen so that 


bos — Wi Kaa eae a (a a 2, 3, Sieielow 2 ? ); 
Kap — Wi ka = 9, B+a,a>1. 
Moreover, as pointed out above, the values 
ky = I kya =0 
follow from the meaning of the symbols. 
Now LhuvxXt = i, N/N’ 
and Lhuax, = NN’, 
give & (kuy — We, kur) X% = 0. 


The term on the left, arising from w=1 (when v>1), is 
—",. The coefficients of all the other terms, except w= », 


gre zero, and the coefficient of this is + 1. Hence 
. —¥, Xp = 9. 


The positive sign must therefore be taken in each of the 
r’—1 cases. 
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Further, if S is an operation of @ which is not conjugate to 


any operation of G’, 
3 kunXg = 0, 


Dk va = 0, 
so that = (kuy — by hus) X5 = O- 


The only terms on the left which are different from zero are 
those for which w=1 and w=v: and the equation becomes 


Va ed, Oe 0, 
so that in this representation 
Xs = Xp 


and every operation of @ which does not belong to G and its 
conjugates corresponds to the identical substitution. The WV/N’ 
operations of G which do not belong to G’ and its conjugates 
therefore generate a self-conjugate sub-group, which necessarily 
consists of themselves with identity. Hence*:— 


THEorEM IV. Jf G is a transitive permutation-group of 
degree n, whose operations except E permute all or all but one 
of the symbols, then the n—1 operations which permute all the 
symbols constitute with E a self-conjugate sub-group. 


248. If in the preceding theorem the self-conjugate sub- 
group consisting of # and the permutations that change all the 
symbols be denoted by H, then to every operation of @’ there 
corresponds an isomorphism of H in which £ is the only 
operation that is not altered. If h is a Sylow sub-group of H, 
of order p*, and is therefore one of the same number of con- 
jugate sub-groups in G and in H, then h and every characteristic 
sub-group of h admits a group of isomorphisms simply iso- 
morphic with G@’, no one of which leaves any operation unaltered 
except H. Now A necessarily has a characteristic Abelian sub- 
group h’ whose operations, except Z, are all of order p. 


Suppose, if possible, that G’ contains a non-cyclical sub- 
group of order q’, where q is prime. The corresponding group of 
* Frobenius, “Ueber auflésbare Gruppen, tv.” Berliner Sitzwngsberichte 


ae pp. 1223—1225. Prof. Frobenius’s proof has been closely followed in 
the text. 
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isomorphisms must permute the operations of h’ transitively in 
sets of g’; and, as affecting one set, its generators Q, and Q, 
may be taken to be 


(PEP ig th gto (CP aParel a eee (Pi aeelone); 
I lo al are estates ate Beane Le red et (elo) ee gee aye Loe) 
Then in Q,Q,* the cycle containing P,, is 
(PaP tod Pas ais ek ag) 
Since no one of these isomorphisms changes any operation 


of h’ except EH into itself, the product of the operations in 
any cycle must be £. 


Hence Pikes wernt ine, 
Py Pe Pea: 
Bid eaten eee Nt St ae), 
and therefore Py Py = £, ee sad bP, Acorn N 
i,j 


or Pe an 


This is not the case, and therefore G’ contains no non- 
cyclical sub-group of order q% Hence (S§ 104, 105) the Sylow 
sub-groups of G’ of odd order are cyclical and those of even 
order are either cyclical or of the non-cyclical type that contains 
a single sub-group of order 2. 


Let Q, R of orders g*, r®? (g>r) be operations of (’ 
generating Sylow sub-groups of order q*, 7®. Then (§ 129) 
G contains a sub-group of order g*r® defined by 


Qt = HRY = KE; RPQR=Q, 
where y® =1 (mod. q*), &’<B. 


Such a sub-group permutes the operations of h’ transitively 
in sets of g*7*; and, as affecting one set, Q and R may be 
taken to be 

TT (Pi, Pi1--- Pi, qe), = Ve carey 
au 


1 (Py,ePaty---PrA,o®), (0= 0,1, g*— 1). 
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Then in Q7RQ the cycle containing P,,, 1s 
(Pr, oP 2, a5 Ps, ay j-++ PrB, ay); 


and Pig Es pile, ba (j =9, ee tae 
If y is not unity, this leads to 
P, of = £, 


a contradiction. Hence y must be unity, and the group of 
order qg*r® is cyclical. If r is 2 and the corresponding Sylow 
sub-group non-cyclical, it may be shewn in a similar way that 
the sub-group of order g*2° is the direct product of sub-groups 
of orders g* and 2°. Hence finally if the order of G is odd, G@’ 
is cyclical ; and if even, it is either cyclical or the direct product 
of a cyclical group of odd order and a non-cyclical group 
containing a single operation of order 2. 


THEOREM V. Jf a group admits a group of isomorphisms 
I, each of which leaves unchanged no operation of the group 
except EH, then I is either a cyclical group, or the direct product 
of a cyclical group of odd order and a non-cyclical group of 
order 2* containing a single operation of order 2. 


249. Returning to the relations between the characteristics 
of a group and one of its sub-groups obtained in § 246, we now 
suppose with the notation there used that G’ is a self-conjugate 
sub-group of G while NW/N’ is prime. We also assume that 
every two operations of G’ which are conjugate in @ are also 
conjugate in G’, so that if P is an operation of G@’, then h’p=hp; 
while if the operations of G’ fall into r’ conjugate sets in @’, 
they also fall into r’ conjugate sets in G. If S is an operation 
of G, not contained in @’, the operations of the set S@’ are 
transformed among themselves by every operation of G. Any 
operation P of G@’ is permutable with N'/h’p operations of G’ 
and with N/h’p operations of G. It is therefore permutable 
with WV’/h’p operations of the set SG’. Further if 8 is permut- 
able with m operations of G’, it is permutable with m operations 
of the set SG’. 


Hence when the two sets G’ and S@’ are transformed by 
any operation of G, the number of operations left unchanged in 
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each set is the same. It follows from Theorem VII, Chapter X, 
that the permutation-groups which arise on transformiug the 
operations G’ and the operations SG’ by every operation of G 
have the same number of transitive sets. Hence the operations 
of the set SG’ form 7’ conjugate sets in G, and therefore 


yh — 7’ 
Vi 
Now the relation 


yy N v 
aS Wp? 
of § 246, applied to any operation of G’, gives 
U NV v 
2 huoX'p = N’ vie 


Combining this with 


Xp = 2 huw hp 
w 
we have 


w N v 
= an hwo? gs Ww’ + a 
which is true for every operation of G’, Hence 
SKhuokuy=0, (uv + w), 
U 


N 
= Fou! = N’ . 
The first equation shews that, for each u, of the 7’ numbers 
REA GT, s, , 7”) one and only one can be different from 


zero. From the second equation it follows that 


Hence each k,, which is not zero is unity. Every irreducible 
representation of G is therefore irreducible as regards G’, and 
there are V/N’ irreducible representations of G which contain 
any given irreducible representation of G’. Slightly altering 
the notation this result gives the following :— 


THEOREM VI. Ifa group G of order N with r conjugate sets 
is contained self-conjugately in the group H of order Np (p-prime) 
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and if the isomorphism of G given by any operation of H leaves 
each conjugate set in G unchanged, then (i) the number of con- 
jugate sets in H is pr ; (ii) in each of the pr irreducible representa- 
tions of H, G is irreducible ; and (ili) each irreducible representa- 
tion of G occurs in just p distinct irreducible representations 
of H. 


If f,,T.,..., P, are the p representations of H in a single 
symbol, in which the operations of G correspond to the identical 
substitution, and if I’ is any representation of H, then II, 
I.T, ..., 0,P are all distinct and each of them give the same 
irreducible representation of G. 


Ex. A group @ of order VY with r conjugate sets is contained 
self-conjugately in a group H of order Wp (p-prime). Prove that 
if the isomorphism of @ corresponding to an operation of H not 
contained in G leaves 7, conjugate sets of G unchanged and permutes 
the »—7, remaining ones in sets of p, then the number of conjugate 
sets in # is {r+ (p?-1) 7y}/p. 


250. If m is the number of transitive sets in which the 
sub-group of a transitive permutation-group which leaves one 
symbol unchanged permutes the symbols, and if Xc,I'; gives the 
complete reduction of the permutation-group, we have seen, 
in § 207, that 

1 =.65. 


The identical representation necessarily occurs just once in 
the reduced form, so that c, is 1. If the group is doubly transi- 
tive, m is 2, and the reduced form is [,+TI, just one repre- 
sentation besides the identical one occurring. If the group is 
simply transitive m is not less than 3. The relation 


M = 205%, 


if m is of the form 1+ ?, might be satisfied by just two 
c’s, viz. 

CS 1; C2 = BP, 
but I+ uF, is not a possible form for the reduced group. In 
fact if x were the characteristic in T, of an operation which, as 
a permutation, displaces all the symbols, then 


O=1+ px. 
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The permutation-group necessarily contains such operations, 
but —1/ is not an admissible value for y, which is an 
algebraical integer, 


Hence if a permutation-group is simply transitive, at least 
three distinct representations must occur in its completely 
reduced form, 


It may be noticed in passing that when m is less than 6 for 
a group of even order, or less than 11 for a group of odd order, the 
irreducible components are necessarily all distinct and therefore 
equal in number to m. 

If in the completely reduced form of a permutation-group 
an irreducible component [I occurs c times, each irreducible 
representation which belongs to the same family as I’ will also 
occur ¢ times, 


251. Consider now a simply transitive permutation-group 
G of prime degree p. A permutation P of order p contained in 
the group may be taken to be 


Since @ is simply transitive, so that at least three distinct 
irreducible representations occur in its reduced form, the 
characteristic of P in each of the irreducible components, 
except I’,, must be irrational. Suppose that for one irreducible 
representation y, is s. Then in this representation 

Xp OPT OP Pe sees + w%s 


where is a primitive pth root of unity, and a, ds, ...... nits 
are $ distinct residues (mod. p). If w' be written for » in x, 


the resulting expression is the characteristic of P in the same 
or another irreducible component. If when each primitive pth 
root of unity is written in turn for , just ¢ distinct y's arise, 


st=p-—1, 


since each primitive root must occur in one and only one y. 
Hence if g is a primitive root of 


g® = 1 (mod. p), 
then Xp= ot ol + OF + vee + oF = 
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Now Ly + Ona, + WPM HF veer FO PM yy 


is the only linear function of the 2’s which is changed into o 
times itself by P. 


Hence if 
£, =a) + wa, + wae t+... +o Pity, 
the symbols &, &), Ea, ....-. , 2-1 are transformed among them- 


selves by the irreducible component in which y,, is the charac- 
teristic of P. 


This and the other irreducible components, except Ty, are 
therefore groups of linear substitutions in s symbols, in which 
the coefficients of the substitutions are rational functions of . 
If Q is any operation of G whose order is relatively prime to p, 
its characteristic in the representation considered is a rational 
function of w and is therefore zero or a rational number. It 
follows that the characteristic of Q in each of the ¢ represen- 
tations, other than [,, is the same. Suppose now if possible 
that G contains a permutation Q, of order prime to p, which 
displaces all the symbols. Its characteristic in Gis zero. In 
T, it is unity, and in each of the ¢ conjugate representations it is 
the same rational number Xe Therefore 


Oe Lote 


This is an inadmissible value for y a and therefore the only 
operations of G which displace all the symbols are the opera- 
tions of order p. If a permutation Q, whose order is prime to 
p, leaves just » symbols unchanged, then n=1+tyx,, and 
therefore yx ; is either zero or a positive integer; while the 
number of symbols unchanged by any permutation whose order 
is prime to p is of the form 1+ 2t. Let vz be the number of 
permutations of G which leave 1 + at symbols unchanged ; and 
let v be the number of operations of G whose characteristic in 
the chosen representation is Xp: Then the equation 

Dhink = 


for this representation is 


va’, +, + 2yy + ...... +sv,=0; 
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and the equation 
Lhixkn: ==() (k + l’) 

is vaX' Xp +7, + 2p. + 0.0... spy, = 0; 
the summations extending to the ¢ conjugate values of xi, and 
NEN 

Now axe = —1, 

=XEXD= WS (hE). 
Hence 
$(1,+ 2. 4+...... + sv.) =, + Vryat...... + Sv, 

so that Vy = Vo = ceeeee =V3] — 0. 

The permutation-group is therefore such that every per- 
mutation except the identical one displaces all or all but one of 
the symbols. The order of the group is therefore pq, where q¢ 


is a factor of » —1, and it contains a self-conjugate sub-group 
of order p. Hence :— 


THEOREM VII. A simply transitive permutation-group of 
prime degree p is of order pq, where q is a factor of p—1, and 
it therefore contains a self-conjugate sub-group of order p. 


252. <A similar result may be proved for any simply 
transitive permutation-group G of degree p™, which contains a 
permutation of order p™. Let 


(% Hy vveves Lpym_y) 
be a permutation P of order p” contained in G. 
my 


0 


then £; is the only linear function of the a’s which P replaces 
by o’ times itself, @ being an assigned primitive pth root of 
unity. : 

The multipliers of P are all distinct, and therefore when G 
is completely reduced no irreducible component can occur more 
than once. Moreover, it follows from Theorem II, Chapter XIV, 
that in each irreducible component the sub-group of G which 
leaves # unchanged has just one linear invariant. 
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Suppose now that Tis an irreducible component of G, and 


that in I’ the multipliers of P are o, wo”, ...... , wo, Then 
I’ must transform among themselves &, &,, ...... , £,, Unless 
pth roots of unity occur among @, w%, ..., 0”, there must be 


irreducible components in which no multiplier of P is a primi- 
tive pth root of unity. In such an irreducible component 
Pe" would correspond to the identical substitution, so that G 
would contain a self-conjugate sub-group generated by Pe 
and its conjugates; in other words @ would be imprimitive. 


Suppose now that in the sub-group of @ which leaves a 
unchanged, 
Xp,» Xb,» Lb) a seiaie's > XH 


are permuted transitively. Then 


is an invariant for this sub-group. 


pr-1 


Now Big eal 
0 


so that in T' 
E+ Eq veces + Ea, 


is an invariant, and therefore the only invariant for the sub- 
group of G which leaves 2 unchanged. 


Further p™ (ay, + Bp, Fb viens + 25;) 
i=p™-1 
=z, ws E; 
Om 
Hence 
Coe te Sia © + wt) &, 


& (w 2 Po tay, bf wt) ps 


+ (901 4 at oo. + wt) E 


is an invariant for the sub-group of G which leaves 2, fixed ; and 
therefore this quantity must be zero or a multiple of 
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It follows that 


wl + wo iid esile.s + wet 
== a's + qpfa¥ay 7 + wht 
= 014 wtbo4 + wt 


If one of the multipliers of P in T is a pth root of unity, we 
may assume that a, is a multiple of p”—, so that w% is a pth 
root of unity. Then 


and this equation can obviously be true only if t=p"—1; 
while, G being simply transitive, this is not the case. Hence 
among the multipliers of P in I no pth root of unity can occur. 


It follows that P?’”” and its conjugates generate a self- 
conjugate sub-group of G, so that G is imprimitive. Hence :— 


THEOREM VIII. A simply transitive permutation-group of 
degree p™”, which contains a permutation P of order p™, ts 
necessarily umprinutive and contains an intransitive self-con- 


jugate sub-group generated by P?”™” and its conjugates. 


That a corresponding result is true for any simply transitive 
permutation-group containing a transitive Abelian sub-group 
whose order is equal to the degree of the group is highly 
probable ; but the proof on the above lines presents difficulties 
which do not occur in the cases considered. 


253. We now add some further applications of the methods 
considered which, though they lead to less general results, are 
of importance as indicating the lines on which investigation 
may be pursued. 


The coefficients in the relations 
T; T; = > is ji 
s 


are directly determined by actually carrying out the reduction 
of the group represented by I',I';. In general it is not possible 
to say, a priort, whether the group represented by P';I'; is re- 
ducible or not; but it will now be shewn that the group denoted 
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by I? is always reducible, and a consideration of the process 
of compounding an irreducible representation of a group with 
itself is of some importance. 


If Xi = Lape Xj Kane Ly Zs sequence , 1) 
j 


is a substitution of I’, the corresponding substitution of T° is 


/ / 
LiYu = = CijkburkZjYo- 
JI,v 


This substitution may be written in the form 


, , Sets 
Li Yes SL By Yi = > (ijk Cuvk + Cu jk Livk) (2jYp = Ly Yj), 


and therefore the symmetric bilinear functions of the z’s and y’s 
are transformed among themselves as also are the alternating. 
There are $n(n+1) independent symmetric and 3n(n—1) 
independent alternating bilinear functions of the «’s and 2s. 
The n? symbols operated on by I? may therefore be separated 
into two sets, each of which are transformed among themselves, 
so that I? is certainly reducible. 


Lior ore: , @, are the multipliers of an operation in T, 
and if Ws, Wa are the sums of the multipliers of the same opera- 
tions in the group on the symmetric and the group on the 
alternating functions, then 


ar, ai, Os Oph GG) =U, BF. cows 22); 


uJ 


a= Too; CFI; UjJ=1, 2, «0... att); 
Py 


UJ 
In fact these relations are given at once by the preceding 
expression for a substitution of = Now 


We = Wat oF + w+ 2.0... + @,”. 
For a group of even order the series of quantities 
@; + oo, Eaeennts + Oe 


for the » conjugate sets is not a set of group-characteristics in 
general*; but for a group of odd order the set in question is 
always a set of group-characteristics, and the irreducible repre- 


* They will be so for the direct product of 
obey product of a group of odd order and a group 
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sentation in n variables to which they belong has been denoted 
(§ 234) by Pw. Hence in this case, when the group on the 
symmetric functions is completely reduced, it contains the 
same irreducible components as the group on the alternating 
functions and the component I’) in addition. This is expressed 
by the relation 

IP? =Ty +22a;7;. 


On the other hand, for a group of even order there is no 
necessary relation between the irreducible components of the two 
groups on the symmetric and the alternating functions, When 
each y is put equal to the corresponding 2, the alternating 
functions all vanish identically, and the symmetric functions 
become quadratic functions of the z's. Hence for a group of 
odd order each irreducible component of I? can be represented 
as a group of linear substitutions on quadratic functions of the 
variables. For groups of even order this result is not in 
general true. 


In particular I’. can be represented as a group of linear 
substitutions on n linearly independent quadratic functions of 
the a's. Let these functions be X,, Xo, ...... pgs ee being 
linearly independent it is easy to see that they must also be 
algebraically independent, and therefore that the Jacobian 


O(Xy, Xa, ves. E.G) 
AC REL sity) 
does not vanish identically. Since the X’s are linearly trans- 
formed among themselves when the a’s undergo any substitu- 
tion of I’, the Jacobian must be changed into w times itself by 
any substitution of the group, w being a root of unity. This 
Jacobian is a function of the nth degree of the variables. 
Hence :— 


THEOREM IX. For any irreducible group of odd order on n 
variables there is always (i) a set of n linearly independent 
homogeneous quadratic functions of the variables which are 
transformed among themselves by every operation of the group, 
and (it) a homogeneous function of the nth degree of the variables 
which is changed into a ea 2 sell by every operation of 


the group. 
F MATE TAA A BY 
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254. If m, is the order of the operations of the ith conju- 
gate set, x; is the sum of x, mith roots of unity. For any 
representation in which x; is not rational there must be some 
smallest number p;(>2) such that y; can be expressed as a 
rational function of a primitive pth root of unity, and cannot 
be expressed as a rational function of a wth root of unity 
(ui < i). 

Suppose now that in an irreducible representation T' of G, 
p,“ and p,°, where p, and p, are distinct primes, are the numbers 
referred to for the ith and jth sets. Also let m,=p,™ p.* p:®..., 
be the least common multiple of the orders of the operations of 
G. Of the ¢(m) numbers, », less than and prime to m, there 
are just d(m)/p,~" p27 (p,—1) (p.—1), say mm, which satisfy 
the congruences 

p =1 (mod. p,*), 
# = 1 (mod. p.°). 
We have seen that if w is any number less than and prime 
to m, the relation 
hihjxix; a > CishsXs 
involves the relation P 
hihxi (») Xj) = Xa > Cijshee (n° 
Sum these equations for the m, values of « which satisfy 
#=1 (mod. p,*), w = 1 (mod. p,°), 

Since Xiw =Xir Xjw =X 
the left-hand side is mh;hjy;x;. Let w be one of the y, roots 
of unity whose sum is y, and write o=@,@,0;..., Where @,, @2, 


@;,... are roots of unity whose indices are powers of p,, p2; 

Ps)++ If the index of w, is greater than p,*, or if that of a, 

is greater than p,”, or if that of w; is greater than ps, ..., then 
> ow" = 0. 


Me 

If the indices of w, and », are equal to or less than p,” and p,° 
respectively, while the indices of 3, @,,...... 5 Op ALE Dy} yy «ms ses Pt 
respectively and the remaining indices are zero, then 


Mm, 


(ps—1)(p,—1)...... (p:—1) 


YE wt =(-1)° @, Wo. 
vy 
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Hence, after the summation, the right-hand side of the equation 
is a rational function of p,"th and p,’th roots of unity. More- 
over unless, for some value of s, the order of the operations of 
the sth set is equal to or a multiple of p,“p,’, no one of the 
pi" p2th roots of unity which occur on the right-hand side of 
the equation will be a primitive root. Suppose now that, on 
each side of the equation expressed rationally in terms of & a 
primitive p,“th and of 7 a primitive p,’th root of unity, the 
equations 


A Wy; ASEP earths 0) 
and Pe "(De - 1) +P2 ~?(p, — 2) Ze bac al Pt Li 0) 


are used to replace all powersof £ andy higher than Er "(Pi Ty) at 


and Po’ * (Po - 1)-1 by lower powers. In this form the relation 
must be an identity. But on the assumption made it cannot 
be so, since the left-hand side contains terms &7¥ in which 
neither z is divisible by p, nor y by p,; while the right-hand 
side contains no such terms. The group therefore must con- 
tain operations whose orders are divisible by p,“ p.’. 


If y;, is a rational function of a p,’th root of unity and is 
not a rational function of a p,°th root of unity, the equation 


hihjhexixjrxn SN > Crs MshexXs Xk 
== yi > Cijn Cont hy Xt 


may be used in a similar way to shew that the group must 
contain operations of order p,”p,? p,°; and so on. Hence :— 


THEOREM X. Tf, p,, pr, Ps,+.. being primes, a group has 
operations whose characteristics in some irreducible representa- 
tions are rational functions of pth, pseth, pth, ... roots of unity 
respectively, and are not rational functions of p,o— th, p,® th, 
ps "th, ... roots of unity, then the group has operations of order 
Dry Pep." ... « 


255. Let G, of order p%q®...... rym, (where m is not divisible 
by the primes 7p, q, ...+-. ,’) be an irreducible group of linear 
substitutions in » variables. Suppose further that p, q, ...... wie 
are greater than n+ 1 and that the prime factors of m are equal 
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to or less than n+1. If @ has a self-conjugate operation P 
whose order is a power of p, its determinant is necessarily 
different from unity. The same is true if G has self-conjugate 
operations whose orders are powers of q, ...... r. Hence (note, 
p. 268) G must have a self-conjugate sub-group G,, of order 


DO aed: UG AO <0, UO ane ); 


and G, contains no self-conjugate operation whose order is a 
power of , g,....... irs 


A sub-group of G4, of order p%, is necessarily Abelian, since 
when completely reduced it must consist of n components each 
in a single variable. Moreover, since n+1 is less than either 
WD, Gees , or 7, every operation of G, whose order is a power of 
Diy OMacnssk , or r necessarily has an irrational characteristic. 
Hence, by Theorem X, G, must contain operations whose 
orders are divisible by pq. 


Let P, and Q, be permutable operations of G, of orders p 
and q; and let H, be an Abelian sub-group of G, of order p%, 
which contains P,. Then P, is contained self-conjugately in 
the sub-group {H,, Q,}; and since P, is not a self-conjugate 
operation of G,, this sub-group must be reducible. 


Each irreducible component of this sub-group may be dealt 
with as G has been treated. In it P, is a self-conjugate opera- 
tion whose determinant is different from unity; and its self- 
conjugate sub-group which does not contain P, may be treated 
like G,. It is thus shewn that G, has an Abelian sub-group 
{H,, Q}, where @ is an operation whose order is a power of g. 
Let 4, be a sub-group of G,, of order g’, containing Q. Then Q 
is self-conjugate in {H,, Ky}, which is therefore reducible; in 
other words G, has a reducible sub-group whose order is divisible 
by p%q’. This sub-group may be dealt with in the same way, 
and therefore G, has an Abelian sub-group whose order is 
divisible by p*q’. Repeating this reasoning with each of the 
PLINER PTO tk. we ,r, it is shewn similarly that G, has an 
Abelian sub-group of order p%q...... r’, and that G therefore 
has an Abelian sub-group of order p%g® ...... ry, Hence* :— 


* H. F, Blickfeldt, ‘‘On the order of linear homogeneous groups” (Second 
Paper), Trans. Amer. Math. Soc. (1904), p. 319. 
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THEOREM XI. An irreducible group of linear substitutions 
in n variables, of order mym2, where the prime factors of m, are 
greater than and those of ms are equal to or less than n +1, has 
an Abelian sub-group of order m,. 


256. IfS,, 8,, ..., Sy are the operations of a group G, and 
X, the characteristic of S in some irreducible representation, it 
is obvious that the only operation S, such that 


Xs, Xs.s (Ged, 2 acy); 
is the identical operation. 


Let R& be a field of rationality which contains that deter- 
mined by the coefficients of the substitutions in the repre- 
sentation considered, so that each characteristic is an integer 
in R. Then it is possible that, in certain cases, the system 
of congruences 

as = Xs. (Mm0d a) (eee lo ev 


where a is a suitably chosen integer or ideal in the field R, 
may hold for operations other than #. When this is the case 
the operations S for which this system of congruences holds 
constitute a self-conjugate sub-group of G. In fact, if 


Xs. = Xp, (mod. a), 


then Xs, Xs1g., = Xs—tgais)  Xisiss8 1 (mod. a). 
A simple illustration is given by the group 
St= he T= fy etAslas%, 
as represented in the form 
S Caan, way, 2=0%; ow =], 


Yh eye afl cay Lf Sai 
If S is any operation of the group it is found that 
Xs = Xsg (mod. 1—w) for each 3, 
while Xs $Xz7 (mod. 1—w) for each 3; 
and this agrees with the fact that {S} is a self-conjugate sub-group. 
It may of course happen in particular cases that 
Xs. =Xs.5 (mod. a) 
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for every operation S. This for instance is the case, with 
a= p, for an irreducible group in p symbols of order p*. Since 
however, for every irreducible group in more than one symbol, 
there are necessarily operations with zero characteristic, the 


congruence 
Nee (mod. a) 


for all pairs of operations can only hold if each non-zero 
characteristic is a multiple of a. Thus if X, 18 not divisible 
by a, the existence of operations S for which 


bdr aes (mod faye (r= 12a Ne 


ensures the existence of an actual self-conjugate sub-group, 
distinct from the group itself. 


257. In illustration of the preceding paragraph, consider a 
group of linear substitutions 


xj = %sjxj, (t= 1,2,..., 7), 
j 


in which all the coefficients are algebraic integers, and suppose that 
the group contains a substitution P of canonical form 


—— _ A y eo 
BNI» tN TON Lc thy, = TO 


where the multipliers are powers of w, a primitive mth root of unity, 
m being the power of a prime. Then 


Xg=8n FS tee + Suny 
and Xgp = $n + Wey8n9 + oe + WySpy> 
Hence, each of the s’s being an algebraic integer, 
Xe = Xgp (mod. | =e), 


for every substitution of the group. If then 1 —w is not a factor of 
m, the number of variables, the group has an actual self-conjugate 
sub-group containing P. This condition is certainly satisfied for 
a group, whose coeflicients are algebraic integers, which contains a 
substitution, of prime order greater than the number of variables, 
in canonical form. 


As a second example we take the case of an irreducible group 
on ” variables which contains an operation P of prime-power order 
p* (p*>n), whose multipliers are all distinct. Transform the group 
so that P occurs in canonical form 
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where w,, w,, treseey @, are nm distinct p*th roots of unity. If in this 
form any operation S of the group is 


0 = Baye (4, G=1,-2,....... > 2), 
vi 
then 


a 
mY = Xsp*> (v=0, i Nisiets sie 5 pe = 1). 


The number of these equations is greater than x. The determinant 
of the first » of them, viz. 


| Oe Bache 1 
ee RN era beeen On 
Por osons ee ay as 


is equal to II (#;—,), and its norm is known to be a power of p, 


say p* Hence when the first ” are solved for Gi (c=, 2 ee » 7), 
the result is 
B; 
Uj pe 


where £; is an algebraic integer. 


Suppose now that the group has an operation @ of prime order 
q(+#p), and permutable with P. The corresponding substitution 
must be 


y U — . ay U — > U — . 
Hy = A121, Uy = AyLg, ».+00. » By = Ay Xn, 
WOLF aii Oana eck , a, are gth roots of unity. Then 
i. Ai = 8, (1 —4,) 
XS X8q— pt : 


If a is a primitive gth root of unity, the numerator is divisible 
by 1—a, while the denominator certainly is not. Hence for each 
operation of the group 

Xs = Xsq (mod. 1 —a). 
Unless then every characteristic is divisible by 1—a, the group 


will have an actual self-conjugate sub-group containing Q. For 
instance, if g does not divide m, there will be such a sub-group. 


258. We shall conclude this chapter by considering the 
representation of groups of prime-power order as irreducible 
groups of linear substitutions, 


Let G be such a group, of order p*, and suppose that T’; is 
one of its irreducible representations. The number of variables 
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for I’; is necessarily a power of p, say p*. Consider now the 
reduction of PI. It is given by the formula 


rly = VGirs Yl. 


Since gj, is unity, while y,* is either unity or a power Ot p, 
there must be at least p—1 other representations, besides T,, 
in a single symbol in the complete reduction of TT. 


There must therefore be a bilinear function of the variables 
operated on by I’; and I’; which is changed into e times itself by 
any operation of G, ¢ being a pth root of unity. This function 
is unchanged by the operations of a sub-group G,, whose order 
is 1/pth of the order of G. Hence in I’; T'y the self-conjugate 
sub-group G, has more than one bilinear invariant. 


Now if G, were irreducible in the representation T;, it 
would only have a single bilinear invariant in T;I'y. Hence 
G, must be reducible, and it therefore transforms the variables 
in p sets of p* each. 


Suppose now that every irreducible group of linear sub- 
stitutions in p*”* variables, whose order is a power of p, can be 
so transformed that the product of the variables is changed 
into a multiple of itself by every substitution of the group. 
Then it follows that the same is true for every group in p* 
variables, whose order is a power of p. But for a group in p 
variables the above process shews that the supposition is true. 
Hence* :— 


THEOREM XII. Every representation of a group of prime- 
power order as an irreducible group of linear substitutions can 
be so transformed that the product of the variables is changed 
into a multiple of itself by every substitution of the group; in 


other words, it can be represented as a group of monomial sub- 
stitutions. 


259. It may be noticed that this mode of representing a prime- 
power group 1s not necessarily unique. The first two of the fol- 
lowing examples illustrate the possibility of representing such a 
group as a group of monomial substitutions in more than one way. 


* A proof of this theorem, which is not qui is gi 
H. F. Blickfeldt, l.c., p. 314. isesstnet walesiiiaineen ucts 
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Ex. 1, Anirreducible group of order p* in p symbols is generated 
by the two substitutions 
bab absikire Cis Onl jeaispleel), 


ee 
a; =ax;, 


where a is a primitive pth root of unity. Prove that if 
i=p-l1 ae 
cman = = qQmittni Xi 
i= 


the p symbols &,9, €m,15 ---» €m,p-1 are permuted among themselves 
with factors by every substitution of the group; so that there are 
p +1 distinct sets of variables in which the group can be represented 
as a set of monomial substitutions*. 


Ex. 2. Prove that if p is prime, the four substitutions 
Bs 5g = Wi4r,55 a's; = Hi jai 5 
ip aA, i Eg 
(2,9 =Osels vue, 9 — 1) 


where a is a primitive pth root of unity, generate an irreducible 
group of order p’ in the p? symbols; and that the variables can be 
chosen in p> +p? +p +1 distinct ways so that the group is a group 
of monomial substitutions. 


Ex. 3. A group of order p” has p(n, <n) self-conjugate 
operations and all the rest belong to conjugate sets containing 
p operations in each. Prove that (i) m — 7, is even, (ii) the derived 
group is of order p, and (iii) the irreducible representations consist 
of p" each in a single symbol and p%-!(p—1) each in pt") 
symbols. (Compare Ex. 1, p. 126.) 


Ex. 4. Prove that the most general monomial group of sub- 
stitutions on p"—! symbols, whose order is a power of p and in which 
the multipliers are pth roots of unity, is irreducible; and that it is 
simply isomorphic with the sub-group of order p” of the symmetric 
group of degree p”, where 


y= p+ pet + tpt. 
Ex. 5. Prove that the alternating group of degree 5 can be 


represented as an irreducible group of monomial substitutions on 
5 symbols, the multipliers being cube roots of unity. 


* Burnside, ‘On soluble irreducible groups in a prime number of variables,” 
Acta Mathematica, Vol. xxvtt1. p. 222 (1903). 
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Ex. 6. Prove that the simple group of order 168 can be 
represented as an irreducible group of monomial substitutions on 
7 symbols the multipliers being +1; and also as an irreducible 
group of monomial substitutions on 8 symbols the multipliers being 
cube roots of unity. 


Ex. 7. Prove that an irreducible group of odd order which 
contains the substitution 


, ’ , 2 , o2n 
Woah, Te Siti, Ca SO. cnn Cin SOP Thar 


where w is a primitive (2?"+1— 1)th root of unity, must be a group of 
monomial substitutions, and is soluble. 


Ex. 8. Prove that a group of linear substitutions of odd order 
in 3 variables can be expressed as a group of monomial substitutions 
and is soluble. 


Ex. 9. Prove that a group of linear substitutions of odd order 
in 5 variables is soluble, and that, if its order is not divisible by 3, 
it can be expressed asa group of monomial substitutions. Construct, 
on the lines of Ex. 1, an irreducible group of linear substitutions 
on 5 variables, of order 375, which contains a non-Abelian self- 
conjugate sub-group of order 125 and which cannot be expressed as 
a group of monomial substitutions on 5 variables. 

Ex. 10. An irreducible group of linear substitutions in n 
variables has an Abelian sub-group H of order M(>n?). Shew 
that if # is the only operation common to H and any conjugate 
sub-group, then H is contained self-conjugately in a sub-group 
whose order is not less than nJ. 


Ex, 11. Shew that every irreducible representation of a meta- 
belian group can be transformed into a group of monomial 
substitutions. 


Ex. 12. Prove that the number of operations of order two 
contained in a group increased by unity is not greater than the 
sum of the numbers of variables operated on by the self-inverse 
irreducible representations. 


CHAPTER XVII. 


ON THE INVARIANTS OF GROUPS OF 
LINEAR SUBSTITUTIONS. 


260. WE have already considered, in certain particular 
cases, functions of the variables which are invariant for all the 
substitutions of a group of linear substitutions of finite order. 
In the present Chapter we shall deal with the general theory of 
such functions. 

Definitions. If 

Dy, Wa, +++, My 
are the variables operated on by a group @ of linear substitu- 
tions of finite order JV, and if 
pL a IR eRe od 
are the linear functions into which the variables are changed 
by a substitution S of the group, then a rational function 


F Capea On) 
of the variables is called an invariant of the group, if 
F (a,, o,'°), enue’ an) = F(a, Hay voy In) 


for each substitution S of the group. It is obvious that such 
invariants always exist. In fact if from any rational function 


I (a: Hq +05 Cn); 
which is not identically zero, the NV functions 
f(a), 04, ..., an!) 


be formed, where for S each of the NV substitutions of @ is 
taken in turn, then any symmetric function of the V functions 


is an invariant of G. 
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A rational function of the variables such that 
F(a!) a0, om, ig) = aE (Bas as ness Say 


where ky is a constant which for some substitutions is different 
from unity, is called a relative invariant of the group. Since 
every substitution of the group is of finite order, the multipliers 
ky must be roots of unity. If among the multipliers mth roots of 
unity occur, but no roots of a higher index, the substitutions of 
the group for which F is an invariant clearly constitute a self- 
conjugate sub-group of index m, and in respect of this sub- 
group the group is isomorphic with a cyclical group of order m. 
If therefore a group of linear substitutions is identical with its 
derived group, it can have no relative invariants. 


On the other hand a group which is not identical with 
its derived group will necessarily have relative invariants. To 
prove this, let H be a self-conjugate sub-group of G@ such 
that G/H is a cyclical group of prime order p. Construct, as 
we shall see can always be done, an invariant F’ of H which is 
not an invariant of G. Then if S is a substitution of G which 
does not belong to H, and if a is a primitive pth root of unity, 


F+aF® + @F 4... 4 q7raPper™ 


is clearly a relative invariant of G. 


261. Any rational invariant of G can be put in the form of 
a rational fraction V/D, where N and D are integral functions 
of the variables without a common factor. The relation 
N WN‘*8) 
D DS 
imphes a relation among the variables unless NV) and D) are 
the same constant multiples of NV and D. Hence N and D 
must be invariants or relative invariants; and from N/D an 
integral invariant may be formed by multiplying by a suitable 
power of D. 
Any rational function of a set of invariants of G@ is neces- 
sarily another invariant. Moreover it is an immediate conse- 
quence of the definition of a covariant that every covariant of 


an invariant of G, or of a number of invariants of G, is either 
an invariant or a relative invariant of G. 
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That a covariant of a set of invariants of a group may in certain 
cases be a relative invariant is shewn by the following simple 
example. The Jacobian of nm functions of » variables, viz. 


O(Ay Say +9 Fn) 
ro CORRE ee ae 9 fe 
is a covariant of the functions. 
Now for the group generated by ZH and (2,2), the functions 
%, +a, and a”, are independent invariants. But 
O (a, + %, 9429) 
0 (%, 2) 
which is a relative invariant for the group. 


=%,—X, 


262. Since an invariant of G is a function of n independent 
variables, any +1 invariants are connected by an algebraic 
equation ; while a smaller number than n may be connected by 
such an equation. We shall first shew that a set of n algebrai- 
cally independent invariants must always exist. 


If x,, #, ..., Z, are the n independent variables operated on 

by a group of linear substitutions, and if 
ee SiS 7S ee, Oy) 

are the N values that a, takes under the substitutions of the 
group, we have seen in § 260 that the symmetric functions of 
the N quantities 5) are invariants. Hence a, satisfies an 
algebraic equation whose coefficients are invariants of the 
group. In other words a, is an algebraic function of in- 
variants. Similarly each of the other variables is an algebraic 
function of invariants. If then the number of algebraically 
independent invariants were n’(<n), the n independent 
variables would be algebraic functions of the n’ invariants. 
This involves a contradiction. Hence :— 


THEOREM I. For a group of linear substitutions in n 
variables there always exist systems of n algebraically inde- 
pendent invariants. 


263. Suppose that J,(r=1, 2, ..., n) is such a set of n 
algebraically independent invariants, and consider the simul- 


taneous equations 
I, =4,, CRE Ine Hen seem 


where the a’s are constants. 
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If Ly = My, Ly = Ag, -.-, En = On 


is a solution of these equations, so also is 


S 
L = a, Ly = ax), oo, En = On| ), 


where S is any substitution of the group. 


Two such solutions will be called “equivalent”; and the 
solutions that arise, when for S is taken each substitution of the 
group in turn, will be called a system of equivalent solutions, 
or more shortly a “system.” 


In general a, a, ..., &, are algebraic functions of the a’s. 
A system of solutions for which this is the case will be called a 
variable system. The n equations may however also admit 
systems of solutions which are independent of the a’s. Such 
systems will be called fixed systems. The number of distinct 
variable systems of equivalent solutions that the n equations 
admit is necessarily finite; and, when different values are 


assigned t0 @,, 2, ...,@n, this number must have a greatest 
value M. 


Suppose now that J is any other invariant. It is connected 
with J,, I,, ..., I, by an irreducible equation 
last, anual gee) — 0. 
When the values a, ay, ..., ad, are assigned to J,, Iz, ..., In, 
the invariant J as determined directly from this equation is 
an algebraic function of a,, 2, ..., dn. It is possible however 
to determine J by first determining the variables from 
I, =, I, = dp, ..., In =n, 


and then substituting their values in the expression for J. 
When this is done the variable systems give for J an algebraic 
function of a), a, ...,@,; but the fixed systems give values for 
J which are independent of a,, ds, ...,@,. Since the same 
value of J arises from all the equivalent solutions contained in 
any variable system, it follows that the degree in J of the 


equation 
CLs Ti; a Es, J) 
cannot exceed M*. 


* In connection with the point here discussed the reader should compare 
the investigation of a similar but more general question in article 79 of Dr 
H. F. Baker’s Multiply periodic functions (1907) 
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Suppose now the a’s are such that the equations 
t=O, le = Oy, os. Ly = On 
have M distinct variable systems of solutions; and denote by 
=n, y= Og, ...,2n=M%,, (t=1,2,..., M) 
a solution belonging to the tth system. 
Take MN distinct arbitrary constants 
Weare beet coal h Se Seg Se fussy) 
and a rational function F(a, 2, ..., 2,) such that 
F (an!, aus, ..., ten’) = ke. 


These conditions can certainly be satisfied by taking for F' a 
polynomial of sufficiently high degree. Further denote the 


invariant 
L Fa?) af), ..., 0°") 


by Ini. Then if the constants /;5 are chosen so that no two 
of the M numbers IIk;5 are the same, the invariant J,,, takes 


s 

M different values for the M distinct variable systems of 
solutions of 

I, =a, I,= Ag, v+05 I,= On. 
Hence the irreducible equation 

0) We Wes mevwiy) J fees Tia) = 0 
connecting /,,,, with the previous n invariants is of degree M 
in Ini,. Toa set of values of the n +1 invariants, consistent 
with the equation 

d =0, 


there therefore corresponds just one variable system of values 
for the variables, and therefore just one value of any other 
invariant. Every invariant can therefore be expressed ration- 
allyain terms of J,, J,, .2-y/a;4nu Hence:— 


THEOREM II. Given a set of n algebraically independent 
invariants of a group of linear substitutions on n variables, it 
is always possible to determine an (n+1)th invariant such 
that every invariant is rationally expressible in terms of the 
set of n+1 invariants so formed. 
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264. Let 
Tame fy (dips Ways 223 lg) ah Se prom aatg tte) 
be a set of invariants in terms of which every invariant of a 
group of linear substitutions on the n variables is rationally 
expressible, and let 
@ (Ll lea 

be the irreducible algebraic equation connecting them. If there 
is a set of n (not n +1) invariants in terms of which every in- 
variant of the group is rationally expressible, there must be n 
rational functions of J,, J,, ..., [n41, Viz. 


dpa Koel Se Gare = 2 at) 
such that, in virtue of the equation 


co) = 0, 
each J can be rationally expressed in terms of the J’s. 


For the case n=2 this is always possible. In fact Prof. 
Castelnuovo* has proved the much more general theorem 
that if 

y= fi (Us 0), t= fal), Te F5 (U2), 
where fi, fo, fs are rational functions, then there are always 
two rational functions of 2, 2, 2; in terms of which a, a, @, 
can themselves be expressed rationally. From this it follows 
that for a group of linear substitutions on 2 variables there 
are always two invariants in terms of which all others can be 
expressed rationally. 


For a group of linear substitutions on 3 variables, which 
contains no self-conjugate substitutions, the possibility of always 
obtaining a set of three invariants in terms of which all others 
are rationally expressible may be deduced from Castelnuovo’s 
theorem. Examples of such sets are given below. For groups 
on more than 3 variables it is not at present known whether 
such reduction is always possible or not. 


265. Just as a group of linear substitutions on n variables 
determines a class of rational functions which are invariant for 
the group, so a given set of rational functions of n variables 
defines a certain group of linear substitutions on the n variables 


* “Sulla razionalité delle involuzioni piane,” Math. Ann. Vol. xutv. 
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that consists of all those substitutions for which each of the 
functions is invariant. This group may consist of the identical 
substitution only; and on the other hand may be a group 
whose order is not finite. 


For a group @ of finite order the question arises as to 
whether the class of functions which are invariant for G may not 
be invariant for some greater group containing G. The pre- 
ceding investigation shews immediately that this question 
must be answered in the negative. Let 


if: das Ra es 


be the set of invariants of G, considered in § 263, in terms of 
which all the others are expressible rationally; and suppose 
that the first » of them are invariant for a greater group H 
containing G as a group of index uw. The equations 
opt Cad Po Aare 3 

which give M systems of values of the variables for G, will give 
M/ systems for H. Hence if J,,, is also invariant for H, 
it will take at most M/u values when the other invariants 
are given. The supposition that all the n+ 1 invariants for G 
are also invariant for H leads therefore to a contradiction. 
Hence:— 


THEOREM III. The class of rational functions which are 
defined as the invariants of a group of linear substitutions G, 
themselves define Gas the greatest group of linear substitutions 
for which they are invariant. 


Corollary. If the greatest common factor of the degree of 
the homogeneous invariants of a group of linear substitutions is 
greater than unity, the group must contain self-conjugate sub- 
stitutions which multiply every variable by the same root of 
unity. In fact if the degree of every homogeneous invariant is 
a multiple of p, the substitution 

Xj = WX}, ee (4 =i 2,05 9), 
leaves every invariant unchanged and therefore by the theorem 
belongs to the group. 


266. In illustration of the preceding results we will now 
take some particular cases. Consider first the irreducible group 
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of order 2n on 2 variables, generated by the substitutions 
e =r, Y =o-'7; 
and G=y, YY =a; 
where ao” =I. 
The simplest invariants are obviously zy and a*+y". Now 
the equations 
ry=aq, w+y"=a, 
have, for general values of a, and a,, just 2n solutions which 


form a single system. Hence every invariant of the group can 
be expressed rationally in terms of these two. 


As a second example we take the irreducible representation 
of the alternating group of degree 5 as a group of linear 
substitutions on 3 variables (§ 232). It is generated by 
Xp = Lo, X= WX, Ly = Wy; 
and N5% = Xo +2, + 2, w= 1, 

Vda, = 2a, + (@? + wo) 2, + (@ +7) a, 

V5axq = 2a)+(@ + ©) 2 +(@? + @) a. 

The substitution of order 2 which transforms 
Ly =H, LH, =O, Ly =wW 2, 
into its inverse must change x into —«,; and therefore a,? is 
invariant for a sub-group of order 10, and takes just six values 
under the substitutions of the group. These are 
7, $ (e+ o"2, + wa)’. (i= 021 DrSaS) 

The symmetric functions of these six quantities are therefore 
invariants of the group. 


It is easily verified that the sum of their squares and the 
sum of their fourth powers are not algebraically independent of 
the sum of the first powers and the sum of the cubes; while 
the sum of the fifth powers is algebraically independent of the 
simpler symmetric functions. Hence 


4 

jp joa = - (@ + @" a2, + o-" 22)", 
4 

Je = Bae + 2 (a + ox, + w-"2,)%, 
0 


4 
fio = 5°x9 + & (aH + wx, + om" a,” 
0 
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is a set of algebraically independent invariants. The set of 
equations 

ja=0., Se=%, Tin ly 
admits 120 solutions forming two systems, and therefore every 
other invariant must be connected with fy, f., fio by an equation 
of the first or second degree. 

Since the group is simple, so that there can be no relative 
invariant, the Jacobian of fy, f%, fo is an absolute invariant. 
Its degree is 15, and therefore it cannot be rationally expressed 
in terms of fi, fs, fo. Hence if the Jacobian be denoted by f;, 
every invariant can be expressed rationally in terms of 

Tai i ass Fass 
and these are connected by an algebraic equation which is 
quadratic in fis. 

Consider now the three invariants 

ese t = Sas 1, =P, 
1 ie ? 2 fe 2 ? be 
The equations I,=%, I=, 
being homogeneous equations of degrees 6 and 10 in the 
variables, determine 60 values of the ratios %:a,:a. For 
given values of the ratios, the further equation 


I, = ds 


determines a, 2%, 2, uniquely. Hence to given values of 
I,, I,, I; there corresponds a single system of values of the 
variables. It follows that every invariant of the group can be 
expressed rationally in terms of J,, Jo, Z;. 


267. For the simple group of order 168, expressed as a 
group of linear substitutions on 3 variables as in § 232, the 
generating function for determining the numbers of invariants 
of various degrees (§ 227) is 


1 1 21 56 42 
168 la —ay! (i—a)(1—a) | 1—a** A —a) (1 +a) 
24 24 
Wal —ax)(1—a?x) (1 — ata) : (1 —a®xv) (1 — abr) (1 =| 


=l]4atstao t+ a8 4+ o4+ Qa" 4+ Qaés+.... 
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This indicates the existence of invariants of degrees 4, 6, 14 

which are rationally independent. Now for the substitution 
BD, =O0,, ty =OU,, ty =ata,, a =1 
the only invariants of degree 4 are 2,a,', 7,x,' and a,a,°. The 
only linear function of 2,2,', #,7,’ and #3a,3, which is invariant 
for the other generating substitution of the group, is found to be 
2,0 + 008 + 0,2,°. 

Denoting this by f,, its Hessian (which since the group is 
simple is necessarily an absolute invariant) is of degree 6 and 
may be denoted by f;. From the above considerations it is the 


only invariant of degree 6. Every covariant of f, and f, is an 
absolute invariant of the group. Denote by fi, the covariant 


Of, Of, Of, Ofe 
0x? 02,02, 02,0%, OX, 
Of of Oh Ye 

02,0%, x2  O%_0H3 O02, 
Of, Of, Of,  ofs 

020%, O2,0%; O83? O85 
CA ae en 
0X, 0X. Ox, 


It. will be found on calculating its leading terms that it 
does not vanish identically. Moreover as will be seen im- 
mediately it is algebraically independent of f, and f;. Hence 
Ji, fe and fy are the only rationally independent invariants 
whose degrees do not exceed 14. Now when the Jacobian of 
ts Ss, fis 18 calculated it is found not to be identically zero. 
Denote it by fy. Being of odd degree it cannot be expressed 
rationally in terms of fy, f, fu. The equations 


fi=a, fo=b, fuze 


determine 2.168 sets of values of the variables forming two 
systems. Hence the equation connecting fi, fi, fia, fu is of 


degree 2 in f,, and every invariant can be expressed rationally 
in terms of these four. Finally if 


A fis Fn 
dE RG Pes EI Fue ED 
; Sef? Sule 
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the equations 

L,=a,, I,=a, 
determine just 168 values of the ratios w,:a,:a3, and when the 
ratios are known 

I,= as 
determines 2, 2,, 7; uniquely. Hence 
L,=a, I,=4,, I, =a; 

determine just one system for the variables, and therefore every 


other invariant of the group is expressible rationally in terms 
of these three. 


268. In the last two examples, the groups of sub- 
stitutions (birational) on the ratios of the variables are simply 
isomorphic with the groups of linear substitutions themselves, 
and the groups have invariants of degree 1 in the variables. 
If the group of linear substitutions has self-conjugate sub- 
stitutions and is irreducible, these conditions are not satisfied. 
As a further example we will consider a simple case of such 
a group. The two substitutions 


, / / 5 
% =%, Gy =X, Xl =X, 
and Lp Sho My =O, | Ly = 07a} o=1; 
generate a group of order 27. Its invariants are obviously 


«yz and all symmetric and alternating functions of #*, y® and 
z*, The three invariants 


a=H+ y+ 2, 
b= par + 223 + vy, 
= LYZ, 

are algebraically independent, and to given values of them 
there correspond two systems for the variables. If 

d = (a + wy? + w°25)’, 
d is invariant, and it will be found that 

d?— d (2a’ — 9ab + 27¢*) + (a — 3b) = 0. 

Hence every invariant of the group is rationally expressible in 


terms of a,b,c and d. If, in this case again, there are three 
invariants in terms of which all invariants of the group are 
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rationally expressible, there must be three rational functions of 
a, b, c, d in terms of which, in virtue of the preceding equation, 
a, b, c and d can be expressed rationally. 
Now if 
Sen sun Oat dx, eee (—3bP _, 
(a?—3b)(a—3ac) ° d(a—3e%c) ' 
the equation may be written 


1 (a — Bee) + v (a — Bate) — ~ (a — Be) — Ba = 0, 


a(u+ »-= -3) 
uv 
or c= 


3 (ow + wv — =) 
UV 


Hence 6, c and d can be expressed rationally in terms of a, u 
and v. It follows that 
B+ 4P 128, 
(2 + ay* + aw’ 2°)? 
(a + wy? + wz’) (a + y? + 2 — 3a@xyz)’ 
(a + wy? + 2) 
(a + wy® + wz) (a+ y> + 2 — 8w? xyz) 
is a set of three invariants in terms of which all the invariants 
of the group can be expressed rationally. 


269. From the equations 


a; =X Ay Xj, (,j7=1, 2, acs, tt) 
J 


defining a linear substitution, there follow the equations 


0 0 nh 

eas "a ) =1, poor) 

Ox; Fe: Ox; GJ > i) 

giving the relations between differential coefficients with re- 

spect to the old and new variables. This is equivalent to the 

statement that if the variables x; undergo any substitution of 

a group G, then the operators pa undergo the corresponding 
i 

substitution of the transposed group G;. Suppose that 
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F(a, %, ..., ®,) is an invariant for G. Then it follows that 
when the 2’s undergo any substitution of G, the n functions 

oF OF ar 

On, ’ 02, peer scs: 9:9 OLy , 
undergo the corresponding substitution of G,. If when new 
variables &; (i = 1,2, ..., ), linearly independent linear functions 
of the «’s, are taken G becomes G’ and F(a, a, ..., &n) be- 
comes F’(&, &, ..., &,), then when the &s undergo any 
substitution of G’, the n functions 

CLpn de, Gt At dE), 


undergo the corresponding substitution of G,, Suppose now 
that in the function F” only the first s £’s actually occur. Then 
since 

oF” §=OF’ oF” 

Toe Oca 
undergo formally the substitutions of G;’, this group and there- 
fore also G’ must be reducible, transforming the first s &’s 
among themselves. Hence :— 


OF Oper 7.320 


TarorEeM IV. Jf G is an irreducible group of linear 
substitutions on n variables and if Fis an invariant for G, wt is 
not possible, by any linear substitution performed on the variables, 
to express F as a function of less than n variables. 


270. A group of linear substitutions in which all the 
coefficients are real has obviously at least one quadratic invariant 
(see Ex. 2, p. 268). The conditions under which an irreducible 
group of linear substitutions may have a quadratic invariant 
(by the preceding result there cannot be more than one) 
can be expressed in a form which depends only on the 
characteristics. 

Suppose that for an irreducible group of linear substitutions 
G, the quadratic function F(a, @,..., 2) is invariant. Then 
when the 2's undergo the substitutions of G, the n linear 
functions of the a’s 

oF oF oF 


Ol, Ot, 8 Meroe 
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undergo the corresponding substitutions of the transposed 
group G;. Hence G@ and G; are equivalent. Now it has been 
seen that in any case G, and G, the conjugate group, are 
equivalent; and therefore G and G are equivalent. The 
characteristics in G must therefore be real. 


Now in §227 we have obtained an expression for the 
number of invariants of any given degree m in the variables, 
which may be written 


1 
Wn(S) being the sum of the homogeneous products of m 
dimensions of the multipliers of S. If @,, @, ..., @, are the 


multipliers of S, 
2. (S) = (@, + @2 +... + On)? + OP + O24... + 7? 
= (Xs)! + Xs. 


Hence the number of quadratic invariants is 


1 
aN ((xs) as Xs2)- 


Now (§ 218) for a group which is equivalent to its conjugate 
= (xXsP =. 
s 


The number of invariants is therefore 
Linea 
3 toy > Xe 
This number is either zero or unity. Hence for a group 
which is equivalent to its conjugate Sys: is either + V; and 
s 


the condition that the group should have a quadratic in- 
variant is 


= Xs= N. 


___The simplest instance of an irreducible group whose character- 
istics are real, for which there is no quadratic invariant, is given 
by the quaternion group in two variables. This is generated by 


pe t . 
Ga = re Ly =— Why} 


and 2,’ =o, ay, = — &y. 
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The characteristics of the five conjugate sets are 2,— 2,0, 0, 0; and 


> X¥n=—8. 
Ss 


271. A quadratic invariant of an irreducible group of 
linear substitutions stands in a different relation to the group 
from that of the other invariants. In fact a quadratic function 
of n variables has no covariant which is algebraically independent 
of itself; and it is invariant for a group of linear substitutions 
whose order is not finite. Thus 


D+ He +... + By? 


is invariant for the linear substitution 


By = Dily Hy; (2, j=l, 2, Dass) n) 
j 
if DaZ=—1\.and «>a, a7 =0, (Set) 
i i 


and these equations are known to have an infinite number of 
solutions. 


On the other hand, a homogeneous function f of degree 
m (> 2), which is not the product of homogeneous functions of 
lower degree, has in general* an algebraically independent 
system of covariants; so that covariants fi, fi, ..., fra can in 
general be found such that the system of equations 


fre, Feds, Oe) Fon, 


where the a’s are assigned constants, have only a finite number 
of solutions. Now if f is an invariant of a group of linear 
substitutions of the variables, the covariants of f are absolute 
or relative invariants for the same group, and suitably chosen 
powers of them are absolute invariants. If the group were not 
of finite order, there would arise from any set of values of the 
variables satisfying the above equations an infinite number of 
sets of values, in contradiction of the fact that the equations 
have only a finite number of solutions. 


Hence, in general, any homogeneous invariant, of degree 
greater than two, of a group of linear substitutions, which is not 


* That there are exceptions to this statement is well known. For instance, 
any invariant of a general quantic, when in it the coefficients are regarded as 
independent variables, gives an exception. 
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expressible as a product of factors of lower degree, will, in the 
sense of § 265, determine either the group itself or a group of 
finite order containing it. 


272. Ex. 1. Prove that if 


LH, + Hy + Lz + Hy = 8, H+ %,—%3—-H#~=%, 

Hy, + Lz — Ly — Hy = Roy H + Ly — Ly — Hs = %s,y 

By" + 2g! + 2s =A, Z4 + %_i + 25° = b, 

(2? + w2,"7 + w2,")? = ¢, % Zar = A, 
(oy == II. 


then all the invariants of the alternating group in 2, 2, 73, a2, can 
be expressed rationally in terms of s, a/d, b/d, e/d. 


Ex. 2. Shew that for the group of order 20 generated by the 
two substitutions 
Lie a ae . ee 
LO, ty = Ot We Oday ae = aes Mi 
, , 5 
and 2% =%, Yq = Igy vs =X, Uy =X, 5 


four invariants in terms of which all others can be rationally 
expressed are 


iy, Wally | Hey ely 


X4 2 2 Xs 
C 1X Uy, —UsUq =) 
> 
X4 X X Xs 
C2 ee LyX, Ugg ite e& LL F CVs 71) 
2S aaa aii BPR he 
fii Dy sta Xs ay, oe is ie 


Ex. 3. Shew that for the sub-group of order 10 of the group in 
the previous example, aa, x,° + Dg", 1° + 5°0,, 1,72, + 2,20, is a set 
of invariants in terms of which all can be rationally expressed. 


Ex. 4, The sub-group of a transitive permutation-group, which 
leaves one symbol unchanged, permutes the symbols in m transitive 
sets. Prove that if the order of the group is odd, it has $ (m+ 1) 
independent quadratic invariants; and that if the order is even the 
number of quadratic invariants is greater than 4 (m +1). 
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Ex. 5. Determine the group of linear substitutions for which 
wy +ye+ 20 is invariant. 


Ex. 6. Prove that 


ie Novak el on 

a! = 5. (w+ y—tz + it), y= 5; (@-y-te-1), 
ees | aay | Han 
9 OP hana ety = 


is a substitution of order 5 for which the homogeneous quartic 
function 
e+ yt t+ 2t+ tht LQxy2t 


is invariant. Hence prove that this expression is invariant for 
a group of linear substitutions of order 2°. 120, which contains a 
self-conjugate substitution of order 4. 


From this it follows that the quartic surface 
q 
etyt+2t+ + laayet =0 


is invariant for a group of 24.120 collineations. It may be shewn 
that no quartic surface which is not projectively equivalent to the 
above admits so large a group of collineations of finite order for 
which it is unaltered. ) 


Ex. 7. Prove that the necessary and sufficient condition that 
an irreducible group T' of odd order shall have a cubic invariant is 


that Ty) and [ are equivalent. 


Ex. 8. Shew that the group of linear substitutions on a,’, a’, a’, 
Woz, LyX, LyX, when x, 2, x, undergo the substitutions of the 
second group of § 232, is irreducible. Prove that this group of 
linear substitutions on 6 symbols has an invariant of degree 3 
which does not possess a system of algebraically independent 
covariants. 


CHAPTER XVIII. 


ON THE GRAPHICAL REPRESENTATION OF A GROUP*. 


273. OuR discussions hitherto have been confined mainly 
to groups of finite order. When however, as we now propose 
to do, we consider a group in relation to the operations that 
generate it, it becomes almost necessary to deal, incidentally 
at least, with groups whose order is not finite; for it is not 
possible to say a priori what must be the number and the 
nature of the relations between the given generating operations, 
which will ensure that the order of the resulting group is finite. 


Many of the definitions given in respect of finite groups 
may obviously be extended at once to groups containing an 
infinite number of operations. Among these may be specially 
mentioned the definitions of a sub-group, of conjugate opera- 
tions and sub-groups, of self-conjugate sub-groups, of the 
relation of isomorphism between two groups and of the factor- 
group given by this relation. In regard to the last of them, 
the isomorphism between two groups, one at least of which 
is not of finite order, may be such that to one operation of 
the one group there correspond an infinitely great number of 
operations of the other. On the other hand, all the results 
obtained for finite groups, which depend directly or indirectly 
on the order of the group, necessarily become meaningless when 
the group is not a group of finite order. 

* The investigations of this Chapter are due to Dyck, ‘‘Gruppentheoretische 
Studien,” Math. Ann., Vol. xx (1882), pp. 1—44. We have followed Dyck’s 
memoir closely except in two respects. Firstly, we have used a rather more 
definite geometrical operation than that of the memoir; and secondly, we have 


not specially considered a regular and symmetric division of a closed surface, 
apart from a merely regular division. 
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274. Suppose that 
wy base 
represent any n distinct operations which can be performed, 
directly or inversely, on a common object, and that between 
these operations no relations exist. Then the totality of the 
operations represented by 
BA wig OPS ILE 
where the number of factors is any whatever and the indices 
are any positive or negative integers, form a group @ of infinite 
order, which is generated by the n operations. If, moreover, 
whenever such a succession of factors as S,*S,° occurs in the 
above expression, it is replaced by S,***, each operation of the 
group can be expressed in one way and in one way only by an 
expression of the above form, which is then called reduced. 

It will sometimes be convenient to avoid the use of negative 
indices in the expression of any operation of the group. To this 
end we may write 

Refs) aid efy Siew Op 
so that S,,4, is a definite operation of the group; then 

Dit = Dp dards Bean ol ee e_ aah (Cen lae aes 

By using these relations to replace all negative powers of 
operations wherever they occur, we may represent every 
operation of the group in a single definite way by means of 
the n+1 operations 

Sigidast eons Snag 
with positive indices only. 

The group, thus defined and represented, is the most 
general group conceivable that is generated by n distinct 
operations. Any two such groups, for which n is the same, are 
simply isomorphic with each other. 

Suppose now that 


AS A SHe ania 

represent n distinct operations, but that, instead of being entirely 

independent, they are connected by a relation of the form 
S,75,?...5,° =H, 

which will be represented by 

SSij)=#. 
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If @ is the group generated by these operations, an iso- 
morphism may be established between @ and @ by taking S; 
(i=1, 2,...) as the operation of @ that corresponds to the 
operation S; of G. 

Then to every operation of G 

Sec aint ors 
will correspond a single definite operation 

Bei p57... 
of G; for the supposition that two distinct operations of @ 
correspond to the same operation of @ leads to the result that 
between the generating operations of G there is a relation, 
which is not the case. On the other hand, to the identical 
operation of @ there will correspond an infinite number of 
distinct operations of G, namely those which are formed by 
combining together in every possible way all operations of G of 
the form 

Rf (Si) B, 
where Ff is any operation of G. These operations of G form 
a self-conjugate sub-group H, and the corresponding factor- 
group G/H is simply isomorphic with G. 

If between the generating operations of @ there are several 
independent relations 


AS)=, f.S)= 4, + faS)=4, 
it may be shewn exactly as before that the groups G@ and G are 
isororphic in such a way that to the identical operation of G 
there corresponds that self-conjugate sub-group of G@, which is 


formed by combining in every possible way all the operations 
of G of the form 


R-UfAS,) Rade ReDmeanay 


275. We may at once extend the result of the preceding 
paragraph in the following way :— 


THrorEM I. If G is the group generated by the n operations 
Si, S3, artis 


between which the m relations 


AGSi)=#, fiSi)=E£, ...,fm(Si)=£, 
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exist ; and if G is the group generated by the n operations 


Gre ich 
Si, Sa, ae OAs 


which are connected by the same m relations 
AWG)=F, fSJ=L£,... fan(S)=E, 


as hold between the generating operations of G, and by the 
further m’ relations 


HS)=E, go (Si) =E, --, Gm (S;) = E; 


then G is simply isomorphic with the factor-group G/H ; where 
Hf 18 that self-conjugate sub-group of G, which results from com- 
bining in every possible way all operations of the form 


RIG; (SNRy G1 2,90), 
R being any operation of G. 


In proving this theorem, it is sufficient to notice that, if we 
take S;(i=1, 2, ..., n) as the operation of G which corresponds 
to the operation S; of G, then to each operation of G a single 
definite operation of G will correspond, while to the identical 
operation of G there corresponds the self-conjugate sub-group 


H of G. 


The theorem just stated is of such a general nature that it is 
perhaps desirable to illustrate it by considering shortly some simple 
examples. 

Let us take first the case of a group G, generated by two in- 
dependent operations S, and S,, subject to no relations; and let us 
suppose that the single relation 

Sy S,= 8,8, 
holds between the generating operations of G. The self-conjugate 
sub-group H of G then consists of all the operations 


Sansa Sg Fe 
of G which reduce to identity if we regard S, and S, as permutable; 
or, in other words, of those operations of G for which the relations 
Za,=0, 2B, =0 
simultaneously hold, 
In respect of this sub-group, the operations of G can be divided 
into an infinite number of classes of the form 


S,?S.1H. 
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For the operations of the class S,?S,1H, multiplied by those of 

the class S/"'S,‘H, give always operations of the class 
SPSAS,? SH, 
since H is a self-conjugate sub-group ; and, because 
S,? So2 SP Sf aS PPC 8 be SPR e se, 

while §,-?'S,4S,"S,-2 belongs to H, the class S,PSASS,H is the 
same as §,?+2'S,0+¢H. Hence the operations of any two given classes, 
multiplied in either order, give the same third class; and therefore 


the group G/H is an Abelian group generated by two permutable, 
but otherwise unrestricted, operations. 


As a second illustration, we will choose a case in which @ is of 
finite order. Let @ be generated by the operations S and 7’, which 
satisfy the relations 


Stat, «=k, (flyer; 
and for G, suppose that the generating operations satisfy the addi- 


tional relation 
(ST4)*= £. 


Then H is formed by combining in all possible ways the 
operations 
R-2( ST)? Be 
Now it may be easily verified that, in G, the operation ST? 
belongs to a set of three conjugate operations 
SW ALE MSW ASN ete 
and that these three operations are permutable among themselves, 
while their product is identity. Hence H consists of the Abelian 
group whose operations are 
(odie Gin peg) (ol iba. 
and in respect of H, G may be divided into 27 classes of the form 
S* (SZ)! (TST )* H, (a, y, #= 0, 1,2). 
The group @ will be defined by the laws according to which these 
27 classes combine among themselves ; and the reader will have no 


difficulty in verifying that it is simply isomorphic with the non- 
Abelian group of order 27, whose operations are all of order 3 (§ 117). 


276. For the further discussion of a group, as defined by its 
generating operations and the relations between them, a suitable 
graphical mode of representation becomes of the greatest assist- 
ance. To this we shall now proceed. 


In the simple case in which the group is generated by a 
single unrestricted operation, such a representation may be 
g Pp p yy, 
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constructed as follows. Let OC, and C_, be two circles which 
touch each other; C, and C_, the inverses of C_, in C; and C, 
in C_,; C; and O_, the inverses of C_, in C, and C, in C_,, and 
soon. These circles (fig. 1) divide the plane in which they are 
drawn into an infinite number of crescent-shaped spaces. Sup- 
pose now that the space between C, and C_, is left white, and 
the spaces between C, and C, and between O_, and C_, (on either 
side of this white space) are coloured black; the next pair on 
either side left white, the next coloured black, and so on. Then 
any white space may be transformed into any other (and any 
black into any other) by an even number of inversions at 


Fig. 1. 


the circles C_, and C,; and if S denote the operation consist- 
ing of an inversion at C_, followed by an inversion at C, 
the space between O_, and (C, will be transformed into 
another perfectly definite white space by the operation 8”, 
while conversely the operation necessary to transform the space 
between C_, and C, into any other given white space will be a 
definite power of S. Hence if one of the white spaces, say 
that between C_, and (,, is taken to correspond to the identical 
operation, there is then a unique correspondence between the 
white spaces and the operations of the group generated by 
the unrestricted operation S; and the figure that has been 
constructed gives a graphical representation of the group. 
It should be noticed that the actual geometrical process of 
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inversion, which has been here used to construct the spaces 
corresponding to the operations of the group, is in no way 
essential to the graphical representation. It is however con- 
venient as giving definiteness to the construction; and later, 
when we deal with the case of a general group, such definite- 
ness becomes almost a necessity. 


In a precisely similar manner, the group generated by a 
single operation S, satisfying the relation 


lie He 


may be treated. In this case, we take two circles C_, and C, 
intersecting at an angle w/n, and from these form, as before, 


the circles obtained by successive inversions. This gives a 
finite series of n circles, each of which intersects the two next 
to it on either side at angles a/n, while the n circles divide the 
plane into 2n spaces. If these are left white and coloured 
black in alternate succession, and if one of the white is taken 
to correspond to the identical operation, there is a unique 
correspondence between the white spaces and the operations of 
the group generated by S, where S represents the result of 
successive inversions first at C_, and then at C\. 
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This operation obviously satisfies the relation 
Sx=H 


and no simpler relation; so that the figure gives a graphical 
representation of a cyclical group of order n. 


The systems of circles in figures 1 and 2 have a common 
geometrical property which may be noticed here as it will be of 
use in the sequel. Successive inversions at any one of the pairs 
C_, and C,, C, and C;, C, and C; are equivalent to the operation 
S; and therefore successive inversions at C_, and C, are equi- 
valent to the operation S*”. Hence the result of an even 
number of inversions at any of the circles in either figure is 
equivalent to some operation of the group that the figure 
represents. 


277. We may now proceed to construct a graphical repre- 
sentation of the group which is generated by n operations 
subject to no relations. To this end, suppose n+1 circles 
drawn, each of which is external to all the others while each 
touches two and only two of the rest. Such a system can be 
drawn in an infinite variety of ways: we will suppose, to give 
definiteness and simplicity to the resulting figure, that the 
n+1 points of contact lie on a circle, which cuts the n+1 
circles orthogonally. If these n+1 points taken in order are 
A,, A,, ..., And, the successive circles are A,,,A,, A,Aa2, 
we) AnAni. We will suppose that only so much of these 
circles is drawn as lies within the common orthogonal circle 
vee eA ee hei lecineularearesd)) adie a Ae oem 
bound a finite simply connected plane figure which we will 
denote provisionally by P. Suppose now that P is inverted in 
each of its sides, that the resulting figures are inverted in 
each of their new sides, and so on continually. Then from 
their mode of formation no two of the figures thus arising can 
overlap either wholly or in part; and when the process is 
continued without limit, every point in the interior of the 
orthogonal circle A,A,...Ay4, will lie in one and only one of 
the figures thus formed from P by successive inversions. 


If AB, AC, AD are consecutive sides of three polygons 
having a common corner at A, an inversion at AD is the same 


380 GRAPHICAL REPRESENTATION [277 


as three consecutive inversions at AC, AB, AC. Hence an- 
versions at the new sides of the new polygons may be expressed 
in terms of inversions at the sides of P. 

If P’ is any one of the new figures or polygons, the set of 
inversions at the sides of P by which it is derived from P is 
perfectly definite. For suppose, if possible, that P’ is derived 


Ai 
Fig. 3. 


from P by two distinct sets of inversions represented by = 
and ’. Then =>’ is a set of inversions in the sides of P 
which transforms P into itself. But every such set of inver- 
sions, which does not reduce to identity, necessarily transforms 
P into some polygon lying outside it, and therefore 
2 ase Le 

or the set of inversions composing & is identical term for term 
with the set composing >’. It immediately follows that the 
polygons can be divided into two sets, according as they are 
derived from P by an even or an odd number of inversions. 
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The latter we shall suppose coloured black, and the former (in- 
cluding P) left white. Every white polygon will be surrounded 
by black polygons and vice versd. Since there is only one 
definite set of inversions that will transform P into any other 
white polygon P’, the n+1 corners of P’ will correspond one 
by one to the x +1 corners of P; and when the perimeters of 
the two polygons are described in the same direction of rotation 
with regard to their interiors, the angular points that correspond 
will occur in the same cyclical order. On the other hand, in 
order that the corresponding angular points of a white and a 
black polygon may occur in the same cyclical order, their peri- 
meters must be described in opposite directions. In consequence 
of these results, we may complete our figure (fig. 3) by lettering 
every angular point of every polygon with the same letter that 
occurs at the corresponding angular point of the polygon P. 

278. If now T7,, T,, ..., Iny, represent inversions at 
A,A,, A,A;, ... AnsiAi, the operation 7,7, leaves the 
corner A, of P unchanged and it transforms P into the next 
white polygon which has the corner A, in common with P, the 
direction of turning round A, coinciding with the direction 
AnssAn...A, of describing the perimeter of P. For brevity, 
we shall describe this transformation of P as a positive rotation 
round A,. If then we denote the operation 7,7, by the 
single symbol S,, we may say that S, produces a positive 
rotation of P round A,. Let P, be the new polygon so 
obtained; and let P,’ be the polygon into which any other 
white polygon P’ is changed by a positive rotation round the 
corner of P’ that corresponds to A, Then if & is the set of 
inversions that changes P into P’,it also changes P, into P,’: so 
that 21S, changes P’ into Py’, i.e. produces a positive rotation 
round the corner A, of P’; and S,% changes P into Py. 

Let us now represent the operations 

d haiod be» Ts sey f iepd ck 

by Sees nes rae: 
so that SSRIS BSR 

Then every operation, consisting of a pair of inversions in 
the sides of P, can be represented in terms of 


Sie Sale eewout 
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For an inversion at A,A,4,, followed by an inversion at A,A,41, 
is given by 7,7,; and 
fil = Hie . Tel rs see Tul, 
=> Sea Sex eee Sh. 
If s>r, this is of the form required. If s< 7, the term 
Snii that then occurs may be replaced by 
S7eS ar sa Sea 
Hence finally, every operation consisting of an even number of 
inversions in the sides of P can be expressed in terms of 
8, S3, Ss, PR ions 
and with a restriction to positive indices, every such operation 
can be expressed in terms of 
Si; So, Oo ee Sere 
Now it has been seen that no two operations, each consisting 
of a set of inversions in the sides of P, can be identical unless 
the component inversions are identical term for term. Hence 
no two reduced operations of the form 


F (Si) 
are identical; in other words, the n generating operations 
Sis etka ae 
are subject to no relations. 


If then we take the polygon P to correspond to the identical 
operation of the group G generated by 
Sts, oan catann 
each white polygon may be taken as associated with the 
operation which will transform P into it. The foregoing dis- 
cussion makes it clear that in this way a unique correspondence 
is established between the operations of @ and the system of 
white polygons; or in other words, that the geometrical figure 
gives a complete graphical representation of the group. 


Moreover, since the operation 27 S,= is a positive rotation 
round the corner A, of the polygon > (calling now P the 
polygon £), a simple rule may be formulated for determining 
by a mere inspection of the figure what operation of the group 
any given white polygon corresponds to. 
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This rule may be stated as follows. Let a continuous line 
be drawn inside the orthogonal circle from a point in the white 
polygon # to a point in any other white polygon, so that every 
consecutive pair of white polygons through which the line 
passes have a common corner, a positive rotation round which 
leads from the first to the second of the pair. This is always 
possible. Then if the common corners of each consecutive pair 
of white polygons through which the line passes, starting from 
E, are Ap, Ag, ..., A,, Ag, the final white polygon corresponds 
to the operation 

iS Fick cape prep! 


279. The graphical representation of a general group we have 
thus arrived at is only one of an infinite number that could be con- 
structed ; and we choose this in preference to others mainly because 
the form of the figure and the relative positions of the successive 
polygons are readily apprehended by the eye. As regards the mere 
establishment of such a representation we might, still using the 
process of inversion for the purpose of forming a definite figure, 
have started with +1 circles each exterior to and having no point 
in common with any of the others. Taking as the figure P the 
space external to all the circles and inverting it continually in the 
circles, we should form a series of black and white spaces of which 
the latter would again give a complete picture of the group. It 
is however only necessary to begin the construction of such a figure 
in order to convince ourselves that it would not appeal to the eye in 
the same way as the figure actually chosen. 


Moreover, as in the representation of a cyclical group, the process 
of inversion is in no way essential to the representation at which we 
arrive. Any arbitrary construction, which would give us the series 
of white and black polygons having, in the sense of the geometry of 
position, the same relative configuration as our actual figure, would 
serve our purpose equally well. 


280. If = is the operation which transforms P into P’, and 
if Q is the black polygon which has the side A,A,4, in common 
with P, then > transforms Q into the black polygon which has 
in common with P’ the side corresponding to A,d,4,. If then 
we take Q to correspond to the identical operation, any black 
polygon will correspond to the same operation as that white 

* The reader who refers to Prof. Dyck’s memoir should notice that the 
definition of the operation S, above given is not exactly equivalent to that used 


by Prof. Dyck. With his notation, the white polygon here considered would 
correspond to the operation Sp Sy...... Sysee 


384 GRAPHICAL REPRESENTATION [280 


polygon with which it has the side A,A,,, in common. In this 
way we may regard our figure as divided in a definite way into 
double-polygons, each of which represents a single operation of 
the group. 


281. We have next to consider how, from the representation 
of a general group whose n generating operations are subject 
to no relations, we may obtain the representation of a special 
group generated by n operations connected by a series of 
relations 

F;(S:)=£, (g=1, 2, ...,m). 

It has been seen (§ 274) that to the identical operation of the 
special group there corresponds a self-conjugate sub-group H of 
the general group; or in other words, that the set of operations 
>A of the general group give one and only one operation in the 
special group. 

Hence, to obtain from our figure for the general group one 
that will apply to the special group, we must regard all the 
double-polygons of the set SH as equivalent to each other; 
and if from each such set of double-polygons we choose one as 
a representative of the set, the totality of these representative 
polygons will have a unique correspondence with the operations 
of the special group. 


We shall first shew that a set of representative double- 
polygons can always be chosen so as to form a single simply 
connected figure. Starting with the double-polygon, P,, that 
corresponds to the identical operation of the general group as 
the one which shall correspond to the identical operation 
of the’ special group, we take as a representative of some 
other operation of the special group a double-polygon, Po, 
which has a side in common with P,. Next we take as 
a representative of some third operation of the special group 
a double-polygon which has a side in common with either 
P, or P,; and we continue the choice of double-polygous 
in this way until it can be carried no further. The set of 
double-polygons thus arrived at of necessity forms a single 
simply connected figure C, bounded by circular ares; and no 
two of the double-polygons belonging to it correspond to the 
same operation of the special group. Moreover, in C there is 
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one double-polygon corresponding to each operation of the 
special group. To shew this, let C’ be the figure formed by 
combining with C every double-polygon which has a side in 
common with C; and form C” from (’, C” from C”, and so on, 
as O’ has been formed from C. From the construction of ( it 
follows that every polygon in C” is equivalent, in respect of the 
special group, to some polygon in C. Similarly, every polygon 
in CO” is equivalent to some polygon in OC’ and therefore to some 
polygon in C; and so on. Hence finally, every polygon in the 
complete figure of the general group is equivalent to some 
polygon in C, in respect of the special group; and therefore, 
since no two polygons of C are equivalent in respect of the 
special group, the figure C is formed of a complete set of repre- 
sentative double-polygons for the special group. 


Suppose now that S is a double-polygon outside C, with a 
side A,’A’,,, belonging to the boundary of C. Within C there 
must be just one polygon, say S7’, of the set SH. If this 
polygon lay entirely inside C, so as to have no side on the 
boundary of C, every polygon having a side in common with it 
would belong to C. Now since S and ST are equivalent, every 
polygon having a side in common with S is equivalent to some 
polygon having a side in common with ST. Hence since C 
contains no two equivalent polygons, S7’ must have a side on 
the boundary of C; and if this side is A,”A”,4,, the operation 7’ 
of H transforms A,’A’,,, into A,”A”,4,,. Moreover, no operation 
of H can transform A,'A’,,, into another side of 0; for if this 
were possible, C would contain two polygons equivalent to 8. 
It is also clear that, regarded as sides of polygons within C, 
A, A’,4, and A,”A”,., belong to polygons of different colours. 
Hence a correspondence in pairs of the sides of Cis established: 
to each portion A,’A’,,, of the boundary of C, which forms 
a side of a white (or black) polygon of C, there corresponds 
another definite portion A,’A”,,,, forming a side of a black (or 
white) polygon of C, such that a certain operation of H and its 
inverse will change one into the other, while no other operation 


of H will change either into any other portion of the boundary 
of C. 


The system of double-polygons forming the figure C, and 
the correspondence of the sides of C in pairs, will now give a 
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complete graphical representation of the figure. For the figure 
has been formed so that there is a unique correspondence 
between the white polygons of C and the operations of the 
group, such that until we arrive at the boundary the previously 
obtained rule will apply; and when we arrive at a polygon on 
the boundary, the correspondence of the sides in pairs enables 
the process to be continued. 


282. From the mode in which the figure C has been formed, 
no two of the figures CH can have a polygon in common, when 
for H is taken in turn each operation of the self-conjugate 
sub-group H of the general group G; also the complete 
set contains every double-polygon of our original figure. This 
set of figures, or rather the division of the original figure into 
this set, will then represent in a graphical form the self-con- 
jugate sub-group H of G. Moreover, the operations which 
transform corresponding pairs of sides of C into each other will, 
when combined and repeated, clearly suffice to transform C into 
any one of the figures CH and will therefore form a set of 
generating operations of H. 

283. A simple example, in which the process described in the 
preceding paragraphs is actually carried out, will help to familiarize 
the reader with the nature of the process and will also serve to 
introduce a further modification of our figure. The example we 


propose to consider is the special group with two generating opera- 
tions which are connected by the relations 


Sy Eg = shoals 
As a first step, we will take account only of the relation 
S, Sp =] S. S. 1D 
and form for this special group the figure C., All operations 


for which a, and 28, have given values, are in the special group 
identical. We may thus select from the figure for the general 
group the set of polygons 


SSP (a, B=- 0 to +0) 
as a set of representative polygons; and a reference to the diagram* 
(fig. 4) makes it clear that this set of polygons forms a figure with 
a single bounding curve. The black polygon which corresponds to 
the operation = has here been chosen as that which has the side 
A,A, in common with the white polygon 3. 


* In fig. 4 the orthogonal circle, which is not shewn, is taken to be a straight 
ine. 
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Each double-polygon, except those of the set §,", contributes two 
sides to the boundary of C, one belonging to a white polygon and 
one to a black. The polygons, which border C and have sides in 
common with 5,75,f, are S,8,%S,8 and S,7'S,48,8; and these, regarded 
as operations of the special group, are equivalent to S,*S,8+! and 
eine Hence the correspondence between the sides of C is such 

a 

(i) to the side 4,4, of the white polygon S,*S,° corresponds the 
side A,A, of the black polygon S,*S,8-'; 

(ii) to the side 4,4, of the black polygon S,*S,8 corresponds the 
side A,A, of the white polygon S,*S,8+), 


When we now take account of the additional relations 
Ss =f, S2= 2, 


m m+l 


all | a 


GEN 
(} : 


BN Zag 


A; Ai A; A;A3 Az, A3A,A3 A, A3 
Fig, 4. 


the figure C is found to reduce to a set of nine double-polygons, 
which is completely represented by fig. 5. 


In addition to the correspondences between the sides of C' to 
which those just written simplify when the indices of S, and S, are 
reduced (mod. 3), we have now also the correspondences, indicated 
in the figure by curved lines with arrowheads, which also result from 
the new relations. Our figure may be further modified in such a way 
that its form takes direct account of these four new correspondences. 
Thus without in any way altering the configuration of the double- 
polygons, from the point of view of geometry of position, we may 
continuously deform the figure so that the pairs of corresponding 
sides indicated by the curved arrowheads are brought to actual 
coincidence. When this is done, the resulting figure will have the 
form shewn in fig. 6. The correspondence in pairs of the sides of 
the boundary is indicated in the figure by full and dotted lines. 
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The two unmarked portions A,A,4, correspond, as also do the two 
similar portions marked with a full line, and the two marked with a 
dotted line, 


It will be noticed that, in this final form of the figure for the 
special group, direct account is taken of the finite order of the 
generating operations S, and S, and also of the operation S,S,. The 
simplification of the figure that results by thus taking account 
directly of the finite order of the generating operations, and the 
greater ease with which the eye follows this simplified representa- 
tion, are immediately obvious on a comparison of figs. 5 and 6. 


Ai 


Fig. 6. 


284. In the applications of this graphical representation 
of a group that we have specially in view, namely to groups 
of finite order, the generating operations themselves are 
necessarily of finite order. The generating operations 


55, Oy tees 
of such a group may be taken as of orders 


Mm ; Me, eneie'9) Mn 5 
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and if Si See. 58a 


then S,,, will be of finite order mn4. We shall therefore next 
consider a group generated by n operations which satisfy the 
relations 


m=, Swm=E, ..., Se%=E, (8,8,...S,) a= £. 


The simple example we have given makes it clear that, 
at least in some particular cases, relations of this form may 
be directly taken into account in constructing our figure; in 
such a way that in the complete figure, consisting of a finite or 
an infinite number of double-polygons, the correspondence in 
pairs of the sides of the boundary, if any, will depend upon 
further relations between the generating operations. 


We may, in fact, always take account of relations of the 
form in question in the construction of our figure as follows. 

Let us take as before n+ 1 arcs of circles 

AnwA, A,A;, 1078s Ag an; AnAny, 

bounding a polygonal figure P of n+1 corners; but now, 
instead of supposing the circles A,_, 4, and A,A,4, to touch at 
A,, let them cut at an angle (measured inside P) of z/m,, 
(r=1, 2,...,”), while A,Any, and An ,A, cut at an angle 
T/Mni,. Such a figure can again be chosen in an infinite 
variety of ways; and we will suppose that it is drawn so that the 
n+1 circles have a common orthogonal circle. This clearly is 
always possible; but it is not now necessarily the case that this 
orthogonal circle is real. Let the figure P be now inverted in 
each of its sides; let the new figures so formed be inverted 
in each of their new sides; and so on continually. Then since 
the angles of P are sub-multiples of two right angles, no two of 
the figures thus formed can overlap in part without coinciding 
entirely. Moreover, when the process is completely carried out, 
every point within the orthogonal circle when it is real, and 
every point in the plane of the figure when the orthogonal circle 
is evanescent or imaginary, will lie in one and in only one of 
the polygons thus formed from P by successive inversions. 


285. Exactly as with the general group, these polygons 
are coloured white or black according as they are derivable 
from P by an even or an odd number of inversions. The 
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corners of any white polygon correspond one by one to the 
corners of P; so that, when the perimeters of the polygons are 
described in the same direction, corresponding corners occur in 
the same cyclical order. 


If now the operation of successive inversions at A,,,A, and 
A,A, is represented by S,, and that of successive inversions at 
Ae Ayvend) AsAw, by 8.) (= 2,3, %.a.n)5 all operations, 
consisting of an even number of inversions in the sides of P, 
can be represented in terms of 


Oy ere a 


Moreover, from the construction of the polygon P, these 
operations satisfy the relations 


Sih Seah At es = 1 See; 
where Spies ad Siar ew op 


Again, if P’ is any white polygon of the figure, which can be 
derived from P by the operation =, a positive rotation (§ 278) of 
P’ round its corner A,’ is effected by the operation 218, > ; 
and, if P” is the polygon so obtained, P” is derived from P by 
the operation S,=. It is to be observed that a positive rotation 
of a polygon round its A, corner is now an operation of finite 
order m,. 


Suppose now that two operations = and >’ transform P into 
the same polygon P’, so that 2’ leaves P unchanged. If 
this operation, written at length, is 

Sous Mg ore, 
and if P is transformed into P, by a positive rotation round 
A, repeated & times, P, into P, by a rotation round its 
corner A, repeated y times, and so on; then the operation 
may be indicated by a broken live drawn from P to P,, from 
P, to P,, and so on, the line returning at last to P. But the 
operation indicated by such a line is clearly equivalent to com- 
plete rotations (i.e. rotations each of which lead to identity), 
round each of the corners which the broken line includes. In 
other words, >S/— reduces to identity when account is taken of 
the relations which the generating operations satisfy. Hence 
finally, to every white polygon P’ will correspond one and only 
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one of the operations of the group, namely that operation 
which transforms P into P’. The same is clearly true of the 
black polygons; and by taking P and a chosen black polygon 
which has a side in common with P as corresponding to the 
identical operation, the required unique correspondence is 
established between the complete set of double-polygons in the 
figure and the operations of the group, the relations which the 
generating operations satisfy being directly indicated by the 
configuration of the figure. Moreover, as with the general 
group (§ 278), a simple rule may be stated for determining, 
from an inspection of the figure, the polygon that corresponds 
to any given operation of the group. 


286. The number of polygons in the figure and therefore 
the order of the group will still, in general, be infinite. We 
may now proceed, just as in the previous case of a quite general 
group, to derive from the figure representing the group G, 
generated by n operations satisfying the relations 


Syl Bi Sat Le, ea Nine dle tty ac schon Peete == Te 
a suitable representation of the more special group G, generated 


by n operations which satisfy the above relations and in addition 
the further m relations 


iS) =, (7=1, 2, ...) m). 

As has been seen in § 275, if H is the self-conjugate sub- 
group of @ which is formed by combining all possible operations 
of the form 

Rf; (S;) BR, 
and if = is any operation of G, then the set of operations 2H, 
regarded as operations of G, are all equivalent to each other. 
From each set of polygons =H in the figure of G, we may 
therefore choose one to represent the corresponding operation 
of G; and, as was shewn with the general group, a complete 
set of such representative polygons may be selected to form a 
connected figure, i.e. a figure which does not consist of two or 
more portions which are either isolated or connected only by 
corners. Moreover, as in the former case, the sides of this 
figure C will be connected in pairs 4,’A’,,, and A,”A”,,,, which 
are transformed into each other by some operation T of H and 
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its inverse, while no other operation of H will transform either 
A,/A’,,, or A,”A”,,, into any other side of C. 


It is not now however necessarily the case that the figure C, 
as thus constructed, is simply connected. Let us suppose then 
that ( has one or more inner boundaries as well as an outer 
boundary, and denote one of these inner boundaries by ZL. If 
the sides of J do not all correspond in pairs, and if Ava aus a 
side of Z such that the other side A,”A”,4, corresponding to it 
does not belong to L, we may replace the double-polygon P” in 
C of which A,”A”,,, is a side by the double-polygon, not 
previously belonging to C, of which A,’A’,,, isa side. If P” 
has a side on the boundary JZ, the new figure C’ thus obtained 
will have one inner boundary less than C’; and if P” has no side 
on the boundary ZL, the new inner boundary LZ’ that is thus 
formed from ZL will contain one double-polygon less than J, 
while the number of inner boundaries is not increased. This 
process may be continued till the new inner boundary LZ, which 
replaces Z is such that all of its sides correspond in pairs. 


Let now A,A,,, and A,’A’,;, be a pair of corresponding 
sides of Z,, such that A,A,,4, is transformed into A,'A’;,, by an 
operation A of the self-conjugate sub-group H. A side A;Az4, 
of another boundary of C may be chosen such that A,A,4, 
and A;A;,, are sides of a simply connected portion, say B, of C; 
while no side of Z, except A,A,,, forms part of the boundary of 
B. The polygons of B are equivalent, in respect of the special 
group, to those of Bh. Moreover, since the sides of L, corre- 
spond in pairs, no side of Bh, except A,'A’.4:, can coincide with 
a side of Z,. Hence when B is replaced by Bh, the inner 
boundary JZ, will be got rid of and no new inner boundary will 
be formed. Finally then, C may always be chosen so as to form 
a single simply connected figure. 


The simply connected plane figure C, which has thus been 
constructed, with the correspondence of the sides of its boundary 
in pairs, will now give a complete graphical representation of 
the special group. The rule already formulated will determine 
the operation of the group to which each white polygon 
corresponds; and when, in carrying out this rule, we come to 
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a polygon on the boundary, the correspondence of the sides of 
the boundary in pairs will enable the process to be continued. 


The correspondence of the sides of ( in pairs involves a 
correspondence of the corners in sets of two or more. Thus if 
A, is a corner of C and if, of the m, white polygons which in 
the complete figure have a corner at A,, 7, lie within C, there 
must within C be m,—n, white polygons equivalent to the 
remainder, and each of these must have an A, corner on the 
boundary. If A,’ is a corner of C such that there are n, white 
polygons, lying within C and having a corner at A,’, and if one 
of the sides of the boundary with a corner at A,’ corresponds 
to one of the sides of the boundary with a corner at A,, these 
n, white polygons must be equivalent to n, of the white polygons, 
lying outside C and having a corner at A,. If 


Ny +N. < My, 


there must be a third corner A,”, contributing n, more white 
polygons towards the set. With this we proceed as before; and 
the process may be continued till the whole of the m, white 
polygons surrounding A, are accounted for. The set of corners 
A,, A,, A,”,... will then form a set of corresponding corners, 
which are equivalent to each other in respect of the special 
group ; and the whole of the corners of C may be divided into 
such sets. At each set of corresponding corners 4, of C there 
must clearly be also m, black polygons belonging to C; and 
the sum of the angles of C at a set of corresponding corners 
must be equal to four right angles. 


287. When the order of the group is finite, we inay still 
further so modify our figure as to take account of the corre- 
spondence of the sides of the boundary in pairs. We may, in 
fact, by a suitable bending and stretching of the figure, bring 
corresponding sides of the boundary to actual coincidence. 
When this is done, the figure will no longer be a piece of a 
plane with a single boundary, but will form a continuous 
surface, which is unbounded and in general is multiply con- 
nected. Every point A, on the surface, which in the plane 
figure did not le on the boundary, will be a corner common 
to 2m, polygons alternately black and white; and, in con- 
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sequence of what has just been seen in regard to the corre- 
spondence of corners of the boundary, the same is true 
for every point A, on the surface which in the plane figure 
consisted of a set of corresponding corners of the boundary. If 
N is the order of the group, the continuous unbounded surface 
will be divided into 2NV polygons, black and white. The con- 
figuration of the set of white polygons with respect to any one 
of them will, from the point of view of geometry of position, be 
the same as that with respect to any other; and the like is 


A, IN 


true for the black polygons. Such a division of a continuous 
unbounded surface is described as a regular division ; and we 
have finally, as a graphical representation of any group of finite 
order N, a division of a continuous surface into 2N polygons, 
half black and half white, which is regular with respect to each 
set. The correspondence between the operations of the group 
and the white polygons on the surface is given by the rule that 
a single positive rotation of the white polygon = round its 
corner A, leads to the white polygon S,>. 
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288. We may again here illustrate this final modification of the 
graphical representation of a finite group by a simple example. For 
this purpose, we choose the quaternion group defined by 


S= Bs le) oe = L 
S193 = LH, 91S, 8 So Lae oe ee 
This group (§ 118) is a non-Abelian group of order 8, containing 
a single operation of order 2. The reader will have no difficulty in 
verifying that the plane figure for this group is given by fig. 7; and 


that opposite sides of the octagonal boundary correspond. The 
single operation of order 2 is 


S? (= S? = S¥) ; 


Fig. 8. 


this corresponds to a displacement of the triangles among themselves 
in which all the six corners remain fixed If now corresponding 
sides of the boundary are brought to coincidence, the continuous 
surface formed will be a double-holed anchor-ring, or sphere with 
two holes through it. A view of one half of the surface divided 
into black and white triangles, is given in fig. 8. The half of the 
surface, not shewn, is divided up in a similar manner: and the 
operation of order 2 replaces each white triangle of one half by the 
corresponding white triangle of the other, an operation which clear] 

leaves the six corners of the polygons undisplaced. 
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289. The form of the plane figure O, which with the corre- 
spondence of its bounding sides in pairs represents the group, 
is capable of indefinite modification by replacing individual 
polygons on the boundary by equivalent polygons. If however 
we reckon a pair of corresponding sides of the boundary as a 
single side and a set of corresponding corners of the boundary 
as a single corner, it is clear that, however the figure may be 
modified, the numbers of its corners, sides and polygons remain 
each constant. This may be immediately verified on replacing 
any single boundary polygon by its equivalent. 


If now A be the number of corners, and S the number of 
sides in the figure C when reckoned as above, 2N being the 
number of polygons, then the genus* p of the closed surface is 
given by the equation 


2p=2+S—-2N-A. 


When the group and its generating operations are given, 
the integer p is independent of the form of the plane figure C, 
which as has been seen is capable of considerable modification. 
The plane figure C however depends directly on the set of 
generating operations that is chosen for the group. Fora given 
group of finite order, such a set is not in general unique; and 
the number of generating operations as well as their order will 
in general vary from one set to another. It does not necessarily 
follow, and in fact it is not generally the case, that the 
genus of the surface by whose regular division the group is 
represented, is independent of the choice of generating opera- 
tions. There must however obviously be a lower limit to the 
number p for any given group of finite order, whatever 
generating operations are chosen; this we shall call the genus 
of the groupt. 


290. We shall now shew that there is a limit to the order 
of a group which can be represented by the regular division of 


* Forsyth, Theory of Functions (second edition), p. 353. ’ ; 
+ Hurwitz, ‘“‘Algebraische Gebilde mit eindeutigen Transformationen in 


sich,” Math. Ann. x11 (1893), p. 426. 
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a surface of given genus p. If N is the order of such a group, 
generated by the n operations 


Si SyPae es5 
which satisfy the relations 
PSA ae US i 0 Pe TE Op 
SUS2008,, =r 
the surface will be divided in 2N polygons of n sides each. 
Let A,, A;, .... A, be the angular points of one of these 


polygons; and suppose that on the surface there are C, corners 
in the set to which A, belongs, C, in the set to which A, belongs, 
and so on. Round each corner A, there are 2m, polygons; and 
each polygon has one and only one corner of the set to which 


A, belongs. Hence 
C.m, = N, 
eles Ot 4.1.40, = NE. 
1 ? 
Again, each side belongs to two and only to two polygons, so 
that the number of sides is 


Nn. 


Using these values for A and S in the formula of § 289, we 
obtain the equation 
ook 
2(p—1)= —-2-2— 
Cmeehic. on 
A complete discussion of this equation for the cases p=0 
and p=1 will be given in the next chapter. 


When p is a given integer greater than unity, we can 
determine the greatest value that is possible for NV by finding 
the least possible positive value of the expression 


ey ste 
1M; 


Ifn>4, this quantity is not less than 4, since m, cannot be 
less than 2. 


If n=4, the simultaneous values 


mM, =™M,=mMm, =m, = 2 
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are not admissible, since they make the expression zero. Its 
least value in this case will therefore be given by 


m=M,—=m,=2, m=; 
and the expression is then equal to }. 


If n =3, we require the least positive value of 


Now the three sets of values 
m=3, m=3, Mm=3, 
m=2, m=4, m=4 
and re, WMpSs Mpa, 
each make K zero; and therefore no positive value of K can be 
less than the least of those given by 
WT =o, Wy=e, Wyse 
mM = 2; mz=4, ms=5, 
and Wipe 2 iin On ite 1 
These sets of values give for K the values j4, x4 and 7. 
Hence finally, the absolutely least positive value of the expression 
is 7, and therefore the greatest admissible value of N is 
84 (p—1). 
Hence * :— 
THEOREM II. The order of a group, that can be represented 


by the regular division of a surface of genus p, cannot exceed 
84 (p—1), p being greater than unity. 


291. If, when a group is represented by the regular division 
of an unbounded surface, we draw a line from any point inside 
the white polygon H# (or any other polygon) returning after any 
path on the surface to the point from which it started, it will 
represent a relation between the generating operations of the 
group. For in following out along the line so drawn the rule 
that determines the operation of the group corresponding to 
each white polygon, some operation 


F(S;) 
* Hurwitz, loc. cit. p. 424. 
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will be found to correspond to the final polygon; and this 
being the white polygon Z, it follows that 


F(S)=E. 


If the surface is simply connected, any such line can be 
continuously altered till it shrinks to a point ; and therefore the 
n+1 relations between the n generating operations completely 
define the group, since all other relations can be deduced from 
them. 


If however the surface is of genus p, there are 2p 
independent closed paths that can be drawn on the surface, 
no one of which can by continuous displacement either be 
shrunk up to a point or brought to coincidence with another ; 
and every closed path on the surface can by continuous dis- 
placement either be brought to a point or to coincidence with 
a path constructed by combination and repetition of the 2p 
independent paths*. Any one of these 2p independent paths 
will give a relation between the n generating operations of the 
group, which cannot be deduced from the n+1 relations on 
which the angles of the polygons depend. Moreover, every rela- 
tion between the generating operations can be represented by a 
closed path on the surface ; and therefore there can be no further 
relation independent of the original relations and those obtained 
from the 2p independent paths. There cannot therefore be 
more than 2p independent relations between the n generating 
operations of a group, in addition to the n+ 1 relations that give 
the order of the generating operations and of their product; 
p being the genus of the surface by whose regular division into 
n-sided polygons the group is represented. 


The 2p relations given by 2p independent paths on the 
surface are not, however, necessarily independent. In fact we 
have already had an example to the contrary in § 288. On the 
closed surface, by the regular division of which the group there 
considered is represented, four independent closed paths can 
be drawn. Two of the corresponding relations are therefore 
necessary consequences of the other two. 


The only known cases in which the 2p relations are in- 
dependent are those of a class of groups of genus one (§ 298). 
* Forsyth, Theory of Functions (second edition), p. 358. 
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Ex. Draw the figure of the group generated by §,, S,, S,, where 
Sf=Hh, SPf=Hk, SP=H, 8,8,8,= LF. 


Shew from the figure that the special group, given by the 
additional relation 


(Sy Ss‘)? = E, 


is a finite group of order 48 ; and that it can be represented by the 
regular division of a surface of genus 2. 


Note to § 287. 


If in the process of bending and stretching, described in § 287, 
by means of which the plane figure C' is changed into an unbounded 
surface, the angles of the polygons all remain unaltered, the circles 
of the plane figure will become continuous curves on the surface. 
These curves on the surface, which we will still call circles, are 
necessarily re-entrant. It is not however necessarily the case that, 
on the surface, a circle will not cut itself. 


In the plane figure for the general group, an inversion at any 
circle of the figure leaves the figure unchanged geometrically but 
interchanges the black and white polygons. Each circle is, in fact, a 
line of symmetry for the figure such that, in respect of it, there 
is corresponding to every white polygon a symmetric black polygon 
and vice versa. 


Similarly on the surface a circle which does not cut itself may 
be a line of symmetry, such that a reflection at it is an operation of 
order two which leaves the surface and its division into polygons 
unchanged, but interchanges black and white polygons. When this 
is the case, every circle on the surface will be a line of symmetry and 
no circle will cut itself. On the other hand no such operation can 
ever be connected with a circle which cuts itself. 


When such lines of symmetry exist, Prof. Dyck speaks of the 
division of the surface as regular and symmetric. 


CHAPTER XIX. 


ON THE GRAPHICAL REPRESENTATION OF GROUPS: 
GROUPS OF GENUS ZERO AND UNITY; CAYLEY’S 
COLOUR GROUPS. 


292. We shall now proceed to a discussion in the cases 
p=0 and p=1 of the relation 


id 
9 (is oo8 ek =4D An S 4 
2(p—1) N(n 2 —)) 
which connects the number and the orders of the generating 
operations of a group with the order of the group itself; and to 
the consideration of the corresponding groups. 


For any given value of p, other than p=1, we may regard 
this relation as an equation connecting the positive integers 
N, n, m,, My, ... Mp. It does not however follow from the 
investigations of the last Chapter that there is always a 
group or a set of groups corresponding to a given solution of 
the equation. In fact, for values of p greater than 1, this is not 
necessarily the case. We shall however find that, when p= 0, 
there is a single type of group corresponding to each solution 
of the equation; and that, when p=1, there is an infinite 
number of types of group, all characterized by a common 
property, corresponding to each solution of the equation. 
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When p=0, the groups are (§ 289) of genus zero; and all 
possible groups of genus zero are found by putting p=0 
in the equation. The groups thus obtained are of special 
importance in many applications of group-theory; for this 
reason, they will be dealt with in considerable detail. 


293. When p=0, the equation may be written in the form 


f 1 n 1 
ae Sees a) 
in this form, it is clear that the only admissible values of n are 
2 and 3. 


First, let m= 2. The only possible solution then is 
m= im, =, 


N being any integer. The corresponding group is a cyclical 
group of order J. 


Secondly, let »=3. In this case, one at least of the three 
integers m,, m,, m; must be equal to 2, as otherwise the right- 
hand side of the equation would be not less than 2, We may 
therefore without loss of generality put m,=2. If now both 
m, and m; were greater than 3, the right-hand side would still 
be not less than 2; and therefore we may take m, to be either 
2 or 3, When m, and m, are both 2, the equation becomes 


"gt ee 
Nm,’ 
giving m=n, N=2n, 


where n is any integer. 


When m, is 2 and m, is 3, the equation is 


Zona. 9 
Nee 6a 
This has three solutions in positive integers ; namely, 
m= oe =A2 5 


m=4, N=24; 
and m,= 5, iN =60. 
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The solutions of the equation for the case p =0 may there- 
fore be tabulated in the form :— 


m m, m, WN 


Vi 2S Sie SaGO! 


294. That a single type of group actually exists, corre- 
sponding to each of these solutions, may be seen at once by 
returning to our plane figure. The sum of the internal angles 
of the triangle A,A,A,; formed by circular arcs is, in each of 
these cases, greater than two right angles; and the common 
orthogonal circle is therefore imaginary. The complete figure 
will therefore divide the whole plane into black and white 
triangles, so that there are no boundaries to consider. More- 
over, the number of white triangles in each case must be equal 
to the corresponding value of NV; for the preceding investigation 
shews that this is a possible value,.and on the other hand the 
process, by which the figure is completed from a given original 
triangle, is a unique one. There is therefore a group corre- 
sponding to each solution; and the correspondence which has 
been established in any case between the operations of a group 
and the polygons of a figure, proves that there cannot be two 
distinct types of group corresponding to the same solution. 


295. The plane figure for p=0 does not, in fact, differ 
essentially from the figure drawn on a continuous simply con- 
nected surface in space. The former may be regarded as the 
stereographic projection of the latter. The five distinct types 
are represented graphically by the following figures. 

The first is a cyclical group, and the figure (fig. 9) agrees 
with fig. 2 in § 276, when one point of intersection of the circles 
is at infinity. 

The group given by the second solution of the equation 
is called the dihedral group. It is represented by fig. 10. 
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The group given by the third solution of the equation is 
represented in fig. 11. It is known as the tetrahedral group. 

To the fourth solution of the equation corresponds the group 
represented in fig. 12. It is known as the octohedral group. 

To the fifth solution of the equation corresponds the group 
represented in fig. 13. It is known as the icosahedral group. 


Fig. 13. 


The four last groups are identical with the groups of rotations 
which will bring respectively a double pyramid on an n-sided 
base, a tetrahedron, an octohedron, and an icosahedron to co- 
incidence with itself*. 

When the figures are drawn on a sphere, and the three circles 


of the original triangle and therefore also all the circles of the 
figure are taken to be great-circles of the sphere, the actual dis- 


* Klein, ‘“‘ Vorlesungen iiber das Ikosaeder,” Chap. 1. 
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placements of the triangles among themselves which correspond 
to the operations of the group can be effected by real rotations 
about diameters of the sphere: thus the statement of the pre- 
ceding sentence may be directly verified. 


296. In terms of their generating operations, the five types 
of group of genus zero are given by the relations :— 
I> Sf, Sia, SS,= £; 
Ih. sS8)=2,0 She Bee Se es ae 
Hil Se=#, 2Sf=h, Sieh SSS,=L£; 
IV. Sfa ese £, S\=— ieee, = 2; 
Vi. SP=he SJ=L, SP=s,  SSS,=—L. 
The first of these does not require special discussion. 
In the dihedral group, we have 
1S Se0y = Aisa = Os 
The dihedral group of order 2n therefore contains a cyclical 
sub-group of order n self-conjugately; and every operation of 
the group which does not belong to this self-conjugate sub- 


group is of order 2. The operations of the group are given, 
each once and once only, by the form 


Soe, (a= 0,8 se = 0s en 1) 

When n=83, this group is simply isomorphic with the 
symmetric group of three symbols. 

In the tetrahedral group, since 

(S,S,)° = £, 
S885, = 8,8, 5.74, 

and therefore S,, S,7S,S,, S,S,S.-1 are permutable with each 
other. These operations of order 2 (with identity) form a self- 


conjugate sub-group of order 4; and the 12 operations of the 
group are therefore given by the form 


S.* (8.788, FS." 


or Dweo oc te(G= 0, LoD Sars 0,1). 
If S, = (12) (34), 8, = (128), 
then SS, = (134); 


and therefore the tetrahedral group is simply isomorphic with 
the alternating group of four symbols. 
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If, in the octohedral group, we write 


S;? = 4 
then S38'= 8,8; ="S,S.39,; 
and therefore (838°) =. 
Hence 8, and S’ generate a tetrahedral group. 
Again Seen ao) 
and Sous) = .6 Seat 


so that this is a self-conjugate sub-group. The operations of 
the group are given, each once and once only, in the form 
SiSPSPIS83",- (4, 7,40 = 0) 1; B= 0, 1, 2), 

If S,=(12), S, =(234), 
then S\S, = (1342); 
and therefore the octohedral group is simply isomorphic with 
the symmetric group of four symbols. 

The icosahedral group is simple. It is, in fact, simply 
isomorphic with the alternating group of five symbols which 
has been shewn (§ 139) to be a simple group. Thus if 

8, = (12) (84), 8, = (135), 
then SyS2 = (12345); 
so that the substitutions S, and S, satisfy the relations 
Si= Ef, 8/=H, (5,8,.=L£. 


They must therefore generate an icosahedral group or one 
of its sub-groups. On the other hand, from the substitutions 
S, and 8S, all the even substitutions of five symbols may be 
formed, and these are 60 in number. The group therefore 
cannot be a sub-group of the icosahedral group; the only 
alternative is that the two are identical. 

As the icosahedral group has no self-conjugate group, we 
cannot in this case so easily construct a form which will 
represent each operation of the group just once in terms of 
the generating operations. It is however not difficult to verify 
that this is true of the set of forms * 

S;*, 8;78,5,8, 8,78,S28, 5,5, 
SeSSPS,SFS), 


* Dyck, ‘‘Gruppentheoretische Studien,” Math. Ann. xx (1882), p. 35, and 
Klein, loc. cit. p. 26. 


(a, 8 =0, 1, 2, 3, 4. 
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297. We shall next deal with the equation in the case 
p=1. In this case alone, the order of the group disappears 
from the equation, which merely gives a relation between the 
number and order of the generating operations. This may be 
written in the form 


and n must therefore be either 4 or 3. 


When n is 4, the equation becomes 
1 1 1 1] 
2 heer 


mM, Ms Wy (9g 


and the only solution is clearly 
Mm =M,= M,= Mm, = 2. 
When n is 3, the equation takes the form 


a B 1 
ip SS SP Sg r= 5) 
Mm MM, ' Ms; 
and is easily seen to have three solutions, viz. 
(WSS, WaSs Waa ss 
m,=2, m=—4, m=—4; 
and Mi =2, WM.= oO.) vies Oo: 
298. ‘Take first the solution 
= AS) TAs = Ns =, 1, 
The corresponding general group is defined by the relations 
Sis L, Siw, T= be SP 
S,S,8;8, = FE. 

If we proceed to form the plane figure representing this 
group, the sum of the internal angles of the quadrilateral 
A,A,A;A, is equal to four right angles, and the four circles 
that. form it therefore pass through a point. If this point be 
taken at infinity, the four circles (and therefore all the circles of 
the figure) become straight lines. The plane figure will now 
take the form given in fig. 14, and the four generating opera- 
tions are actual rotations through two right angles about lines 
through A,, A,, A; and A,, perpendicular to the plane of the 


figure. 
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Every operation of the group is therefore, in this form of 
representation, either a rotation through two right angles 
about a corner of the figure or a translation; and it will clearly 
be the former or the latter according as it consists of an odd 
or an even number of factors, when expressed in terms of the 
generating operations. The operations which correspond to 
translations form a sub-group; for if two operations each 
consist of an even number of factors, so also does their 
product. Moreover, this sub-group is self-conjugate, since the 
number of factors in }7S= is even if the number in S is 


a --- i 
cE a. 
, 


% o 
i a aa 


Fig. 14. 


even. This self-conjugate sub-group is generated by the two 
operations 


S,Syiands 8,8; 
for SS; = Ai8a. 5,53; 
SS, = (8,52), S38, = (535;)"4 SS, = (S83)? (S8))7 5 
and therefore every operation containing an even number of 


factors can be represented in terms of S,S, and S,S;. Lastly, 
these two operations are permutable with each other; for 


SS; . SiS, = SS; . SS; = SS, = SS, . SS; ; 
and therefore every operation of the group is contained, once 
and only once, in the form 
S42 (S1S.)° (S283)%, (a=0,1; B, y=—O,., 0,..., 0), 
The results thus arrived at may also be verified very simply 
by purely kinematical considerations. If a group generated 
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by S,, S:, S; and S;, is of finite order, there must, since it is of 
genus 1, be either one or two additional relations between the 
generating operations; and any such relation is expressible by 
equating the symbol of some operation of the general group to 
unity. Such a relation is therefore either of the form 

Sy (S,S.)° (S.S;)° =E, 
or (SSL See) = Le. 

The operation S,(S,S,)’ (SyS;)° of the general group, con- 
sisting of an odd number of factors, must be a rotation round 
some corner of the figure, say a rotation round the corner 4, of 
the white quadrilateral 2; it is therefore identical with Sages 

Now the relation LS, = 
gives S,= E. 

A relation of the first of the two forms is therefore incon- 
sistent with the supposition that the group is actually generated 
by S,, S, and S;. It, in fact, reduces the generating operations 
and the relations among them to 


S?P=H, SZ=H, SZ=L, S8,SS,=L£, 
which define a group of genus zero. 


The only admissible relations for a group of genus 1 are 
therefore those of the form 


(S53)? (S38, )) = 2. 
A single relation of this form reduces the operations of the 
general group to those contained in 
S* (SyS2)P (S83), 
(a= 0, 1g 80, 1, 2.5 b= Ds Rry es loo, 25/0; c0)s 
and the group so defined is still of infinite order. 
Finally, two independent relations 
(S,S,)? (S2S3)° =i EB, 
(S,S,)” (S.S3)* = &, 


Oates 
where 7+ 

b + ome 
must necessarily lead to a group of finite order. If m is the 
greatest common factor of b and 0b’, so that 


b=bm, b' =b,'m, 
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where 6, and b,’ are relatively prime; and if 
ba — b/y=1; 
the two relations give 
(SySg)? =H 
and CS SASS es 
Every operation of the group is now contained, once and 
only once, in the form 


S,2(S1S2 (S283), 
(a=0, 1; 8B =0,1,...,m—1; y=0, 1, «.., 0b, — dye’ — 1); 
and the order of the group is 2 (bc’ ~ b’c). 


Ps Phd 
S49 


Fig. 15. 


299. Corresponding to the solution 
n=3, m=m,=m,=3, 
we have the general group generated by S,, S,, S;, where 
SI=k, S2=f, SPL, 
SSS, = E. 
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The sum of the three angles of the triangle A,A,A; is two 
right angles, and therefore again the circles in the plane figure 
(fig. 15) may be taken to be straight lines. When the figure is 
thus chosen, the generating operations are rotations through 3a 
about the angles of an equilateral triangle; and every operation 
of the group is either a translation or a rotation. 

The three operations 

5,835 S818; S85, 
when transformed by S,, are interchanged among themselves. 
When transformed by S,, they become 
SPS,,  SPS)SSS,, SPSS, 
and since (SSL¥ = £, 
the two latter are S,S,.? and S,S,S, respectively. 
Hence the three operations generate a self-conjugate sub- 
group; and since 
SS." S,5,5,. SAS =; 
this sub-group is generated by S,S,? and S,8,8,. 
These two operations are permutable; for 
8,8,? . SSS, = S28, = S,8,S,8,8, . 8, = 88,8, . 8,8,2. 

Hence finally, every operation of the group is represented, 

once and only once, by the form 
S,* (8,82) (S818), (a sal, 23 B, y=—0,...,0,..., © ). 

This result might also be arrived at by purely kinematical 
considerations; for an inspection of the figure shews that the 
two simplest translations are 

S8,S2 and 8S,S,S,, 
and that every translation in the group can be obtained by the 
combination and repetition of these. Every operation in which 
the index a is not zero must be a rotation through $7 or da 
about one of the angles of the figure; it is therefore neces- 
sarily identical with an operation of the form 
ae ae 

If now the group generated by S,, S,, S, is of finite order, 
there must be either one or two additional relations between 
them. A relation of the form 


S\% (S,8,7)? (S,S,8,)° =f. ? 
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whether a is either 1 or 2, is equivalent to 
2782 = LH, 
so that S,= EF. 


Such a relation would reduce the group to a cyclical group of 
order 3. This is not admissible, if the group is actually to be 
generated by two distinct operations S, and §,. 


A relation S05 )° (ogo on) = 

gives, on transformation by S,-, 
(S28153)" (S25,)° = 2, 

or (S,S,7)~ (S,8, S,)?-¢ = EF. 

If m is the greatest common factor of 6 and c¢, so that 

b=b'm, c=c™m, 
where b’ and c’ are relatively prime; and if 
ba —c'y =1, 


the two relations 


USuSan), (S,S,S,)° a E, 


and (S,S.2)- (S,8,S,)-¢ = EB, 
lead to (S,S,S,)™2W'e+e%) — 
and (SyS2) = (SSS) CP yea; 


so that every operation of the group is contained, once and only 
once, in the form 


S,* (SyS27)? (S2S,52)7, 


where 
a=0, 1,2: 8=0, loo, m— ls y =0,1, ..., m(b? — b’e’ +c?) — 1. 


Thus the group is of finite order 3 (b? —bc+?). In this case 
then, unlike the previous one, a single additional relation is 
sufficient to ensure that the group is of finite order. Any 
further relation, which is independent, must of necessity reduce 
the group to a cyclical group of order 3 or to the identical 
operation. The case b=c=1 reduces the group to a cyclical 
group of order 3 and must be excluded. 


300. ‘The two remaining solutions may now be treated in 
less detail. The general group corresponding to the solution 


n=3, m,=2, m,=m,= 4, 


GROUPS [ 
g by Si= Hy Sf EP Sf, 
SS, c= Tee 
d is represented ally by fig. 16. 
ll transl f group can be g d from th 
two operations 
SS, SSS, ; 
oe roup is give d onl 
by 
Le eaapea (a= 2,3; B,y=—,...,0,..., 0). 


vA 


—— 


| 
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elation 
(SyS?) (S,S,8,)° = Z, 
(S,8,2)-* (S,8)S,)? = BE: 
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and if b=bm, c=cm, 
be+ ay =1, 

where 0}, and c, are relatively prime, these relations are 
equivalent to 

(S,S,S,)™ "Fer" = Kh, 

CSS = (S,5)53) O17, 
Every operation of the group is then contained, once and 

only once, in the form 

Sit (S82)? (SeS,S), 
(a=0, 1, 2/3; B=0, 1,....m—1; ¥ =0,],...,.m (b+ 0") —1); 
and the order of the group is 4(b? + c*). 


ay 
rq 


Bras | 


LM 


| Fig. 17. 
301. Lastly, the general group corresponding to the 


solution 
n=3, m=2, m,=3, m= 6, 


is given by St=L, S2=L, St{=E, 
8,S,S,;= E; 
and it is represented graphically by fig. 17. 
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Now it may again be verified, either from the generating 
relations or from the figure, that the two operations 
S28, and S,S,285, 
which are permutable with each other, generate all the opera- 
tions which in the kinematical form of the group are translations; 
and that every operation of the group is represented, once and 
only once, by the form 
S32 (SPS)? (S2S2S5), 
(a= 0,1, .. SO Bary = ce es, U, «2-400 ): 
Also as before any further relation, which does not reduce 
S, to an operation of lower order, is necessarily of the form 
(S2S,?)? (S5S,'S3)° = £. 
On transforming this relation by S;—, we obtain 


(SyS25,)? (S,28,2)° = E. 


Now See See) = sesame 
so that (S352) a) (Spas) ar ne 
If then b=bm, c=cm, 
be+eay=1, 


where 6, and ¢, are relatively prime, it follows that 
(SyS,25,)™ Or tai te) = E, 

and (S28,2)" = (SS,53) Oye), 

Every operation of the group is then contained, once and 
only once, in the form 

S52 (S2S2)8 (SyS:285)7, 

(a=0,1,...,5; B=0,1...,m—1; y=0,1, ...,m(b2+6,¢,+ ¢2)—1; 
and the order of the group is 6 (b? + bc +c’). 


302. There are thus four distinct classes of groups* of 
genus 1, which are defined in terms of their generating opera- 
tions by the following sets of relations :— 

I. Si= Hh, St=L St=#, (SS8,5,%=2£, 

(S1S8,)" (S2S;)? = HSS)” (S,S8;)” =H, (ab’— a/b + 0); 

N = 2(ab’ — ab). 


“ Dyck, “‘ Ueber Aufstellung und Untersuchung von Gruppe und Irrati i- 
tat regularer Riemann’scher Flichen,” Math. Pr XVII (1880), pp. 501-509. i 
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1d S{=£, Si=£, (9,8,)= E, 
(S83)9(S,8)5,)? = 2; 
N = 3 (a? —ab + b?). 


SRE SY=EH, Sf=H£, (SS8,)= LZ, 
(S,S,2)4 (S3S,5,)? =F ; 
N =4(a? + b?). 
LY. SS=H8, StJ=H, (8,5,"°=, 


(S2S.?)* (S\S78,)? = EB; 
N=6(a+ab + b*). 
For special values of a and b, some of these groups may be 
groups of genus zero; for instance, in Class I, if ab’—a’b is a 


prime, the group is a dihedral group. It is left as an exercise 
to the reader to determine all such exceptional cases, 


Ex. Prove that the number of distinct types of group, of genus 
two, is four; viz. the groups defined by 
(rsa Bee ABS A ain) Aah, Bek, BA B= A‘; 
(iil) “44 =n Bie, AT BA = 3"; 
(iv) 44= 2, B=EH, (ABY=H#, (A‘BP=E. 


303. As a final illustration of the present method of 
graphical representation, we will consider the simple group of 


order 168 (§ 166), given by 
{(1236457), (234)(567), (2763) (45)}. 
The operations of this group are of orders 7, 4,3 and 2; and 
it is easy to verify that three operations of orders 2, 3, and 7 
can be chosen such that their product is identity. 


In fact, if 
S, = (16) (34), S; =(253) (476), S, = (1673524); 
then S255S, = 2. 
Moreover, these three operations generate the group. The 


genus of the corresponding surface, by the regular division of 
which the group can be represented, is p; where 


2p —2=168(3-2—4-4-}). 
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This gives pitas 
it follows from Theorem II, § 290, that the genus of the group is 3. 


The figure for the general group, generated by S,, S;, and 


S,, where 
S?= Ly Sea, (S82. 
S.838,= £, 


Fig. 18. 


acquires as symmetrical a form as possible, by taking the 
centre of the orthogonal circle for that angular point of the 
triangle H at which the angle is 4a. In fig. 18 a portion of 
the general figure, which is contained between two radii of the 
orthogonal circle inclined at an angle 32, is shewn. The 
remainder may be filled in by inversions at the different 
portions of the boundary. 
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The operations, which correspond to the white triangles of 
the figure, are given by the following table :— 


Neel ae y 9 8,559, 17 88,5853, 
a US. 10 5,5,5,55, 18 S59,5,95, 
Sn 58. ll S25,555, 19 85,35, 
4 S25, 12 S.38,5,5S, 20 ~—sS,8,,5,8.5, 
5 S35, 13 S,9S,S,45, 21 S528, 
6 SAS, 14 S,S,48, 22 S,8 8.5.25, 
7 SSS, 15 | §,9,5,49, 23 -S8S.S.25, 
8 S8S, 16 85,5,45, 24 9,5,45,5.25, 


The representation of the special group is derived from 
this general figure by retaining only a set of 168 white (and 
corresponding black) triangles, which are distinct when S8,, 9; 
and S, are replaced by the corresponding substitutions given on 
p. 419. When each white triangle is thus marked with the 
corresponding substitution, it is found that a complete set of 
168 distinct white (and black) triangles is given by the portion 
of the figure actually drawn and the six other distinct portions 
obtained by rotating it round the centre of the orthogonal 
circle through multiples of #7. 


To complete the graphical representation of the group of 
order 168, it is necessary to determine the correspondence in 
pairs of the sides of the boundary. This is facilitated by 
noticing that the angular points A,, A», A;,... of the boundary 
must correspond in sets. Now the white triangle, which has an 
angle at A, and lies inside the polygon, is given by 


S,5755597'99- 


This must be equivalent to a white triangle, which lies 
outside the polygon, and has a. side on the boundary and an 
angle at one of the points A,, Ay,.... 


The triangle, which satisfies these conditions and has an 
angle at Am4, is given by 
SSSA SS772SyS7” 5 
while the triangle, which satisfies the conditions and has an 
angle at Am+o, 18 given by 
SSgSSp07 sar. 
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When (16) (34) and (1673524) are written for S, and S,, we 

find that 
S,S,48,S878, = S;8,8,A8,57S,S,°. 

The white triangle with an angle at A, inside the polygon 
is therefore equivalent to the white triangle with an angle at 
A,,, which lies outside the polygon and has a side on the 
boundary. It follows, from the continuity of the figure, that 
the arcs A,A, and A,,A,, of the boundary correspond. Since 
the operation S, changes the figure and the boundary into 
themselves, it follows that A,A,, A,;,4,; A;Ad,, A4,Ay; A,As, 
A;4;3 A,A4y), A;4,3 An Avs A;Ac, ANd Ayo, A4;, ate pairs 
of corresponding sides. Hence the above single condition is 
sufficient to ensure that the general group shall reduce to the 
special group of order 168. 


By taking account of the relation 
(S,S,)) = E, or (S,S8,)? = £, 


the form of the condition may be simplified. Thus it may be 
written 


S/8,578, = S,8,8,S,.S7S,S78,S) 


==>, eby Naas 
or S)S785= SA5,5PS,S75,5) 
Now S.S,.S,S8_ = S,2S,8,8S, . S_S,8S,5,° 
= SSS Shy 
Hence S7S,S5S8.S, = 8,528,578, 
or SS,5,*, S:55S.= 8,575,535), 
or SS,5;'S,5S,4 = S,S,7S,, 
or finally (S,4S,)' = £. 


The simple group of order 168 is therefore defined abstractly 
by the relations* 


SP=H, Si=H, (S,8,%=H#, (SA8,)=Z. 
Ex. Shew that the symmetric group of degree five is a group 
of genus four ; and that it is completely defined by the relations 
SP=, SS=H, (8,8,)*=H, (S,8,5, S,)? = £, 


* This agrees with the result as stated by Dyck, “ i 
Studien,” Math. Ann. Vol. xx (1882), p. 41.) Givppsnthecnebeake, 
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304. The regular division of a continuous surface into 
2N black and white polygons is only one of many methods that 
may be conceived for representing a group graphically. 


We shall now describe shortly another such mode of 
representation, due to Cayley*, who has called it the method 
of colour-groups. As given by Cayley, this method is entirely 
independent of the one we have been hitherto dealing with; 
but there is an intimate relation between them, and the new 
method can be most readily presented to the reader by deriving 
it from the old one. 


Let Sy Sobel wed 
be the operations of a group G of order V. We may take the 


N-—1 operations other than identity as a set of generating 
operations. Their continued product 


S Saved Syn 


is some definite operation of the group. If it is the identical 
operation, the only modification in the figure, which represents 
the group by the regular division of a continuous surface, will 
be that the Nth corner of the polygon has an angle of two right 
angles. 


With this set of generating operations, the representation 
of the group is given by a regular division of a continuous 
surface into NV white and MN black polygons A,A,... Ay, the 


angle at A, being =, m, being the order of S,. Suppose 


now that in each white polygon we mark a definite point. 
From the marked point in the polygon &, draw a line to 
the marked point in the polygon derived from it by a positive 
rotation round its angle A,. Call this line an S,-line, and 
denote the direction in which it is drawn by means of an 
arrow. Carry out this construction for each polygon &, and 
for each of its angles except Ay. We thus form a figure 
which, disregarding the original surface, consists of NV points 
connected by M(N-—1) directed lines, two distinct lines 
joining each pair of points. Now if the line drawn from a 

* American Journal of Mathematics, Vol. 1 (1878), pp. 174—176, Vol. x1 


(1889), pp. 139—157; Proceedings of the London Mathematical Society, Vol. 1x 
(1878), pp. 126—133; Collected Papers, Vols. x, x1. 
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to b, where a and b are two of the points, is an S-line, then 
the line drawn from 6 to a is from the construction an S~-line. 
We may then at once modify our diagram, in the direction 
of simplification, by dropping out one of the two lines 
between a and b, say the S—-line, on the understanding that 
the remaining line, with the arrow-head reversed, will give the 
line omitted. If S is an operation of order 2, S and S~ are 
identical, and the arrow-head drawn on such a line may be 
omitted. The modified figure will now consist of NV points 
connected by 4N(N-1) lines. From the construction it 
follows at once that, for every value of r, a single S,-line ends 
at each point of the figure and a single S,-line begins at each 
point of the figure; these two lines being identical when the 
order of S,. is 2. 


We may pass from one point of the figure to another along 
the lines in various ways; but any path between two points of 
the figure will be specified completely by such directions as: 
follow first an S,-line, then an S,-line, then an S,—-line, and 
so on. Such a set of directions is said to define a route. 
It is an immediate consequence of the construction that, if 
starting from some one particular point a given route leads back 
to the starting point, then it will lead back to the starting point 
from whatever point we begin. In fact, a route will be specified 
symbolically by a symbol 


Sa evi ae 
and if Saurs SE sheer oe 
then Sy... S:78,8,= 2, 
and therefore aoc Soe ghee 


whatever operation >’ may be. 


305. If the diagram of NV points connected by $N(N—1) 
directed lines is to appeal readily to the eye, some method must 
be adopted of easily distinguishing an S,-line from an S,-line. 
To effect this purpose, Cayley suggested that all the S,-lines 
should be of one colour, all the S,-lines of another, and so on. 


Suppose now that, independently of any previous considera- 
tion, we have a diagram of N points connected by 4N(N—1) 
coloured directed lines satisfying the following conditions :— 
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(i) all the lines of any one colour have either (a) a single 
arrow-head denoting their directions: or (b) no arrow-head, in 
which case the line may be regarded as equivalent to two coin- 
cident lines in opposite directions ; 


(1) there is a single line of any given colour leading to every 
point in the diagram, and a single line of the colour leading from 
every point: if the colour is one without arrow-heads, the two 
lines coincide ; 


(iii) every route which, starting from some one given point 
in the diagram, is closed, 1.e. leads back again to the given point, 
is closed whatever the starting point. 


Then, under these conditions, the diagram represents in 
graphical form a definite group of order NV. 

It is to be noticed that the first two conditions are necessary 
in order that the phrase “a route” used in the third shall have 
a definite meaning. Suppose that R and R’ are two routes 
leading from a to 6b. Then RR is a closed route and will 
lead back to the initial point whatever it may be. Hence if R 
leads from c to d, so also must R’; and therefore R and R’ are 
equivalent routes in the sense that from any given starting 
point they lead to the same final point. There are then, with 
identity which displaces no point, just V non-equivalent routes 
on the diagram, and the product of any two of these is a definite 
route of the set. The NV routes may be regarded as operations 
performed on the WV points; on account of the last property 
which has been pointed out, they form a group. Moreover, the 
diagram gives in explicit form the complete multiplication table 
of the group, for a mere inspection will immediately determine 
the one-line route which is equivalent to any given route; Le. 
the operation of the group which is the same as the product of 
any set of operations in any given order. 

From a slightly different point of view, every route will give 
a permutation of the NV points, regarded as a set of symbols, 
among themselves; no symbol remaining unchanged unless 
they all do. To the set of N independent routes, there will 
correspond a set of NV permutations performed on V symbols ; 
and we can therefore immediately from the diagram represent 
the group as a transitive permutation-group of degree NV. 


426 COLOUR [306 


306. It cannot be denied that, even for groups of small 
order, the diagram we have been describing would not be easily 
grasped by the eye. It may however still be considerably 
simplified since, so far as a graphical definition of the group is 
concerned, a large number of the lines are always redundant. 


If in the diagram consisting of V points and 4N(N—1) 
coloured lines, which satisfies the conditions of § 305, all the 
lines of one or more colours are omitted, two cases may occur. 
We may still have a figure in which it is possible to pass 
along lines from one point to any other; or the points may 
break up into sets such that those of any one set are con- 
nected by lines, while there are no lines which enable us 
to pass from one set to another. 


Suppose, to begin with, that the first is the case. There will 
then, as before, be V non-equivalent routes in the figure, which 
form a group when they are regarded as operations; it is 
obviously the same group as is given by the general figure. 
The sole difference is that there will not now be a one-line 
route leading from every point to every other point, and there- 
fore the diagram will no longer give directly the result of the 
product of any number of operations of the group. 


If on the other hand the points break up into sets, the new 
diagram will no longer represent the same group as the original 
diagram. Some of the routes of the original diagram will 
not be possible on the new one, but every route on the new 
one will be a route on the original diagram. Hence the new 
diagram will give a sub-group ; and since it is still the case that 
no route, except identity, can leave any point unchanged, the 
number of points in each of the sets must be the same. The 
reader may verify that the sub-group thus obtained will be self- 
conjugate, only if the omitted colours interchange these sets 
bodily among themselves. 


307. The simplest diagram that will represent the group 
will be that which contains the smallest number of colours and 
at the same time connects all the points. To each colour 
corresponds a definite operation of the group (and its inverse). 
Hence the smallest number of colours is the smallest number 
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of operations that will generate the group. It may be noticed 
that this simplified diagram can be actually constructed from the 
previously obtained representation of the group by the regular 
division of a surface, the process being exactly the same as 
that by which the general diagram was obtained. For if 


NSA Nae 
are a set of independent generating operations, and if 
DySa le Pave = Le 
we may represent the group by the regular division of a surface 
into 2N black and white (n+1)-sided polygons. When we 


draw on this surface the S,-, S,-, ..., S,-lines, the NV points 
will be connected by lines in a single set, since from 


Si, S:, sisie'y Sp 


every operation of the group can be constructed; and the set 
of points and directed coloured lines so obtained is clearly the 
diagram required. 


As an illustration of this form of graphical representation, 

we may consider the octohedral group (§ 295), defined by 
S?= £, Si = £, S,‘= £, 
Si S, Se = E. 

On the diagram already given (p. 406), we may at once draw 
S,-, S,- and §S;-lines. These in the present figure are coloured 
respectively red, yellow, and green. By omitting successively 
the red, the yellow, and the green lines we form from this the 
three simplest colour diagrams which will represent the group*. 

* For further illustrations, the reader may refer to Young, Amer. Journal, 
Vol. xv (1893), pp. 164—167; Maschke, Amer. Journal, Vol, xvm1 (1896), 


pp. 156—188; and Hilton, An introduction to groups of finite order (1908), 
pp. 84—89. 


CHAPTER XX. 


ON CONGRUENCE GROUPS*. 


308. In § 88, 89 and again in § 140, 141 we have inci- 
dentally used systems of congruences to define a group of 
finite order. This method of presenting a group in a con- 
crete form has been found to lend itself very readily to the 
discussion and analysis of certain large classes of groups. 
With the space at our disposal it is impossible to do more 


than illustrate the application of the method in a few par- 
ticular cases. 


The first that we choose for this purpose is the group 
of isomorphisms of an Abelian group of order p” and type 
(1, 1,...to n units). This group has been defined and its order 
determined in §§ 88, 89. Itis there shewn that the group is 


* The homogeneous linear group and its sub-groups forms the subject of the 
greater part of Jordan’s Traité des Substitutions. The investigation of its 
composition-series, given in the text, is due to Jordan. 

The complete analysis of the fractional linear group, defined by 


at +B 
~ ye+s’ 
where ad —-By=1, 


is due originally to Gierster, ‘‘ Die Untergruppen der Galois’schen Gruppe der 
Modulargleichungen fiir den Fall eines primzahligen Transformationsgrades,”’ 
Math. Ann. Vol. xvuir (1881), pp. 319—365. With a few unimportant modifica- 
tions, the investigation in the text follows the lines of Gierster’s memoir. 

In connection with the theory of congruence groups the reader should con- 
sult Prof. L. E. Dickson’s treatise on Linear groups with an exposition of the 
Galois field theory (1901). This book, which is entirely devoted to the study of 


erooPs defined by congruences, gives an admirable and complete account of the 
theory. 


(mod. p), 
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simply isomorphic with the homogeneous linear group defined 
by all sets of congruences 


Yr = Ay Ly + Ayo Ly +... + Ayn Lp, 

Yo = Ang, + Ang Ly +... + Aon Ln; 

Yn= An Ly+AngLot ... + Ann®n, 
whose determinants are not congruent to zero; and that its 
order is 

N=(p"—1)(p"— p)... (p"— p"™). 

The operation given by the above set of congruences will be 
denoted in future by the symbol 


(Gy By Ho. + in Bry On Fy + 22s + Aen Wp, 00+) Am ®t +. + Ann En). 


309. The determinant of any operation of the group is 
congruent (mod. p) to one of the numbers 1, 2, ...,p—1; and 
if D and D’ are the determinants of S and S’, the determinant 
of SS’ is congruent (mod. p) to DD’. We have seen (note, 
p. 268) that those substitutions of a group of linear substitu- 
tions, whose determinant is unity, constitute a self-conjugate 
sub-group. From this it at once follows that those operations 
of the homogeneous linear group whose determinants are con- 
gruent to unity (mod. p) constitute a self-conjugate sub-group. 
This self-conjugate sub-group will be denoted by I, the group 
itself being G. 

Suppose now that S is an operation* of G whose determinant 
is congruent to z, a primitive root of the congruence 


zP1=1 (mod. p). 

Then the determinant of every operation of the set 
eae 
is congruent to 2”; and therefore, if 7 and s are not congruent 
(mod. p), the two sets 
Orie anass!) 

can have no operation in common. Moreover, if S’ is any 
operation of G whose determinant is congruent to 2’, then 
S78’ belongs to I, and therefore S’ belongs to the set S’T. 
Hence finally, the sets 

UE SIRS EE Raetan |B 


* The operation (zz,, 7), ..., ©) has z for its determinant, 


430 THE HOMOGENEOUS [309 


are all distinct, and they include every operation of G; so that 
G=is, Ty 
The factor-group G/T’ is therefore cyclical and of order p—1. 


310. It may be very readily verified that the operations of 
the cyclical sub-group generated by 
(253 28s; teen 2a) 
are self-conjugate operations of G. To prove that these are 
the only self-conjugate operations of G, we will deal with the 
case n=3: it will be seen that the method is perfectly 
general. Suppose then that 


T =(aa,+ Br,+ yas, Ua,+ Bt. +3, 0x, + B’G,+ ¥'as) 
is a self-conjugate operation of G, while 
S = (aa, + ba, + cx;, wa, + 0x, + Ca, wa, + b’x, + 025) 
is any operation. The relation 
ST=TS 

involves the nine simultaneous congruences* 

aa + ba’ + ca” =aa+Ba'+ya", 

ab + bB’ + cB” =ab + Bb’ + yb", 

ay + by’ +cy” =ac+ Be’ +yc", 

etc., etc.; 


and these must be satisfied for all possible values of the 
coefficients of S. Now 
b=c=a=0 


is a possible relation between the coefficients of S, whether 
regarded as an operation of G or T; and therefore 
y= 0. 
In the same way, it may be shewn that 
B=d=y =a’ = BP" =0, 
and that a=B=y’; 
so that 7’ is a power of the operation 


(Zi, 2%, 20s), 


* These and all succeeding congruences are to be taken mod. p, unless the 
contrary is stated. 
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The only self-conjugate operations of G are therefore the powers 
of A, where A denotes 

(20RD, <s, Shy)? 
and the only self-conjugate operations of Tare those operations 
of this cyclical sub-group which are contained in I. Now the 
order of A is p—1 and its determinant is 2”. Hence the self- 
conjugate operations of I‘ form a cyclical sub-group D of order 
d, where d is the greatest common factor of p—1 and n; and 
this sub-group is generated by A?~/4, 


311. To determine completely the composition-series of G, 
it is necessary to find whether I’ has a self-conjugate sub- 
group greater than and containing D. A simple calculation 
will shew that, from 

(Ge 4e Me ea palgyrde Rely, 
and its conjugate operations, all the operations of I’ may be 
generated ; and hence no self-conjugate sub-group of T which 
is different from [ itself can contain an operation of this form. 
If then it is shewn that any self-conjugate sub-group of T, 
distinct from D, necessarily contains operations of this form, it 
follows that D is a maximum self-conjugate sub-group of I. 


We shall first deal with the case n = 2. 


If p =2, the orders of G, T and D are 6,6 and 1. In this 
case, I‘ is simply isomorphic with the symmetric group of three 
symbols, which has a self-conjugate sub-group of order 3. The 
successive factor-groups of the composition-series of G are 
therefore cyclical groups of orders 2 and 3. 

If p=3, the orders of G, I and D are 48, 24 and 2. The 
factor-group I/D has 12 for its order, and cannot therefore be a 
simple group. The reader will have no difficulty in verifying 
that, in this case, the successive factor-groups of G have orders 
2, 3, 2,2 and 2. We will then, in dealing with the case n = 2, 
assume that p is not less than 5. 

Let us suppose now that I has a self-conjugate sub-group 
TI that contains D; and let S or 

(ax, + bx, aa, + b’a) 
be one of its operations, not contained in D. 
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If b is different from zero, I’ contains X, where > denotes 
1+ a’a? 
(aaa, +abr,, — perms art Fhe aax, }, 


and therefore J contains 2~S=S, which is 


(-ate, GEC HO) ae), 


If b is zero, b’ is congruent with a~; therefore, in any case, 


I contains an operation S’ of the form 


(ca,, dx,+ ca). 


Again, [ contains the operation 7’, where 7 denotes 
(a, %, + a); 
and I therefore contains S’T—S’“ 7, which is 
(a,, (1 — c*) @, + a). 


Hence unless 1—c?=0, J must coincide with I. Now, 
when p>5,c can always be chosen so that this congruence 
is not satisfied. If p=5, the square of the above operation 
~—1S2S, when unity is written for a, is 


(m, 5! +a) a, +2,) : 


unless 6’'+a=0, this again requires that J coincides with T. 
If finally, the condition b’+a=0 is satisfied in S, it is not 
satisfied in S7“S~7, another operation belonging to J; and 
therefore again, in this case, J coincides with I. 

Hence finally, if n = 2, the factor-group I'/D is simple, except 
when p is 2 or 3. 


312. When n is greater than 2, it will be found that it is 
sufficient to deal in detail with the case n= 38, as the method 
will apply equally well for any greater value of n. Suppose 
here again that I has a self-conjugate sub-group J which 
contains D; and let S, denoting 


(aa, + bx, + cay, aa, + d'a, + ¢'a,, aa, + bx, +025), 


be one of the operations of J which is not contained in D. 
S cannot be permutable with all operations of the form 
(2, €, %+#,), as it would then be permutable with every 
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operation of I. We may therefore suppose without loss of 
generality that S and 7 are not permutable, 7 denoting 
(@,, %, +4). Then S“T—§8T is an operation, distinct from 
identity, belonging to 7. Now a simple calculation shews that 
this operation, say U, is of the form 


(a, —cX, a,—c'X, Ax, + Bu, + Cz,), 
where X is the symbol with which S~ replaces a. 


If c and c’ are both different from zero, I’ will contain an 
operation V of the form 


Cc . 
2, ries: Ly, Ve} 5 
and J contains VU V, which is of the form 
(@,, 4&, + Bt, + yX3, a, + B'x, + ¥'x5). 
Moreover, if either c or c’ is zero, the operation U itself 
leaves one symbol unaltered. Hence J always contains opera- 


tions, other than the identical one, by which one symbol is 
unaltered. 


If now W, or 
(a, At, + Bx,+ a3, ax, + Bx, +25) 
is such an operation contained in J, and if R is 
(@, %+Aa,, x, + Bzx,), 
then R7WRW— is 
(a, %o+A%,, x,+bx,), 
where a=A(y’ —1)—- By, 
b=—Af’+B(B-1). 
Hence, unless B=y'=1 and f’=¥7= 0, J has operations of 
the form 
(@,, La +Ax,, L,+ ba), 
and, if these conditions hold, W is already of this form. Still 
denoting this operation by W, if S is 
(a, Cy, CG), 
then S7 WSW~ is 
(a, 2, #-+b(c*—c) a); 
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and it has been seen that I’ can be generated from this opera- 
tion and its conjugates. Hence finally, if n>2, the factor- 
group I/D is simple for all prime values of p. 


313. The composition-series of @ is now, except as regards 
the constitution of the simple group I/D, perfectly definite. 
It has, in fact, been seen that G/T’ and D are cyclical groups of 
orders p—1 and d; and therefore if a, 8, y,... are primes 
whose product is p—1, and if a’, f’, y,... are primes whose 
product is d; the successive factor-groups of G are first, a series 
of simple groups of prime orders a, £, y,...: then a simple 
group of composite order N/(p—1)d: and lastly, a series of 
simple groups of prime orders a’, 8’, 9’,.... 


The sequence in which the set of simple groups of orders 
a, 8, y, ... are taken in the composition-series may be clearly 
any whatever, and the same is true of the set of factor-groups 
of orders a’, B’, y’, ..., but it is to be noticed that, when d is 
not equal to p—1, the composition-series is capable of further 
modifications. In this case, {A, I} is a self-conjugate sub-group 
of G of order NV/d, which has a maximum self-conjugate sub- 
group {A} of order p—1. The successive composition-factors 
of G may therefore be taken in the sequence 


a; Bey pate (p= 0) de miei, 2: 


and their arrangement may be yet further changed by con- 
sidering the self-conjugate sub-group {A™, T'}, where m is a 
factor of p—1 less than (p—1)/d. 


314. For every value of p”, except 2? and 32, it thus 
appears that the linear group may be regarded as defining a 
simple group of composite order. We shall now proceed 
to a discussion of the constitution of the simple groups thus 
defined when n= 2, p being greater than 3. In this case, the 
group Tis defined by the congruences 


n = aX, + Bare, 
Yo= yt, + 8x,, (mod. p); 
ad — By=1, 
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and since p—1 is divisible by 2 when p is an odd prime, d is 
equal to 2, Hence the self-conjugate operations of I’ are 
(a, 2.) and (— a, — a,). 

The order of I’ is p(p?— 1), and therefore the order of the 
simple group, H, which it defines is }p(p?—1). Suppose now, 
if possible, that I contains a sub-group g simply isomorphic 
with H, If S is any operation of I’, not contained in g, the 
whole of the operations of Tare contained in the two sets 


gy, Sg. 

Now (a,, — a), whose square (— a,, — a) is a self-conjugate 
operation, cannot be contained in the simple group g. Hence 
both (#,, —a,) and (—a#,, — a.) are contained in Sg, an obvious 
contradiction. Therefore I’ contains no sub-group simply 
isomorphic with H. 


For a discussion of the properties of H, some concrete 
representation of the group itself is necessary; this may be 
obtained in the following way. Instead of the pair of homo- 
geneous congruences that define each operation of I’, let us, 
as in § 141, consider the single non-homogeneous congruence 


_a7n+ 8 

~ ya + 8’ 
where a8 — By =1. 
Corresponding to every operation 

(aa, + Baty, yx, + dx) 
of I, there will be a single operation of this new set ; namely 
that in which a, 8, y, 6 bave respectively the same values. But 
since the operations 
_ar+B “s —ax—B 


(mod. p), 


Y= a+8 Dsinae — 8 
are identical, two operations 
(aa, + Bay, yt2+ dx) and (— ax, — Ba,, — yx, — dx.) 
of T' will correspond to each operation 


_ar+ PB 
t= a+8 


of the new set; the two self-conjugate operations 
(a, #) and (— 4, — 22), 
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in particular, corresponding to the identical operation of the 
new set. Moreover, direct calculation immediately verifies 
that, to the product of any two operations of I’, corresponds the 
product of the two corresponding operations of the new set. 
Hence the new set of operations forms a group of order 4p(p?—1), 
with which T' is multiply isomorphic; the group of order 2 
formed by the self-conjugate operations of T corresponding to 
the identical operation of the new group. 


The simple group H, of order }p(p?— 1), which we propose 
to discuss, can therefore be represented by the set of operations 


_ax+B 
~ ye + 8? 


where ad — By=1, 
a, 8, y, 5 being integers reduced to modulus p. 


(mod. p) ; 


315. Since the order of H is divisible by p and not by p’, 
the group must contain a single conjugate set of sub-groups of 
order p. Now the operation 

year+, 
or («+ 1) as we will write it in future, is clearly an operation 
of order p: for its nth power is (2+), and p is the smallest 
value of mn for which this is the identical operation. If 


(a + 1) and (5) are represented by P and S, then 


SPg = (“S ary) @ + se 
2¢ + 1+ ay 
This is identical with P, only if 
y=0, @=1; 


and therefore P is permutable with no operations except its 
own powers. On the other hand, if 


y=0, 
then SPS = Pe: 
and therefore every operation, for which y= 0, transforms the 


sub-group {P} into itself. These operations therefore form a 
sub-group: a result that may also be easily verified directly. 
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The order of this sub-group is the number of distinct operations 
(=F) for which a8=1. The ratio 5 must be a quadratic 
residue, while 8 may have any value whatever. Hence the 
order of the sub-group is 4(p—1)p; and H therefore contains 
p+1 sub-groups of order p. Since H is a simple group, it 
follows (§ 177) that it can be represented as a transitive 
permutation-group of degree p+1. 


This representation of the group can be directly derived, as 
in § 141, from the congruences already used to define it. Thus 
if, in 

_ a +B 
=a 8° 


we write for x successively 0, 1, 2,..., p—1, 0, the p+1 
values obtained for y, when reduced mod. », will be the same 
p+1 symbols in some other sequence. For if 


an+P _ ax+ PB 
yt, +8 ya, +8’ 


then (ad — Bry) (x, — x2) = 0, 


and therefore a, = a. 


Each operation of H gives therefore a distinct permutation 
performed on the symbols 0, 1, ..., p—1, 2; and the complete 
set of permutations thus obtained gives the representation of H 
as a transitive permutation-group of degree p+1. Since H 
contains operations of order p, this permutation-group must be 
doubly transitive. That this is the case may also be shewn 


directly. Thus 
—a x—a’ 


S 


y—=b, a2—b 
is an operation changing a’ into a and b’ into b. This operation 
may be written 
_k(bm—a)a+k(ab’—ma’b) 
Y=—E(m—1l)a+k(—ma) ’ 
and its determinant is 


km (b— a) (b’— a’). 
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If now (b — a) (b’—@’) is a quadratic residue (or non-residue) 
mod. p,m may be any quadratic residue (or non-residue); and k 
can always be chosen so that the determinant is unity. There 
are therefore $(p—1) permutations in the group, changing any 
two symbols a’, b’ into any other two given symbols a, bD. 
Further, if the operation (=e) keeps 2 unchanged in the 


permutation-group, # must satisfy the congruence 


pee tae | 
ye +6 
that is ya? +(5-—a)xa—B=0. 


Such a congruence cannot have more than two roots; and 
therefore every permutation displaces all, all but one, or all but 
two, of the p+1 symbols. 


316. The permutations, which keep either one or two 
symbols fixed, must therefore be regular in the remaining p or 
p—1 symbols. Hence the order of every permutation which 
keeps just one symbol fixed must be p; and the order of every 
permutation that keeps two symbols fixed must be equal to or 
be a factor of p—1. Now it was seen in the last paragraph 
that the order of the sub-group that keeps two symbols fixed is 
$(p—1). Moreover, if z is a primitive root mod. p, the sub- 
group that keeps a and 6 fixed contains the operation 

Yr 9.8 a 

Galea etal 
and the order of this operation is 4(p—1). Hence, the 
sub-group that keeps any two symbols fixed is a cyclical group 
of order $(p—1); and every operation that keeps two symbols 
fixed is some power of an operation of order $(p—1). Since the 
group is a doubly transitive group of degree p+1, there must 
be 4(p+1)p sub-groups which keep two symbols fixed; and 
these must form a conjugate set. Each is therefore self- 
conjugate in a sub-group of order p—1. To determine the 
type of this sub-group, we may consider the sub-group keeping 


0 and oo fixed: this is generated by Q, where Q denotes (S) 4 
se 
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f (=**) is represented by S, then 


ana. ((246 — 24 By) x — (2-27) a8 
SPA Ng ( (2 — 27) yda + 20d — zBry ) J 


which can be a power of Q only if 
aB=0, yd=0. 
Hence either B=y7=0, 
in which case S is a power of Q: or 
a=6=0, y=-68". 


In the latter case, we have 


s= (52), 


which is an operation of order 2; and then 


S7QS= (=) =O. 


2 


The group of order p— 1, which contains self-conjugately a 
cyclical sub-group of order 4(p—1) that keeps two symbols fixed, 
is therefore a group of dihedral (§ 295) type. Moreover, if ¢ is 
any factor of p—1, this investigation shews that {S, Q} is the 
greatest sub-group that contains {Q*} self-conjugately. 


317. <A permutation that changes all the symbols must 
either be regular in the p+1 symbols, or must be such that 
one of its powers keeps two symbols fixed. The latter case 
however cannot occur; tor we have just seen that, if @ is an 
operation, of order 4(p—1), which keeps two symbols fixed, 
the only operations permutable with @” are the powers of Q. 
Hence the permutations that change all the symbols must 
be regular in the p+1 symbols, and their orders must be 
equal to or be factors of p+1. 

Suppose now that 7 is a primitive root of the congruence 

iv _ 1 =0 (mod. p), 
so that 7 and 7? are the roots of a quadratic congruence with 
real coefficients; and consider the operation K, denoting 


‘k “ie 
= ‘ x—1 
oo = pe) A 
y — a — ve 
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where k is not a multiple of p+1. On solving with respect to 
y, K is expressed in the form 


k k 
Gn Jer _ Gaon j(m-) — j-(@-1) ow 


2A 
k k Kye ny 
eer Pe Phd hear 3 (P-1) 
y= k ms ke Ape 
{(p-l) —7{-(w-) Lk Ag-1)e— __ (5-1)(2-» 
A g(Pty 


k k k ee 
pe? a ee ua (p-1) = gra 1) 
an operation of determinant unity. It will be found, on writing 
i” for 7 in the coefficients of this operation, that they remain 
unaltered; therefore, since they are symmetric functions of 
i and 2”, they must be real numbers. The operation therefore 
belongs to H. The nth power of this operation is given by 
>a k 
ba uh anipa 


ie 


y —ve x — the’ 


and therefore, since the first power of 7 which is congruent to 
unity, mod. p, is the (p?—1)th, the order of the operation is 
4(p+1). If we write kp for k in the operation K, the new 
operation is K~; but if k is replaced by any other number &’, 
which is not a multiple of p+1, the new operation K’, given by 


bie wat 
Re Toe edi: 


y —vP x—ikp’ 
generates a new sub-group of order $(p+1), which has no 
operation except identity in common with {A}. Now there are 
p’—p numbers less than p?—1 which are not multiples of 
p+1; therefore H contains 4(p?—~p) cyclical sub-groups of 
order $(p+1), no two of which have a common operation 


except identity. The corresponding permutations displace all 
the symbols, 


318. A simple enumeration shews that the operations of 
the cyclical sub-groups of orders 4(p—1), p and 4(p+1), 
exhaust all the operations of the group. Thus there are, 
omitting identity from each sub-group: 

(i) $p(pt1) sub-groups of order $(p—1), containing 

tp (p?—1)-—4p*?—4p distinct operations ; 
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(i) 4p(p—1) sub-groups of order $(p +1), containing 
tp (p?—1)—4p?+ 3p distinct operations ; 
(ili) p+1 sub-groups of order p, containing 
p?—1 distinct operations; 
and the sum of these numbers, with 1 for the identical opera- 
tion, gives $p(p?—1), which is the order of the group. 


Every operation that displaces all the symbols is therefore 
the power of an operation of order $( p+ 1). 


319. We shall now further shew that the 4p(p—1) sub- 
groups of order $(p+1) form a single conjugate set, and that 
each is contained self-conjugately in a dihedral group of order 
pti. Let S be any operation of H, which is permutable with 
{K} and replaces 7* by some other symbol 7. Then SKS is 
an operation which leaves j unaltered ; it may therefore be ex- 
pressed in the form 
Yd mead, 

«ag Sa 

This can belong to the sub-group generated by K, only if 7 
and j’ are the same pair as 7* and 2”, Hence j must be either 
a or 7 ; and similarly, if S replaces v” by 9’, the latter must be 
either 2 or 7#. Hence either S must keep both the symbols 
a and 7 unchanged or it must interchange them; and con- 
versely, every operation which either keeps both the symbols 
unchanged or interchanges them, must transform {K} into 
itself. If S keeps both of them unchanged, it is a power of 
K. If S interchanges them, it is of the form 


y— se — aP 


Tl or 5 
y — vp a—iv? 


and a simple calculation shews that 


Sak S= Kak 
If we take m =1, S becomes 
aty =i + iP, 


an operation belonging to H. Hence the cyclical sub-group {K} 
is contained self-conjugately in the sub-group of {S, K} which is 
of dihedral type. If there were any other operation S’, not 
contained in {S, K}, which transformed X into its inverse, then 
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SS’ would be an operation permutable with K and not con- 
tained in {K}. It has just been seen that no such operation 
exists. Hence {S, K}, of order p+1, is the greatest sub-group 
that contains {K} self-conjugately; and {A} must be one of 
4p(p—1) conjugate sub-groups. 


320. The distribution of the operations of H in conjugate 
sets is now known. A sub-group of order p is contained self- 
conjugately in a group of order }p(p—1), while an operation 
of order p is permutable only with its own powers. There are 
therefore two conjugate sets of operations of order p, each set 
containing $(p?—1) operations. Again, each of the operations 
of a cyclical sub-group of order $( p — 1) or $( p + 1) is conjugate 
to its own inverse and to no other of its powers. Hence if 
4 (p+1) is even and therefore $( p—1) odd, there are }(p-— 83) 
conjugate sets of operations whose orders are factors of $(p—1), 
each set containing p?+~p operations; +(p-— 3) conjugate sets 
of operations whose orders are factors of 4(p+1), other than 
the factor 2, each set containing p?— p operations ; and a single 
set of operations of order 2, containing $(p?—~p) operations. If 
4 (p—1) is even and 4( p +1) odd, there are } ( p — 1) conjugate 
sets of operations whose orders are factors of $(p+1), each 
containing p?—p operations; }(p—5) conjugate sets whose 
orders are factors of $(p—1), other than the factor 2, each 
set containing p? + p operations; and a single set of 4 (p?+>p) 
conjugate operations of order 2. In either case, the group 
contains, inclusive of identity, $(p+5) conjugate sets of 
operations. 


321. Since p—1 and p+1 can have no common factor ex- 
cept 2, it follows that, if g” denote the highest power of an odd 
prime, other than p, which divides the order of H, g” must be a 
factor of $(p—1) or of }(p+1); and the sub-groups of order 
q” must be cyclical. Moreover, since no two cyclical sub-groups 
of order 4 (p—1), or $(p+1), have a common operation except 
identity, the same must be true of the sub-groups of order q”. 


If 2” is the highest power of 2 that divides }(p—1) or 
$(p+1), 2” will be the highest power of 2 that divides the 
order of H. Moreover, a sub-group of order 2”"+? must contain 
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a cyclical sub-group of order 2” self-conjugately, and it must 
contain an operation of order 2 that transforms every operation 
of this cyclical sub-group into its own inverse ; in other words, 
the sub-groups of order 2”+ are of dihedral type. 


Suppose m>1 and that two sub-groups of order 2”*! have 
a common sub-group of order 2"(r>2). Such a sub-group 
must be either cyclical or dihedral: in the latter case, it 
contains self-conjugately a single cyclical sub-group of order 
2”. Hence, on the supposition made, a cyclical sub-group of 
order 4 at least would be contained self-conjugately in two 
distinct cyclical sub-groups of order 2”. It has been seen that 
this is not the case; and therefore the greatest sub-group, that 
two sub-groups of order 2”+! can have in common, must be a 
sub-group of order 4, whose operations, except identity, are all 
of order 2. Now every group of order 2”*1 contains one self- 
conjugate operation of order 2, and 2” operations of order 2 
falling into 2 conjugate sets of 2" each. Moreover, the group 
of order p +1, which has a cyclical sub-group of order 2 and 
contains the operation A of order 2 of this cyclical group 
self-conjugately, has 4(p + 1) other operations of order 2; and 
therefore it contains ( p + 1)/2”* sub-groups of order 2”*?, each 
of which has A for its self-conjugate operation. If now B is 
any operation of order 2 of this sub-group of order p +1, and 
if it is distinct from A, then B enters into a sub-group of 
order 2+! that contains A self-conjugately. But since A is 
permutable with B, A must belong to the sub-group of order 
p+1, which contains B self-conjugately ; hence A enters into 
a sub-group of order 2+! which contains B self-conjugately. 
The sub-group {Ad, B} is therefore common to two distinct 
sub-groups of order 2”. Now no group of order 2”(r > 2) 
can be common to two sub-groups of order 2”*1; and therefore 
{A, B} must (§ 122) be permutable with some operation S whose 
order s is prime to 2. Ifs is not 3, S must be permutable with 
A and B: and then {A, S} and {B, S} would be two distinct 
sub-groups of orders 2s, whose operations are permutable with 
each other. It has been seen that H doves not contain such 
sub-groups. Hence s=3; and S transforms A, B and AB cycli- 
cally, or {S, A, B} is a sub-group of tetrahedral type (§ 295). 
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The number of quadratic* sub-groups contained in H may 
be directly enumerated. A group of order 2”*! contains 2™~ 
such sub-groups, which fall into 2 conjugate sets of 2” each ; 
a single group of order 8 containing each quadratic group self- 
conjugately. The quadratic groups, contained in the (p+1)/2"7 
sub-groups of order 2+! of a sub-group of order p+], are 
clearly all distinct, and each quadratic group belongs to just 3 
groups of order p+1; thus {A, B} belongs to the 3 groups 
which contain A, B and AB respectively as self-conjugate 
operations. Hence the total number of quadratic groups con- 
tained in H is 


das ail Peewee d 2— ] 
bp (p FEE r ang = SPP 


322. The greatest sub-group of a group of order 2”*1, that 
contains a quadratic group self-conjugately, is a group of order 
8 and dihedral type; and it has been shewn that 3 is the 
only factor, prime to 2, that occurs in the order of the sub- 
group containing a quadratic group self-conjugately. Hence 
finally, the order of the greatest group containing a quadratic 
group self-conjugately is 24, and the 4p(p?—1)/12 quadratic 
groups fall into two conjugate sets of 4p(p?—1)/24 each. The 
group of order 24, that contains a quadratic group self-con- 
jugately, contains also a self-conjugate tetrahedral sub-group, 
while the sub-groups of order 8 are dihedral. Hence (§§ 126, 
295) this group must be of dctohedral type. 


Since every tetrahedral sub-group of H contains a quadratic 
sub-group self-conjugately, and every octohedral sub-group 
contains a tetrahedral sub-group scelf-conjugately, there must 
also be two conjugate sets of tetrahedral sub-groups and two 
conjugate sets of octohedral sub-groups, the number in each set 


being 4p (p?—1)/24. 


323. In the last two paragraphs we have supposed m > 1, or 
what is the same thing, p= +1 (mod. 8). If now m=1,so that 
p=+3(mod. 8), the highest power of 2 that divides the order of 
H is 2°; and, since 2 is not a factor of 4(p + 1), the sub-groups 
of order 2? are quadratic. Moreover, since 2? is the highest power 


eg .k non-cyclical group of order 4 is called a quadratic group. 


ve 
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of 2 dividing the order of H, the quadratic sub-groups form 
a single conjugate set. Each sub-group of order p +1, which 
has a self-conjugate operation of order 2, contains }(p +1) 
sub-groups of order 4, and each of the latter belongs to 3 
of the former. The total number is as before 4p (p?—1)/12, 
and since they form a single conjugate set, each quadratic group 
is self-conjugate in a group of order 12. Also, for the same 
reason as in the previous case, this sub-group is of tetrahedral 
type. 

Finally, since every sub-group of H of tetrahedral type 
must contain a quadratic sub-group self-conjugately, H must 
contain a single conjugate set of 4p (p?—1)/12 tetrahedral sub- 
groups. In this case the order of H is not divisible by 24, and 
therefore the question of octohedral sub-groups does not arise. 


324. The group H always contains tetrahedral sub-groups; 
when its order is divisible by 24, it contains also octohedral 
sub-groups. Now if p=+1 (mod. 5), the order of H is 
divisible by 60; and it may be shewn as follows that, in these 
cases, H contains sub-groups of icosahedral type. 


Let us suppose, first, that p=1 (mod. 5); and let 7 be a 
primitive root of the congruence 


7° = 1 (mod. p). 
Then (4 =), which we will denote by A, is an operation of order 
dD. The operations of order 2 of H are all of the form B, where 
B denotes i uf 
he 


| , since each is its own inverse. Now 
Cpe (= + a), 
qe — ay 
and (§ 295) A and B will generate an icosahedral group, if 
(ABY=E 
A simple calculation shews that this condition is satisfied, if 
w(j—jysl 
Also, since the determinant of B is unity, # 


a?+ By=—1. ‘WATE Lie ANY 
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These two congruences have just p—1 distinct solutions, 
the solutions a, 8, y and —a, —8, —y being regarded as 
identical. There are therefore p—1 operations of order two in 
H, namely the operations 


a +8 
fee") 
CG : | 
Pie 
where By=-1- eck 
‘line i ae 


which with A generate an icosahedral sub-group. 


The group generated by 


; a+ 
(2%) ana (2 as 
ee GP 
contains 5 of the » — 1 operations of order 2 of the form 
ie aw 
eee eff 
jah 


viz. those for which 
B= Rua (92 hI (=F ares), 


Hence the sub-group {A}, of order 5, belongs to 4(p—1) 
distinct icosahedral sub-groups. Now each icosahedral sub- 
group has 6 sub-groups of order 5; and H contains $p(p+1) 
sub-groups of order 5 forming a single conjugate set. The 
number of icosahedral sub-groups in H is therefore 


2p (p'— 1) 


ce ob ae re 
4 3p (p+1)= 30 


5 


The group of isomorphisms of the icosahedral group is the 
symmetric group of degree 5 (§ 162). Now H can contain no 
sub-group simply isomorphic with the symmetric group of 
degree 5. For if it contained such a sub-group, an operation 
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of order 5 would be conjugate to its own square; and this is 
not the case. 


Hence (§ 70), if an icosahedral sub-group K of H is con- 
tained self-conjugately in a greater sub-group L, then Z must be 
the direct product of K and some other sub-group. This also is 
impossible; for the greatest sub-group of H in which any cyclical 
sub-group, except those of order p, is contained self-conjugately, 
is of dihedral type. Hence Z must coincide with K, and K 
must be one of 4p(p?—1)/60 conjugate sub-groups. The 
icosahedral sub-groups of H therefore fall into two conjugate 
sets of 4p(p?—1)/60 each. 


In a similar manner, when »=—1 (mod. 5), we may take as 
a typical operation A, of order 5, 
. pe-l 
y-t_. 5 “2-2 
yi x yP? 


and it may be shewn, the calculation being rather more 
cumbrous than in the previous case, that there are just p+ 1 


operations B, of the form (=**) , such that 
YY — 


(ABY=E, 
and that five of these belong to the icosahedral group gene- 
rated by A and any one of them. It follows, exactly as in 
the previous case, that H contains $p(p?—1)/30 icosahedral 
sub-groups, which fall into two conjugate sets, each set con- 
taining 4p (p?—1)/60 groups. 

325. Finally, we proceed to shew that H has no other 
sub-groups than those which have been already determined. 
Suppose, first, that a sub-group h of H contains two distinct 
sub-groups of order p. These must, by Sylow’s theorem, form 
part of a set of kp +1 sub-groups of order p conjugate within 
h. Now H contains only p+1 sub-groups of order p, and 
therefore & must be unity and 4 must contain all the sub-groups 
of order p; or since # is simple, 2 must contain and therefore 
coincide with H. Hence the only sub-groups of H, whose orders 
are divisible by p, are those that contain a sub-group of order 
p self-conjugately. They are of known types. 
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Suppose next that g is a sub-group of H, whose order n 
is not divisible by p, and let S, be an operation of g whose 
order gq, is not less than the order of any other operation of g. 
In H the sub-group {S;} is self-conjugate in a dihedral group of 
order p +1; and the greatest sub-group of this group, which 
contains no operation of order greater than q,, is a dihedral 
group of order 2q,. Hence in g the sub-group {S,} is self- 
conjugate in a group of order q, or 2q,, and therefore it forms 
one of n/q, or of n/2q, conjugate sub-groups. Moreover, no two 
of these sub-groups contain a common operation except identity ; 
and they therefore contain, excluding identity, n(q —1)/aqm 
distinct operations, where ¢, is either 1 or 2. 


Of the remaining operations of g, let S, be one whose 
order gq, is not less than that of any of the others. The opera- 
tion S, cannot be permutable with any of the n(q—1)/aq, 
operations already accounted for, since S, is not a power of any 
one of these operations. Hence, exactly as before, {S,} must form 
one of n/e.g, conjugate sub-groups in g, e, being either 1 or 2; 
and these sub-groups contain n (q2— 1)/¢.q. operations which are 
distinct from identity, from each other, and from those of the 
previous set. This process may be continued till the identical 
operation only remains. Hence, finally, n being the total 
number of operations of g, we must have 


v &ydy 
1 


or ates ae Cae 
vy &yQ 


326. In this equation, let r of the e's be 1 and s of them 


be 2, Then 
i 1 1 
See hash 1-—)- -5-) 
n ( qa =( 20 


1 " 
=l— 3 
red — bet 3a 


<l—r+4r—tst+hs 
<1—ir— fs. 
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Hence, since n is a positive integer, r cannot be greater than 1, 
and therefore not more than one of the e’s can be unity. Also, 
when one of the e’s is unity, we have 


Lee 1 1 
bade pant 
<}-g8+48 

<4(2—s), 


so that, in this case, s cannot be greater than unity. The 
solutions are now easily obtained by trial. 
(i) For one term in the sum, the only possible solution is 
q=1, n= n> 
and the corresponding group is cyclical. 
(ii) For two terms in the sum, the solutions are 
292 . 
nt q’ 
(8B) 4=2, g=1, M=2, n=2qH; 
(y) ga=l, g=2, ¢.=3, @=2, n=12. 


(a) €, =e, = 2, 1 


To the solution (a) there corresponds no sub-group; for 
n<2q,, and the values q¢=q,6=2 imply that g has a sub- 
group of order 2q,. 


To the solution (@) correspond the sub-groups of order 2q 
of dihedral type, for which q, is odd, so that the operations of 
order 2 form a single conjugate set. 


To the solution (y) corresponds a sub-group of order 12 
containing 8 operations of order 3 and 3 operations of order 2, 
ie. a tetrahedral sub-group. 


(iii) For three terms in the sum, the solutions are 


(4) qg=a=e=2, Q=2, Q=2, n=2H; 
(8) » ry H=3, @=3, g@=2, n=12; 
(y) ” » Hn=4, @=3, g=2, n=24; 
(Oprcerpdiees H=5, @=3, G=2, n= 60. 


To the solution (a) correspond the sub-groups of order 2q, 
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of dihedral type, in which gq, is even, so that the operations of 
order 2, which do not belong to the cyclical sub-group of order 
q:, fall into two distinct conjugate sets. 


To the solution (8) would correspond a group of order 12 
containing 8 operations of order 2 and 4 sub-groups of order 3 
which fall into two conjugate sets of 2 each. Sylow’s theorem 
shews that such a group cannot exist ; and therefore there is no 
sub-group of H corresponding to this solution. 


Solution (y) gives a group of order 24, with 3 conjugate 
cyclical sub-groups of order 4, 4 conjugate cyclical sub-groups 
of order 3, and 6 other operations of order 2 forming a single 
conjugate set. No operation of this group is permutable with 
each of the 4 sub-groups of order 3; and therefore, if the group 
exists, it can be represented as a transitive group of 4 symbols. 
On the other hand, the order of the symmetric group of 4 
symbols, which (§ 296) is simply isomorphic with the octohedral 
group, is 24; and its cyclical sub-groups are distributed as 
above. Hence to the solution (vy) there correspond the octohedral 
sub-groups of H. 


Solution (6) gives a group of order 60, with 6 conjugate 
sub-groups of order 5, 10 conjugate sub-groups of order 3, and 
a conjugate set of 15 operations of order 2. It has been shewn, 
in § 127, that there is only one type of group of order 60 that 
has 6 sub-groups of order 5; viz. the alternating group of 
degree 5: and that, in this group, the distribution of sub-groups 
in conjugate sets agrees with that just given. Moreover, the 
alternating group of degree 5 is simply isomorphic with the 
icosahedral group. Hence to this solution there correspond the 
icosahedral sub-groups of H. 


(iv) For more than three terms in the sum there are no 
solutions. 


327. When p>11, then $p(p— 1) > 60; and, when p>38, 
4p(p—1)>p+1. Hence when p>1I1, the order of the 
greatest sub-group of H is $p(p—1), and the least number 
of symbols in which H can be expressed as a transitive group 
is p+ I. 
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When p is 5, 7 or 11, however, H can be expressed as a 
transitive group of p symbols*. 


For, when p=5, H contains a tetrahedral sub-group of 
order 12, forming one of 5 conjugate sub-groups; therefore H 
can be expressed as a transitive group of 5 symbols. It is to be 
noticed that in this case H is an icosahedral group. 


When p=7, H contains an octohedral sub-group of order 
24, which is one of 7 conjugate sub-groups; and H can there- 
fore be expressed as a transitive group of 7 symbols. Similarly, 
when p= 11, H contains an icosahedral sub-group of order 60, 
which is one of 11 conjugate sub-groups; and the group can be 
expressed transitively in 11 symbols. 


328. The simple groups, of the class we have been dis- 
cussing in the foregoing sections, are self-conjugate sub-groups 
of the triply transitive groups of degree p + 1, defined by 


nya 8” (mod. p), 


the existence of which was demonstrated in § 141. In fact, 
an + 8 ai kax +kB 
ye + 6/ (Fa + kd 
formation, the determinant, a5 — Bry, of any transformation may 
always be taken as either unity or a given non-residue ; and it 
follows at once that the transformations of determinant unity 
form a self-conjugate sub-group of the whole group of trans- 
formations. 


If, as in § 141, a, B, y, 8 are powers of 7, where ¢ is a primi- 

tive root of the congruence 
wP"-1=1, (mod. p), 

the triply transitive group @ of degree p” +1, which is defined 
by the transformations, has again, when p is an odd prime, a 
self-conjugate sub-group H of order 4p"(p™—1), which is 
given by the transformations of determinant unity. It follows 
from Theorem XIII, § 154, that G, being a triply transitive group 
of degree p®+1, must have, as a self-conjugate sub-group, a 


since ( ) represents the same trans- 


* This is another of the results stated in the letter of Galois referred to in 
the footnote on p. 202. 
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doubly transitive simple group; and it is easy to shew that H 
is this sub-group. 

In fact, if a simple group h is a self-conjugate sub-group of 
G it must be contained in H. Also, since A is a doubly 
transitive group of degree p”+1, it must contain every opera- 
tion of order p that occurs in G. Now we may shew that these 
272+1 


and (2+ 2—1%—7") are 


at Us 
operations of order p belonging to G. Therefore (Hoes ns *) 


operations generate H. Thus ( 


belongs toh. But this operation is transformed into (5) by 
a 


e+ 
( xr+1 
which keeps one symbol unchanged is the group of order 


3p"(p"—1) generated by (+1) and (3). The order of h 


tx 
), Hence (5) belongs to A; and a sub-group of h 


therefore is not less than }p”(p"-—1); in other words A is 
identical with H. 


When p= 2, every power of 7 is a quadratic residue, and the 
determinant of every transformation is unity. In this case it 
may be shewn, by an argument similar to the above, that the 
group G of order 2” (2" — 1) is itself a simple group, 


We are thus led to recognize the existence of a doubly- 
infinite series of simple groups of orders 2”(2"—1) and 
3p" (p™ —1), which are closely analogous to the groups of order 
4p (p*—1) already discussed. For an independent proof of the 
existence of these simple groups and for an investigation of 
their properties, the reader is referred to the memoirs mentioned 
below *. 


329. We will now return to the linear homogeneous group 
G of transformations of » symbols, taken to a prime modulus p; 
and consider it more directly as the group of isomorphisms of 
an Abelian group of order p” and type (1,1,... to x units). As 
in § 63 it may be expressed in the form of a substitution 
* Moore, “On a doubly-infinite series of simple groups,” Chicago Congress 


Mathematica! Papers (1893); Burnside, ‘‘On a class of groups defined b - 
gruences,” Proc. L. M. S. Vol. xxv (1894), pp. 113—139. $00 +4 aie atoanoal ed 
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group performed on the p”— 1 symbols of the operations, other 
than identity, of the Abelian group. In this form it is clearly 
transitive, since there are isomorphisms changing any operation 
of the Abelian group into any other operation. If P is any 
operation of the Abelian group, an isomorphism which changes 
any one of the p — 1 operations 
o GAM RAN ate 

into any other, will certainly interchange the set among them- 
selves. Hence, when expressed as a group of degree p” —1, @ 
is imprimitive ; and the symbols forming an imprimitive system 
are those of the operations, other than identity, of any sub- 
group of order p of the Abelian group. If 


Lye Pees 
are a set of generating operations of the Abelian group, an 
isomorphism, which changes each of the sub-groups 
LE ete eee Le a 
into itself, must be of the form 


& Pe ceed 
UP ae Pee Peas 


dg 
This isomorphism changes P,P, into (P,P,")"; therefore it 
will only transform the sub-group {P,P,} into itself when 
a =a, (mod. p). If then the given isomorphism changes every 
sub-group of order p into itself, we must have 


% =A=...=a,, (mod. p). 


Hence the only operations of G, which interchange the 
symbols of each imprimitive system among themselves, are 
those given by the powers of 

ie bases, aa 

le Peer] 
where a@ is a primitive root of p. This operation is the same as 
that denoted by A in § 310. It follows immediately that the 
factor-group G/{A} can be represented as a transitive group 
in (p"—1)/(p—1) symbols. In fact, the operations of {A} are 
the only operations of G which transform each of the 


(p"-1)/(p—1) 
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sub-groups of order p into itself; and these (p” — 1)/(p—1) sub- 
groups must be permuted among themselves by every operation 
of G@. The substitution group thus obtained is doubly transitive; 
for if P and P’ are any two operations of the Abelian group 
such that P’ is not a power of P, and if Q and Q’ are any other 
two operations of the Abelian group subject to the same con- 
dition, there certainly exists an isomorphism of the form 


Was a 
(9) Y, ) : 
and this isomorphism changes the sub-groups {P} and {P’} into 
the sub-groups {Q} and {Q'}. 
These results will still hold if, instead of considering G the 


total group of isomorphisms, we take [I the group of iso- 
morphisms of determinant unity. Thus the determinant of 


Piak ee 

(o, 9!) 
is a times the determinant of 

ES Pie. 

(og): 


It is therefore possible always to choose a so that the de- 
terminant of 

ie aie 

Qa C688 
shall be unity; and this isomorphism still changes the sub- 
groups {P} and {P’} into {Q} and {Q’} respectively. 

The lowest power of A contained in T is (§ 310) A®4, 

Hence the group I'/{A 4} can be represented as a doubly 
transitive group of degree (p”—1)/(p—1). This group is (§ 313) 


simply isomorphic with the simple group of order N/(p—1)d, 
which is defined by the composition-series of @. 


We may sum up these results as follows :— 


THEOREM. The homogeneous linear group of order 
N=(p*—1)(p" =p)... (p? =p") 
when p” is neither 2? nor 3°, defines, by its composition-series, a 
simple group of order N/(p—1)d, where d is the greatest common 
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factor of p—landn. This simple group can be represented as 
a doubly transitive group of degree p" +p"? +...+ p+. 


330. The (p”—1)/(p —1) symbols, permuted by one of these 
doubly transitive simple groups, may be regarded as the sub- 
groups of order p of an Abelian group of order p” and type 
(1, 1,... to n units). Now every pair of sub-groups of such an 
Abelian group enters in one, and only in one, sub-group of order 
p’; and every sub-group of order p? contains p+1 sub-groups of 
order p. Hence from the ( p”—1)/(p — 1) symbols permuted by 
the doubly transitive group, (p” — 1)(p" - 1)/( p— 1)(p?—-1) 
sets of p+1 symbols each may be formed, such that every pair 
of symbols occurs in one set and no pair in more than one set, 
while the sets are permuted transitively by the operations of 
the group. These groups therefore belong to the class of 
groups referred to in § 168. The sub-group, that leaves two 
symbols unchanged, permutes the remaining symbols in two 
transitive systems of p—1 and p”1+p"?+4+...+p*; and the 
sub-group, that leaves unchanged each of the symbols of one 
of the sets of p+1, is contained self-conjugately in a sub- 
group whose order is (p+1)p times that of a sub-group leaving 
two symbols unchanged. This latter sub-group permutes the 
symbols in two transitive systems of p+1 and 

prt + pr +... + pe 
It may be pointed out that, when n is 3, such a sub-group is 
simply isomorphic with, but is not conjugate to, the sub-groups 
that leave one symbol unchanged: this may be seen at once by 
noticing that an Abelian group, of order p* and type (1, 1, 1), 
has the same number of sub-groups of orders p and p*. 


331. Some special cases may be noticed, First, when p= 2, 
both p—1 and d are unity, and the homogeneous linear group is 
itself a simple group. 

If n = 3, then V = 168; so that the group of isomorphisms of a 
group of order 8, whose operations are all of order 2, is the simple 
group of order 168 (§ 166). 

If n=4, then N=2°%.3?.5.7. This is the order of the 
alternating group of 8 symbols; and it may be shewn that this 
group is simply isomorphic with the group of isomorphisms*. 


* This result is due to Jordan, Traité des Substitutions, pp. 380—382. 
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It has been seen in § 166 that the symmetric group of degree 8 
contains a sub-group of order 8.7.6.4 which can be expressed as 
a primitive group of degree 8. The only sub-group of greater order 
is the alternating group. The sub-group is therefore one of 30 
conjugate sub-groups; and in the alternating group, to which they 
belong, these sub-groups fall into two distinct conjugate sets of 
15 each. 


The alternating group of degree 8 can therefore be represented 
as a transitive group of degree 15; and the sub-groups that then 
leave one symbol unchanged constitute one of the above two sets of 
conjugate sub-groups. In this form of the group the other set of 
sub-groups of order 8.7.6.4 must be intransitive (since their order 
is not divisible by 5), and must therefore permute the symbols in 
two transitive sets of 7 and 8 symbols respectively. 


When the alternating group of degree 8 is represented as a 
transitive group of degree 15 it is therefore possible to choose a set 
of 7 out of the 15 symbols which only takes 15 values under the 
permutations of the group. 


When the alternating group of degree 8 is represented as a 
transitive group of degree 15, an alternating group of degree 6 
contained in it is necessarily transitive, because there are no 
representations of the alternating group of degree 6 as a transitive 
group of degree 9. The alternating group of degree 6 contains 
a doubly transitive sub-group simply isomorphic with the alter- 
nating group of degree 5. When the alternating group of degree 6 
is represented as a transitive group of degree 15, this sub-group 
is necessarily transitive. Hence when the alternating group of 
degree 8 is represented as a transitive group of degree 15 it contains 
transitive icosahedral sub-groups. Such a sub-group is generated by 


S or (123) (456) (7ab) (ede) (fgh), 


and T or (1/6c2) (4hbd5) (3ea79). 
For S7' is (2e) (3/) (5c) (6h) (ad) (bg), 
so that Scie ius Me eS doe th, 


The sub-group that leaves 1 unchanged consists of identity and 
(2e) (37) (5c) (6h) (ad) (dg), 
(2f) (8e) (5h) (6c) (ag) (64), 
(23) (e) (56) (ch) (ab) (dg). 

If a set of 7 symbols takes only 15 values under the permuta- 


tions of the group, one of the values must be invariant for this 
sub-group ; and therefore it must be 


14723¢ef, 
14756ch, 
or 147abdg. 
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Now each of these lead to the same set of 15, viz. 


14723¢f, 24/56ad, 
14756ch, 24fbegh, 
147abdg, 27Te5abh, 
1235acg, 27ebcdg, 
1236ddh, 34eacdh, 
lef 6agh, 34e56bg, 
lef dbed, 37/ babe, 

37f 5dgh. 


Hence, since this set is unique for the icosahedral sub-group, 
it must be the set for the alternating group of degree 8 in 15 symbols 
which contains the icosahedral sub-group. 


Consider now the linear substitutions formed by multiplying 
each of the 7 symbols in one of the sets by 1, and each of the 
remaining 8 symbols by —1. Fifteen linear substitutions thus 
arise of order 2, and they are permuted among themselves by every 
permutation of the transitive group of degree 15. 


But these fifteen substitutions with identity constitute an 
Abelian group of order 16. Thus, if A multiplies each of 14723ef 
by +1 and each of 56abedgh by —1, and if B multiplies each of 
34e56bg by +1 and each of 127acdfh by —1, then AB multiplies each 
of 34eacdh by +1 and each of 125674/g by —1; so that AB belongs 
to the set. Moreover this completes the verification since the group 
of permutations of the 15 sets is doubly transitive. The group of 
permutations is thus actually exhibited as a group of isomorphisms 
of an Abelian group of order 16. Since the alternating group is 
simple none of its permutations, except identity, can give the 
identical isomorphism. Hence the order of the group of isomor- 
phisms being the same as that of the group of permutations, the 
two must be simply isomorphic. 


An alternative proof of this result may be based upon Ex, 2, 
p. 230. The reader will find it instructive to develop this proof. 


Tf p*= 3°, then p™"+...4+p+1=13, d=1, and V=2.3*. 13. 
There is therefore a doubly transitive simple group of degree 13 and 
order 24. 3°. 13 (S§ 164, 169). 


332. The homogeneous linear group may be generalized 
by taking for the coefficients powers of a primitive root of 


w’4=1, (mod. p), 
instead of powers of a primitive root of 
i2?1=1, (mod. p). 
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When the coefficients are thus chosen, the order of the group 
Gyn,v, defined by all sets of transformations 

os = Ay 2 + pie +... +QnZn, (mod. p), 
oe) = Ag Ly + Ag Lo + eee oe AmnLn, 


Come ee rere rere se ses aseeeesssrssesses 


es 
Tp =A 2 =f An2X2 ae sige LnnLn » 


whose determinant differs from zero, may be shewn, as in § 85, 
to be 
N= Coe AAs 1) (Gig — p’) (p™ — p*”) = (p™ — po). 

and the order of the sub-group [, formed of those transfor- 
mations whose determinant is unity, is V/(p”’—1). The only 
self-conjugate operations of I’ are the operations of the sub- 
group generated by (ta, iz,,...,2”,), which are contained in I’. 
If 5 is the greatest common factor of p”—1 and n, these self- 
conjugate operations of I’ form a cyclical sub-group ¥ of order 6. 
Finally it may be shewn by a process similar to that of § 312 
that [/y is a simple group. 

The homogeneous linear group Gpn,,, when values of v 
greater than unity are admitted, thus defines a triply infinite 
system of simple groups; and it may be proved that these groups 
can, for all values of v, be expressed as doubly transitive groups 
of degree (p”” — 1)/(p”—1). 


333. We may shew, in conclusion, that the group G,,, is 
simply isomorphic with a sub-group of G@,»,.,. For this purpose, 
we consider the group defined by 


ame - ae Ss Dict od 
0, Sy + Up, Wy) Sy + yy cewee Pe wo, 4S 
an ohn} ieee Sena 
(ae sata on oie stan: Ot, tame) | 
the congruences being taken to modulus p. This is an Abelian 


group of order p™ and type (1, 1, ...... to mv units). Moreover, 
the operation 


Cee mere wr er creer ns eeereesesecen 


of G,,»,, transforms the given operation of the Abelian group into 
@ H+ ty, ye = ty +%,, 
where Upgiee yt + Mg Ue clare: + An ty,» 


Co i i i i ee iad 
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Every operation of Gy, nv» aS defined in § 332, is therefore 
permutable with the Abelian group, and gives a distinct isomorphism 
of it; or in other words, as stated above, G@,,, is simply isomorphic 
with a sub-group of G, nvr: 

Further, the sub-group 

»/— > nt — a eran 
ey ars Hoe pe is, PCa hy Mle On =n 
(CR Re ee soa 


is transformed by the given operation of G, »,, into the sub-group 


es : a) : et . 
CHa ley By Ha iat eee hee SB Grate 
(ir Oe sete oleae 
If Any = Ay, = ree = Ay =O,, 


the two sub-groups are identical; but if these conditions are not 
satisfied, they have no operation in common except identity. 
Moreover, 

Dias Gane sop s50 age 


may each have any value from 0 to #”"}, simultaneous zero values 
alone excluded. Hence the sub-group of order p” defined by 
Oy SS ASI ns ah es Waanaae (tay Shoo. 
(t= Uy 6/85 aceoen i eas 
is one of (p"” — 1)/(p”—1) conjugate sub-groups in the group formed 


by combining the Abelian group with G,,,,; and no two of these 
conjugate sub-groups have a common operation except identity. 


The p"”—1 operations, other than identity, of an Abelian group 
of order p”” and type (1, 1, ...... to mv units), can therefore be 
divided into (p”” —1)/(p”— 1) sets of p”—1 each, such that each set, 
with identity, forms a sub-group of order p”; and the group Gp nv 
is isomorphic with a group of isomorphisms of the Abelian group 
which permutes among themselves such a set of (p” — 1)/(p”—1) 
sub-groups of order p’. 


Uda 
Ex. 1. Shew that the ” sub-groups of 


Dime perl os eee p’-l 
order p” of an Abelian group of order p”” and type (1, 1, ...... to 
mv units) can be divided into sets of (p””—1)/(py—1) each, such 
that each set contains every operation of the group, other than 
identity, once and once only; and discuss in how many distinct 
ways such a division may be carried out. 


Ex. 2. Shew that the simple group, defined by the group of 
isomorphisms of an Abelian group of order p” and type (1, 1, ..., 1), 
admits a class of outer isomorphisms, which change the operations 
of the simple group, that correspond to isomorphisms leaving a 
sub-group of order p of the Abelian group unaltered, into operations 
that correspond to isomorphisms leaving a sub-group of order p"~? 
of the Abelian group unaltered. 
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Ex. 3. Prove that the group G, of order 2" (2*” — 1), defined by 
all congruences of the form 
bo eS B 
yo +8? 


(mod. 2), 


8 
Ul 


where each coefficient is either zero or a power of a primitive root 
of the congruence 
2” —1=0, (mod. 2), 


has 2"+ 1 conjugate sets of operations. 


If H’ is a sub-group of order 2” and S an operation of order 
2”—1 which transforms H’ into itself, shew that the group of 
monomial substitutions G54 (note D), where w is an imaginary 
(2”—1)th root of unity, is an irreducible representation of G. 


Shew also that 2"-!— 1 distinct irreducible representations of G 
thus arise; and that they are the culy ones which can be expressed 
as groups of monomial substitutions. 


NOTE A. 


ON THE EQUATION N=h+hg +... +h 


re 


If h; is the number of operations in the 7th conjugate set of a 
group of order WV, each one of them is contained self-conjugately 
in a sub-group of order m,;, where 


m;h; = NV. 
The equation of § 26 may therefore be written 
iv ml 1 
—+—+...4¢—=1, 
M, Ms Mr 


When r is a given positive integer, this equation has only a finite 
number of solutions in positive integers. Hence for a group of 
finite order with a given number of conjugate sets, this condition 
alone limits the possible sets of values of h,, hy, ...,4,. A further 
limitation is immediately given by the condition that if 


m,2=mMm,>...2>M,, 


then each m must be equal to or a factor of m,, since the order of 
any sub-group is a factor of the order of the group. Other limita- 
tions suggest themselves. For instance, if m; is a prime, m, is 
divisible only by the first power of m;; and no other m, which is 
not equal to m;, can be divisible by m;. The number of solutions 
of the equation which can correspond to a group may thus be 
further limited; but eventually a detailed examination of each 
separate solution will be necessary, before it can be decided whether 
one or more types of group correspond to it. One solution, which 
always gives a group, is 


Wee = bg = = Ry = Ts 
so that Wes 1 nO 


In this case every operation is self-conjugate and any Abelian 
group of order 7 satisfies the conditions. Putting this case on one 
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side, it will be found that for values of r not exceeding 5, the only 
solutions which correspond to groups are 


b+34+h=1 
Peth+d+h=l, 
tetdt+Zt gah 
peter ete+gealL 
wthttegtiol 
Ati+dedtt=l 
sotete tins Hl 
Ledepededel, 
gotgt+t+4+ del. 
Each of these, except the last but one, corresponds to a single type of 
group, while the last but one gives two types. 

If m,= 2, the order of the group must be 2”, where 7 is odd, and 
it must contain m operations of order 2. We have seen (§ 66) that 
in such a case the group has an Abelian sub-group of order n, 
every operation of which, except identity, belongs to a set of two 
conjugate operations. Hence if m,=2, the only solution of the 
equation which gives a group is 

m=2(2r—3), m=m=...=m,_,=2r—3, m,=2; 
and the number of distinct groups is the same as the number of 
distinct Abelian groups of order 27 — 3. 


If m,=r—1, the greatest possible value of m, is clearly r(r—1), 
and the corresponding solution of the equation is 


m,=r(r—1), M,=7T, M=M,= = Mean — 


Hence if the order of the sub-group which contains an operation 
of the greatest conjugate set self-conjugately is r—1, the order of 
the group cannot exceed r(r —1). When r is the power of a prime, 
there are always groups corresponding to this solution (§ 140). 


NOTE B. 


ON THE GROUP OF ISOMORPHISMS OF A GROUP. 


The analysis of the group of isomorphisms of a given group may 
be carried a step further than in the text. It is there shewn that 
the isomorphisms which change every conjugate set into itself con- 
stitute a self-conjugate sub-group of the group of isomorphisms. 


Using the notation of § 234, the system of conjugate sets C(™), 
where » is any number relatively prime to WV, may be called a 
“family ” of sets. Suppose that 


(s) 


is an isomorphism which changes each family of sets into itself, 


while 
: ) 
(s 


is any isomorphism. If the latter changes the set (’; into the set 
C;, it also changes C;(“) into C;). Hence, if the former changes 
C; into C;), the isomorphism 


(s-) (s) (s?) 


changes the set C; into the set C,). It follows that those isomor- 
phisms which change each family of conjugate sets into itself 
constitute a self-conjugate sub-group of the group of isomorphisms. 
If /, J,, I,, I, are respectively the group of isomorphisms, the group 
of isomorphisms which change each family of conjugate sets into 
itself, the group of isomorphisms which change each conjugate set 
into itself and the group of inner isomorphisms, each of the latter 
three are self-conjugate sub-groups of the first. Moreover the 
group J;/J, is clearly an Abelian group; and it may be shewn by 
an extension of the method of § 249 that J,/Z; is an Abelian group. 


The chief outstanding problems in connection with the isomor- 
phisms of a group are, (i) whether /, and J; are necessarily 
identical; and (ii) whether a group of linear substitutions in 
which S and S“ (u relatively prime to the order of S) have different 
characteristics necessarily admits an outer isomorphism for which 
S“ corresponds to S. 


NOPE (. 


ON THE SYMMETRIC GROUP. 


The symmetric group is of great importance in many branches of 
analysis; and we shall devote this note to dealing with some points 
connected with it that have not been referred to in the text. 

We consider first its abstract definition by means of a number of 
generating operations connected by relations. The most symmetrical 
form into which the abstract definition can be thrown is probably 
given by a system of generating operations S; (i=1, 2...,x-1), 
satisfying the relations 

S? = E, (S;5;)8 = E, (S;S;S,5;)? — E, 
Gtgtkh: 2,9, k= 1, 2, %..52— 1): 
In this form however a large number of the relations are redundant, 
being consequences of the remainder. The form actually given 
below is due to Prof. E. H. Moore (Proc. LZ. M. S., Vol. xxvii (1897), 
pp. 357—366). In Professor Moore’s paper an alternative form of 
definition will be found; and in a paper by the author in the same 
volume (pp. 119—129) another form is given. 
The n operations S; (1=1, 2, ...,), subject to the relations 
Se= L(t 1p 2) .5, 2); 
(S;Si4)8 = E, (@ = Ly 2, eeey V Mess i): 
(SSP =H, (¢=1, 2,...,n-2; j>t+1), 
generate a group G simply isomorphic with the symmetric group of 
m+1 symbols. 
Let H be the sub-group of G@ which is generated by 
Si, S2, e189 Backs 
and consider the n+ 1 sets of operations 
Fi Ey SLD a Snais LS Sdai nee) aie) Haag ce eee 
On post-multiplication by any S they are permuted among them- 
selves. To verify this statement consider the operation 


Rothe ear mnepshishy 
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If j <i—1, 5S; is permutable with each of the previous operations, 
an 


SHS eee Si4, 5,5; => Sioned eee Siar Sy 
If j >%, since S; is permutable with SS iPro hs 
Onde a Si SiS; = SpSno1 tee Sh41 Sj Spr SySj_s sisi Si 
= Se Spae tee Si41Sj_1SjSj_1Sj_o eee S; 
(since S)Sj-y S; = Sj_-1555Sj-1) 
Saad >. 4 
since S;_, is permutable with S, if k is greater than j. 

Hence when the n+1 sets of operations are post-multiplied by 

S;, all remain unchanged except 
HS, Sy—1 --» SpeoSp.5; and HS, Sq. -+- SyyeSjar) 
while these two are permuted. 

Every operation of G is therefore contained in the n +1 sets; 
and if H is a group of finite order, the order of G does not exceed 
m+1 times the order of H. Now when n= 2 the order of 7 is 2. 
Hence G is a group of finite order not exceeding (n+1)!. Further 
G is isomorphic with a group of permutations of the n + 1 symbols 

LE gall 8 LN pe ER OR Sia EEC E IR eB et ey id & WS haicineeaenet Pref 
and if these be denoted respectively by 
An+is Any Un-19 An—2) Se). My, 
it has been shewn that the permutations corresponding to 
in Dasit-aeg Digs ALON Oya)» (Oasys m5 (AnPnaa)e 
Now these permutations generate the symmetric group in the n+ 1 
symbols. Hence G is isomorphic with the symmetric group of 
n+1 symbols; and, since the order of G does not exceed (n + 1)!, 
the isomorphism must be simple. 

Although not directly connected with the subject of the present 
note, we add the system of relations defining abstractly the alter- 
nating group which Prof. Moore gives. 

The n—1 operations 8; (i= 1, 2, ..., 2 - 1), subject to the relations 

Si =H, Sf= LH, (+-=2,,3,..:, 2 — 1), 

(ys ai= Ben Moly Qiao 2 — 2); 

(S;S;)? = £, (¢=1)2)...;2=35 7>2 +1), 
generate a group G simply isomorphic with the alternating group of 
m+1 symbols. 

The proof of this theorem follows precisely the same lines as 
that of the previous one, the n + 1 sets of operations used being 

HGS. Hage patna ee San Lah). USebhy LS wae anys 
where H denotes the sub-group generated by S,, Sy, ...,S,-2. It is 
not necessary to give it at length. 
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We now proceed to consider certain irreducible representations 
of the symmetric group, with the view of proving that, when 
n > 4, there is no irreducible representation in a number of symbols 
lying between 1 and n—1. When m is a prime this follows 
necessarily from the fact that every characteristic is rational. 
Herr Wiman has proved* that, with certain exceptions for small 
values of », there is no group of linear substitutions simply or 
multiply isomorphic with either the symmetric or the alternating 
group of degree n in a number of variables lying between 1 
and n—l. 


It is an immediate consequence of Theorem V, Chap. XIV, that 
the symmetric group of degree m has just two representations in a 
single symbol. One of these is I, the identical representation ; the 
other is a representation{ I’, in which the operations not belonging 
to the alternating group correspond to 2 =—«a#. If TI is any irre- 
ducible representation, then the representation denoted by IT 
(§ 220) is also irreducible. It is distinct from I unless the 
characteristic in I of every operation which does not belong 
to the alternating group is zero. In any case it may be denoted 
by I”. 

When the symmetric group G, of degree n, is expressed by the 


permutations of a,, a, ..., @,, we will denote the sub-groups 
{(@gtts)) (G24), ---» (Un-1%n)f> {(3@4), (Q4G5), «.-, (@n_1%n)} 
and (41), (Gg), (444s), +++) (@n1%p)} 


by H, J and J. Then the transitive representation Gy (§ 177) is the 
ordinary representation of the symmetric group in n symbols. It is 
multiply transitive and has therefore just two irreducible represen- 
tations, of which one is I',, and the other is a representation in n—1 
symbols which may be denoted by T,_,. There are therefore only 
two representations in which # has linear invariants and in each it 
has one. In Gy, J has obviously 2 linear invariants and J has 3. 
Hence in T,,_, J has | and J has 2. 


Consider next the transitive representation Gy. It is the group 
of permutations of the $n (m—1) symbols ad, 


(a,b =1, 2,..., 2), a6, ab=ba 


that arises when 1, 2, ..., undergo all permutations. In this group 
J has just three linear invariants, viz. 


9 
12, 13+14+...4+1n 


03 04 ema angina en ea 


* «Uber die Darstellung der symmetrischen und alternirenden Vertau- 
schungsgruppen als Collineationsgruppen von méglichst geringer Dimensionen- 
zahl” (Math. Ann. Vol. xuv (1899), pp. 243—270). 

t Since every representation of the symmetric group is self-inverse, the 


accent may here, without risk of confusion, be used in a sense differen: 
that of Chap. XV. nse different from 
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Hence Gz has just three irreducible components. Now it has been 
seen that J has one linear invariant in T’,_,, so that T', and re 
must be two of the irreducible components. The other therefore 
affects $n (m — 3) symbols and may be denoted by Dyn (n-3)) The 
only representations in which / has a linear invariant are therefore 
Reta ands. 4n (n-3) 3 and from this it follows that the only repre- 
sentations in which J can have a linear relative invariant are T,’, I’ 
My, (n-8)- 


n—1 


Consider further the transitive representation Gz. It is the 
group of permutations of the n(n —1) symbols ab, 


(a,6=1, 2, ..., 2), a+b, abs ba. 
In this group J has just seven linear invariants, viz. 


12, 184+14+...41n, 23 + 244+... 42n, 344.43 1 1 
Me SING geen ea ee ee ee 


Now J has two linear invariants in T',_,; and therefore I,,,_, enters 
twice among the irreducible components of Gy. There must there- 
fore be just three others of which I, is one, and T4n (n-3) another ; for 
J having a linear invariant in the latter group, J necessarily has 
one. The remaining one then must affect 


n(n—1)—1-—2(n—1)—3n (n- 3) = 3m (n- 3) 41 


symbols. It may be denoted by I, (y-3)41- The only irreducible 
representations of G in which J has linear invariants are therefore 
Danas Dyn (n-3) and Dyn (n-3) +1; and the only representations in 
which I can have a linear relative invariant are Ty’, I’,_,, yn (n-3) 
and Msn (7-3) +1° 


In every irreducible representation of G, J is necessarily re- 
ducible. In fact every operation of J is permutable with (aq). 
Hence if, in an irreducible representation I of G in v, + v, symbols, 
the substitution corresponding to (a,a,) leaves v, symbols unchanged 
and multiplies the other v, by -— 1, the substitutions of / must 
transform the v, symbols and the v, symbols each among themselves. 
If the substitutions corresponding to (ass), (@4%5), ++» (Gn—1%) either 
leave all the v, symbols unchanged or multiply all of them by —1, 
I will have at least v, linear invariants (absolute or relative) in I. 
In every other case the group of linear substitutions in the » 
symbols, corresponding to the operations of J, is simply isomorphic 
with Z, Suppose now, if possible, that »,+¥v, were less than 
n—1(n>4). Then it has been seen above that, in I, there is 
neither an absolute nor a relative invariant for 7; and therefore 
the groups of linear substitutions in the »,; symbols and in the v, 
symbols must be simply isomorphic with /, while either vy, or v2 1s 
equal to or less than 4 (n — 2). 
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Hence, if the symmetric group in 7 symbols (n> 4) admits an 
irreducible representation in y symbols (1 <v<n-—1), the symmetric 
group of n—2 symbols must be simply isomorphic with a group of 
linear substitutions in not more than 3v symbols. Now for the 
smaller values of 7 it is easy to verify directly that the symmetric 
group of degree x cannot be simply isomorphic with a group of 
linear substitutions in less than »—1 symbols. Hence, when n> 4, 
the symmetric group of degree n admits no irreducible representation 
in v symbols where v is greater than 1 and less than n—1. 


Since the symmetric group of degree n admits of no irreducible 
representation, with which it is simply isomorphic in fewer than 
n—1 symbols as a group of linear substitutions, any concrete 
representation involving a smaller number of symbols possesses 
a certain interest. It may be shewn that for all values of m greater 
than 4, there is a group of birational substitutions in »—3 symbols 
with which the symmetric group is simply isomorphic*. 


Tt is well known that the expression a, or 
(@; — ) (3 — M4) 
(@, — Gs) (A — a) 


is changed into a linear function of itself by every permutation of 
the four symbols a,, a,, @3, 44. It is unaltered by the permutations 


Ey, (ayy) (3%), (414%) (A204), (44%) (224s) 5 
so that the group of birational substitutions of a single symbol that 


thus arises is simply isomorphic with the symmetric group of three 
symbols. 


From a, there arise, under all the permutations of a, ay, ..., @,; 
a set of 4n! expressions. These cannot all be independent, and it 


may in fact be shewn that they are all rationally expressible in 
terms of a suitably chosen set of n — 3. 


Let oe (4p = Gr41) (Argo — a,43) 
(a, fa a4) (4r43 .? Gy 41) 


Under the permutation (a,a,), a3, @,, ..-, 4,_; remain unchanged. If 
a, and a, become a,’ and a,, then 


(r=1,2, ...,n—3). 


1 (@a—&) (@g~%) ay 
1 (dg— 3) (%q—%) a +1” 
and {= (4% = 4%) (444s) _ a 


(a,- 4,4) (a4s—a;) a,+1° 


* See E. H. Moore, ‘‘The cross-ratio group of n! Cremona Transformations 
of order n—3 in flat space of n-3 dimensions,’’ Amer, Journ. Math. Vol. xx, 
pp- 279—291 (1900); and W. Burnside, ‘‘Note on the Symmetric Group,” 
Mess. of Math, Vol. xxx, pp. 148—153 (1901). 
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Under the permutation (ad, ... @,_;@,), a; becomes a;,,(¢=1, 2, ... 


3 ’ 
m—4); and if a,_, becomes a’,_,, then 


, (Gn_o am n_3) (Gy = a@,) 


oon (@n_o = Gn) (a, a On—1) 
en (An_2 = @) (Gy—1 — Gn) 
(@y—9 rs Qy) (aq al @n_) 
=| (@n_s ea An_9) (@n_1 rk Qn) (Qn-3 id On—1) (@n— ate a) 
(a, _5 ae Gn_1) (ay a Bn_s) (Qn-s pa Gn») (a, = Gn) 
eyes On_3 
(Gp—3 = Qn-2) (Qn_1 ae ay) ; 
(Qn_3 a @n_1) (q ar Qn—-2) 
Similarly 
(An _3 a n—a) (Gn _1 =e a) ae On—4 
(Qn_3 ic G@n_1) (aq =P Gy-2) (Qn_4 laa Qn_s) (@n—9 :T a,) ‘ 


(Gn_4 — Gn—2) (4 — Gn_s) 
and soon. Hence 
Gn-3 On-4 ay 
—1l+-l1+ "-1 


DO we Slt 


To the two permutations (a,a,) and (a,a, ... @y_,4,) which generate 
the symmetric group, there therefore correspond the two substi- 
tutions 


a, = eae ’ Oy) Tres ie) as, = Ag) v.09 Gas Cones 
a,+1 a,+1 
and 
, , , , On_3 ay 
GQ, = Ag, Ag = Ag, «-+) An_4 = An_3y meee aot —e ce ey 


Now these two substitutions are obviously birational; that is to say, 
if the accented symbols are regarded as given, the unaccented 
symbols are uniquely determined. Hence the totality of the 
birational substitutions formed by combining these two in all 
possible ways constitute a group simply isomorphic with the 
symmetric group of n symbols. 


NOTE D. 


ON THE COMPLETELY REDUCED FORM OF A GROUP 
OF MONOMIAL SUBSTITUTIONS. 


The representation of a group of finite order as a group of 
monomial substitutions, given in § 242, may be expressed in terms 
of the irreducible representations of the group by a formula closely 
analogous to that given in § 207 for any representation as a transi- 
tive permutation-group. 


We will denote the representation of @ established in § 242 by 
Gog,H’, and assume that the completely reduced form of this repre- 
sentation is given by 

Gas, Hits 26,7;. 


Let x,, x2, ..., %, be the symbols operated on by G.s, 4; and suppose 


that the sub-group {S, H’} permutes the symbols, with factors, in m 
transitive sets, viz. 


Hy Lg, Lz, --. Hey Ueiyy Lgyoy ooey Ley veee 


The conjugate group will be set up by taking w~? for the multiplier 
in the place of w. The Hermitian invariant for Gos q and Gus, q’ 
that arises from 2,%, + %,«, is the same as that which arises from 
%%,+%,%,; and, unless it is identically zero, is distinct from 
that given by #,%,,,+%,%,,,. The condition that the Hermitian 
invariant form arising from ,%,+%,«, shall not be identically zero 
is that the group of monomial substitutions on x, 73, ..., 2, corre- 
sponding to {S, H’} shall have a linear invariant for H’, which is 
changed into w times itself by S. Hence the number of indepen- 
dent Hermitian invariants for @.s q and G.-19, 9’ is equal to the 
number of independent linear invariants for H’ in Gos, H, each of 
which is changed into w times itself by S. Such a linear function 
of the variables may, for shortness, be called an w-invariant for 


1S, H’\. 


Denote by » the number of w-invariants for {S, H’} in I,. 
Then what has just been proved takes the form 


3b? = Shin. 
a t 
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Now it may be shewn, by considering the expression of w, in terms 
of the reduced variables exactly as in § 207, that 


nN; > b;. 


v 


ene this with the immediately previous result, it follows 
that 


n,=6;, 
and therefore the completely reduced form of G9, 7 is given by 


Gos, HW = inl, 
t 


where m; is the number of independent w-invariants for {S, H% 
in Dy 


From this result it may be shewn that every representation of a 
group @ as an irreducible group of monomial substitutions can be 
set up by the method used in § 242. 


Let IT, an irreducible group of monomial substitutions on the 
symbols a, %, ..., %,, be a representation of G. Denote by H the 
sub-group of G which changes x, into a multiple of itself. Let o 
be a primitive mth root of unity, m being taken as small as 
possible consistently with the condition that, if an operation of H 
changes x, into axz,, then a is a power of w. Then the operations of 
H which leave x, unchanged form a self-conjugate sub-group H’ of H, 
and H/H’ is a cyclical group of order m. Let S be an operation of 
H such that S” is the lowest power of S that occurs in H’, and as 
in § 242 form the representation denoted by G.s,q’. The number 
of times that any irreducible representation of G enters in G9 q’ is 
equal to the number of w-invariants for {S, H’| in the irreducible 
representation. Now inT a, is an w-invariant for {S, H’'. Hence 
T enters as an irreducible component in Gus 7’. But the number 
of symbols operated on by these two groups is the same. Hence [ 
is equivalent to Gs, q’; and, further, this representation has only 
one w-invariant for {S, H’}. 


It has been shewn in § 258 that every irreducible group of linear 
substitutions whose order is a power of a prime p can be expressed 
as a group of monomial substitutions. The result that has just been 
proved shews further that the variables may always be chosen so 
that the coefficients in the group of monomial substitutions are pth 
(m>1) roots of unity. Moreover for a given representation of 
a given group there must be a minimum value of m such that it is 
not possible to express the representation in a form in which all 
the coefficients are p”'th roots of unity. 


NOTE E. 


ON THE IRREDUCIBLE REPRESENTATIONS OF A GROUP WHICH 
HAS A SELF-CONJUGATE SUB-GROUP OF PRIME INDEX. 


Let a group G, of order JV, with r conjugate sets be contained 
self-conjugately in a group H of order Np, where p is prime. 
Suppose further that the isomorphism of G, given by an operation 
J of H which does not belong to G, leaves 7, conjugate sets of & 
unchanged and permutes the remaining r—7, sets in cyclical sets 
of p. If 8, (¢=1,2,..., WV) are the operations of G, the NV 
operations 

TS, PIT Sg AM IB yy Mow santa lee abs slat Re (1) 


when transformed by any operation of H are permuted among 
themselves. If S is an operation of G, belonging to a conjugate 
set which is unchanged on transformation by J, just V/hg of the 
operations of the set (1) are unchanged on transformation by S. If 
S is an operation of G, belonging to a conjugate set which is 
changed on transformation by J, none of the set (1) are unchanged 
on transformation by S. Hence in the permutation-group that 
arises when the set (1) is transformed by all the operations of G, 
Wr, is the total number of unchanged symbols in all the per- 
mutations. It follows (Theorem XII, Chapter X) that the V 
symbols are permuted, on transformation by the operations of G, in 
7, transitive sets. 


If TS wT Sh en hie 


is one of these sets, it must on transformation by any operation of 
H that does not belong to @ be changed either into itself or into 
another of the sets. Hence, since JS, transforms JS, into itself, the 
operations of the set are permuted among themselves on trans- 
formation by any operation of H. They therefore form a conjugate 
set for H, and the operations of the set J@ fall into 7, conjugate 
sets. The same is true for the operations of each of the sets J'G 
(1=1, 2, ...,p-—1). Now by supposition the operations of @ fall 


° i 
into 7, + 


* conjugate sets in H. Hence 7, the number of 
conjugate sets in H, is given by 
r—T 


P 


r’ =pr, ate 
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Denote now by A, (¢= 1, 2, ..., 7’) the irreducible representations 
of H, A, being the identical representation. Also let A,, As, ..., AS 
be the other »—1 representations in a single symbol, in which 
every operation of G corresponds to the identical substitution. 


Suppose that @ is irreducible in the representation A;(i>p) of 
H. Then in the representation A;A;, when reduced, the repre- 
sentations A,,..., A, do not occur. For if they did G@ would have p 
bilinear invariants in A;A,, in contradiction of the assumption that 
G is irreducible in A,. 


Hence A;, A,A;, ..., A,A; 
are p distinct representations of H, each containing the same 
irreducible representation of G. 


Suppose next that, in A,, G is reducible. Then in A,A, there must 
be more than one bilinear invariant for G. Hence, in the reduced 
form of A;A; at least one, and therefore all, of the representations 
A,, A3,..., 4, occur. It follows that, in A;, G must have at least p 
irreducible components. Since (§ 218) X xsxs-1 is equal to the order 

S 


of the group, G cannot have more than p irreducible components in 
A;, and its p irreducible components must be all distinct. More- 
over, for the same reason, the characteristic in A; of every operation 
of H, which does not belong to G’, must be zero. 


Consider now the representation Hy of H as a regular 
permutation-group. In it G has the representation pg; and 
any irreducible representation of G in x, symbols occurs px, times. 
From this it at once follows that the irreducible representation of 
G that occurs in 

INS aN 
can occur in no other irreducible representation of H ; and similarly 
that the irreducible representations of G, that occur in Aj, occur in 
no other irreducible representation of H. 


Denote by x the number of the irreducible representations of ¢ 
that occur in representations of # in which G is irreducible. Then 


; r—2x 
r = px +——., 


for either side of this equation is the number of distinct irreducible 
representations of H. Hence x=7. 

Let C,, C2, ...,C,, be the conjugate sets of G each of which 
is transformed into itself by J; and Cy, Cy,..., Cy, (8=1, 
2, ..., (r—7)/p) be the cyclical sets of p each, in which the 
remaining r—7, conjugate sets are permuted on transformation 
by J. 

In A; the sets 0, Cy, ..-» Cop form a single conjugate set, and 
therefore the characteristics of all the operations contained in these 
sets are the same. Now, in A,;, @ is irreducible. Hence in this 


4,7 4, NOTE E 


irreducible representation of G, the p sets Ca, Cu, ..., Cap have the 
same characteristic for each s. There are therefore 7, irreducible 
representations of G in each of which the p sets Cy, Cy, ..., Cop 
(s=1, 2, .., (r—1)/p) have the same characteristic. 


Consider next the irreducible representation A, of H. Let 
Dy Digs +s iva be the p distinct irreducible representations of G 


Ug? 
that occur in it, and 


Xt 15 Xt95 OTIS Xin (¢=1, 2, Uh OF | Pp) 


the corresponding reduced variables. The operation J of H must 
change 21, ®,9, ---) £,, into another set of 7 variables which are trans- 
formed among themselves by G. Since / is irreducible, J cannot change 
L415 X42) +++) 4» into linear functions of themselves ; and therefore it 
must change them into linear functions of another of the sets of 
reduced variables. Hence, since J? is the lowest power of J that 
occurs in G, J must permute the p sets of variables, and we may 
take J to be 


/ a _— s . ee 
FRAC Pree CERN ea Leliy. 2 ae VE 8 Yea bay 8 


It follows that on replacing each reduced set by suitable linear 
functions of themselves, J will be 


, 5 Three € . — 
Su Corey Ua ie keene acy tee Ls Doan, ore); 
UZ 
L pig = ig Bylo) (eal 2H Le, RG 
while J” is 
Ul < ae < 
sy = BW Ayy Li, y (u, v=1, 2,...,n; +=], 2, ..., p). 


When J has this form it is clear that the sets of linear sub- 
stitutions which form the representations T,, Ty, .--, T;, are the 


same, though of course the correspondence between the substitutions 
and the operations of @ is different for each representation. 


Let Kyun = SuyK- Cy, oy (Uy V=1, 2, ...5 2) 


be the substitution of T;, that corresponds to the operation X of @; 


and let 
(3) 


be the isomorphism of @ given by J-}, so that 
SES i eGS!, chs SaSa ane 
Then the substitution of A; that corresponds to K is 
Dita = 3 Sunk ® yy 


U 
W's, 4 = B SypKi Co, yy (u, v=1, 2, ..., 2) 


Someone reese eseseee 


, 
W'p,y = & SyyK(P-1) Ap y. 
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Now if X belongs to one of the first 7, conjugate sets, K’ and K 
are conjugate in G, and therefore from the form of the above sub- 
stitution A has the same characteristic in each of the p representations 
Yr, , Tay ee Yr, On the other hand the characteristics of an 


operation of C,, in T,,, Vi,, 5 T;,, are the same as those of 
operations of Cy, Ca, ..., Cop in T,; and, for some value of s, 


these must be all different, as otherwise the p representations would 
not be distinct. 


These results may be summed up as follows : 


If a group with r conjugate sets admits an isomorphism which 
leaves the first r, sets unaltered and permutes the remaining sets in 
cycles of p (prime), whose pth power is an inner isomorphism, then 
there are r, irreducible representations in each of which each of the p 
conjugate sets belonging to the same cycle have the same characteristics. 
The remaining r—r, irreducible representations fall into (r—1,)/p 
systems of p each, such that the p representations of each system 
are given by the same set of linear substitutions, while in each of the 
p representations of a system any one of the first r, conjugate sets has 
the same characteristic. 


NOTE F. 


ON GROUPS OF FINITE ORDER WHICH ARE SIMPLY ISOMORPHIC 
WITH IRREDUCIBLE GROUPS OF LINEAR SUBSTITUTIONS. 


The self-conijugate substitutions of an irreducible group of linear 
substitutions have the same multipliers (§ 202), and therefore the 
central, i.e. the sub-group formed of the self-conjugate substitutions, 
of such a group is necessarily cyclical. It follows that a group of 
finite order, whose central is not cyclical, cannot be simply 
isomorphic with an irreducible group of linear substitutions. It 
may however be the case that the central of a group is cyclical, or 
even consists of the identical operation only, and still the group may 
not be simply isomorphic with any irreducible group of linear 
substitutions. 


Consider, for instance, the group of order 18 defined by 
Pah, C=, AHF, P= QP, APA]? AvA=0-* 
The conjugate sets are #; P, P-*; 9, Q*; PQ, P#7Q; PQ-* 
PQ; A, AP, AP-, AQ, AQ?, APQ, AP7Q", AP“Q, APQ”; 
so that 7 is 6. There are two irreducible representations in a single 


symbol, and four in two symbols. The latter four representations 
may be set up by taking the substitutions 


NO She Ses cena 

Y=0y; Y= Y =33 

to correspond to P, Q, A for (i), P, QP, A for (ii), P, QP-, A 
for (iii), and Q, P, A for (iv). 

Hence in every irreducible representation of the group there are 

operations, other than #, which correspond to the identical sub- 

stitution. The group is therefore multiply isormorphic with each 


of its irreducible representations and at the same time has no self- 
conjugate operations other than £. 


w* = 1 


The conditions necessary and sufficient to ensure that a group of 
finite order may be simply isomorphic with an irreducible group of 
linear substitutions are not yet known. The following investigation 
gives a sufficient condition in a simple form. 
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Let G be a group of finite order which is multiply isomorphic 
with each of its irreducible representations. Then in each repre- 
sentation there must be conjugate sets such that their operations 
correspond to the identical substitution. Choose the conjugate set 
C,, so that in some irreducible representation the operations of C, 
correspond to identity, while at the same time the self-conjugate 


sub-group {C,} generated by the operations of the set is of as small 
an order as possible. 


Further let Ty, T,, Ta,, --., Ta, be the irreducible representations 
in which the operations of 0, correspond to identity. These then 
are the irreducible representations of G/{C,}. They cannot include 
all the irreducible representations ; in each of them all the operations 
of {C,} correspond to identity ; and in no other irreducible repre- 
sentation does any operation of {C,} correspond to identity. From 
the conjugate sets that correspond to identity in the remaining 
representations choose C, so that the order of {C,} is as small as 
possible. Let I, T,,, Dosis a; be the irreducible representations 
in which the operations of C, correspond to identity. The self- 
conjugate sub-group {C,} can have no operation except H# in 
common with {C,}. For if it had it would contain {C,} (which 
is generated by any conjugate set entering into it), and the 
operations of (, would correspond to identity in other repre- 
sentations besides I,, Ty,, ---» Ta,, contrary to supposition. If 


all the irreducible representations do not enter in the two sets 
Dy, Tay 009 Vays 


8 


and Di, Ty. «> Top 


choose C’, in connection with the remaining ones as O, and C, 
have been chosen ; and continue the process till all the irreducible 
representations have been accounted for. The self-conjugate sub- 
groups {C,}, {Oz}, {C.}, ..., {Ca} so chosen are such that (i) no 
two have a common operation except Z, and (ii) in every irreducible 
representation the operations of one or more of them correspond to 
identity. 

Since {C,} and {C,} are self-conjugate sub-groups of @ with no 
common operation except FZ, {C,, Cp} is their direct product. From 
the way in which {C,} is chosen it follows that either {C,} belongs to 
{C,, Cy} or the two groups have no operation except # in common. 


Hence {C,, Cy, C., ..-» Ca} is the direct product of a certain 
number of the groups {C,}, {02}, ..., {Ca}. Now in the irreducible 
representations of @ every irreducible representation of the self- 
conjugate sub-group {C,, Cy, ..., Ca} must occur. But in every 
representation of G all the operations of at least one of the 
component groups {C,}, {C,}, ... correspond to identity. Hence 
in every irreducible representation of {C,, Cy, ..., Ca} all the 
operations of at least one of the component groups must corre- 
spond to identity. 
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Lastly, the groups {C,}, {Cy}, ... are minimum (§ 52) self- 
conjugate sub-groups of G. Each of them is therefore either a 
simple group or the direct product of simply isomorphic simple 
groups. 


Suppose now that simple groups @,, G,, @,, of composite order, 
are represented by irreducible groups of linear substitutions on the 
symbols 


Hy, Hay seey Lys 
Yr» Yor ser Yoo 
Zy 225 cece | Zw 


respectively. Then when the 2’s undergo the substitutions of G,, 
the y’s those of G, and the z’s those of G, independently; the 
uvw products «;4;2, undergo a group of linear substitutions which is 
easily seen to be irreducible and simply isomorphic with the direct 
product of G,, G, and G,. The direct product of any number of 
simple groups of composite order is therefore always simply iso- 
morphie with an irreducible group of linear substitutions. More- 
over the same is true of the direct product of a number of simple 
groups of composite order and a number of cyclical groups the 
order of each of which is a different prime. 


Suppose now that {C,} is the only one of the groups {C,}, {Cy}, ... 
whose order is a power of p, and that {C,, C,, ..., Ca} is simply 
isomorphic with an irreducible group of linear substitutions. Then 
the order of {C,} were p, {Cq, Uy, ..., Ca} would be simply isomorphic 
with a group of linear substitutions; and if the order of {C,} 
were greater than p, there would be irreducible representations of 
{C,, Cy, ..., Ca} in which some of the operations of {CU,! correspond 
to identity and some do not. If @ is not simply isomorphic with 
an irreducible group, neither of these cases is possible ; and therefore 
the orders of at least two of the groups {C,}, {C,}, ... must be powers 
of the same prime. 


Hence, unless G has two distinct minimum self-conjugate sub- 
groups whose orders are powers of the same prime, it is simply 
wsomorphic with an irreducible group of linear substitutions. In 
particular, a group of prime power order, whose central is cyclical 
is simply isomorphic with an irreducible group. 


NOTE G. 


ON THE REPRESENTATION OF A GROUP OF FINITE ORDER AS 
A GROUP OF LINEAR SUBSTITUTIONS WITH RATIONAL CO- 
EFFICIENTS. 


TfT,, T,,---» Ty, form a family (§ 234) of irreducible represen 
tations of a group G, the representation of G denoted by 


ve 


has all its characteristics rational. It does not necessarily follow 
that this representation can be thrown into a form in which all the 
coefficients are rational; but, if m is the number of symbols on 
which I’, operates, 


ote 2 wag Yt 


m(T, +0, +...+T;,) 


can certainly be thrown into suchaform. This follows immediately 
from the fact that mI, can be expressed in a form in which the 


coefficients are rational functions of the characteristics of ry. 
Let a(<m) be the smallest integer such that 


a(t, +1, + eee +i;,) 


can be represented in a form in which all the coefficients are rational 
numbers. This representation of G may be called a rationally 
irreducible rational representation. Unless both a and ¢ are unity, 
it is a reducible representation when there is no limitation on the 
field of rationality; but when the field is restricted to rational 
numbers, it is irreducible. In fact a reduced component of the 
form 2a,J';, (a, <a) has some of its characteristics irrational unless 
the a,’s are all equal, and therefore certainly some of the coefficients 
must be irrational. On the other hand if the a,’s are all equal, the 
statement follows from the assumption that has been made in 
respect of a. 


Each family of representations will give such a rationally irre- 
ducible rational representation; and the p representations so arising 
are necessarily distinct, because the r irreducible representations are 
distinct. 
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Let a (Ty Py +. Ty) 


be another rationally irreducible rational representation, and denote 
this and the previous one by A’ and A. Suppose now that 


a(t, +0, + ae +T,) +a (1, + Ty, + ae +T;,) 


is a rationally irreducible representation D of G, in which a is not 
a multiple of a. Take m such that na=pa and na’ =p'a’, where 
n, p, p' are integers. Then the representation nD is rationally 
reducible into m representations D and also into p representations A 
and p’ representations A’. A consideration of the reduced symbols 
immediately shews that this is not possible. 


It follows that the p rational representations A,, A,, ..., A, that 
arise from the p families of irreducible representations are the only 
rationally irreducible rational representations ; and therefore that 
every rational representation is included in 


26;A;, 


where the 0’s are positive integers. The number p is the number 
of distinct conjugate sets of cyclical sub-groups in G. 


A very remarkable property of groups of linear substitutions of 
finite order with rational coefficients is that they can always be so 
transformed that the coefficients are integers. 


Let x; = Cie; (9 = Ie 2, Sx8 n) 
J 


(k=1,2,...) 


be the substitutions of a group of linear substitutions, and suppose 
that the coetticients c,,, are rational numbers with a finite least 
common denominator d. (If the group is one of finite order, the 
latter part of the condition follows from the former, since the 
number of coefficients is finite.) A particular set of values of the 
variables 

(a, Gg) +++5 Gn) 


may be called a point. If, for each value of 7 and &, cin. is an 


integer, the point (a,, dy, ..., @,) will be called an “ integral ” point. 
It is clear that such integral points always exist, for (d, d, ..., d) is 
an integral point. Moreover it follows from the definition that if 
(1) My +04, @) and (by, bg, ...,6,) are integral points, then 

(a, +b, de + ba, ...5 Uy + On) 
is an integral point. 

Suppose that a, is the smallest positive integer such that 
(4, 9, 0, ..., 0) is an integral point. Then if (a, 0, 0, ..., 0) is an 
integral point a must be a multiple of a. For if it were not 
integers /, m could be found such that /a,, + ma is a positive integer 
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less than a,, and then (la, + ma, 0, 0, ..., 0) would be an integral 
point, contrary to the supposition made. 


Let a. be the smallest positive integer such that (ay,@,0,..., 0) 
is an integral point. Then it follows as above that if (155 Oy any 0) 
is an integral point, 8 must be a multiple of a... (It is clear that 
@, may be taken to be equal to or less than a, but this is not 
material for the present purpose.) 


Similarly let ag, @, ..., Gn be the smallest positive integers 
such that 


(as, sq, M33, 9, 0, ...5 0), 


(4g; Asn, Msgy ay, O, tery 0), 


eee eeenes OOO e seer vee essesesee 


(ni ne, Qn3» Ons) ns» ed Onn); 


are integral points. 


Then if (4,, 4,,..., A,) is an integral point, 4, is a multiple 
Of Ann: 


If A, — Annas 
then (4, — X,4n,, A,g—XnGng, «--, Banik sn zis 0) is an integral 
point, and therefore A,_,;—XnG_,-1 18 a multiple of a__)_1. 
Continuing thus, we find that 


A, =a + X lig + Xylig +... + XnMmr, 


A,= X Glog + Xyllgq +... + Xn Anas 
A; => X 3g + eee =| Xi,Ong 
A,= Xn nn 


If a point is an integral point, its A’s must be given by these 
equations with integral values of the X’s; and conversely every 
point whose 4’s are given by these equations with integral values 
for the X’s is an integral point. Moreover the totality of integral 
points are permuted among themselves by every substitution of the 
group. 

Suppose now that new variables X,, X2, vey X, are taken con- 
nected with the original variables by the equations 


v= Xa, ate XQ ciokesietets KCK 
Wife X fling + ++. Xn Gna, 


POO mee eer wen eee serra eer seeereseeeee 
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and with these new variables let 
Ay = Cn Xj; (1,7 =1, 2, ..., 7) 
j 


(hj 2,).2s ) 
be the substitutions of the group. If X,, X2, ..., X, are integers, 
(2,, 22, ..-) Z,) is an integral point, and therefore (ae aes. ha he, eS 
an integral point, and X,’, X,’, ... X,’ are integers. 
Put Mee Ay ta X= a 0G 
Then X, =Cy, 


and therefore Cj, is an integer. Hence in the transformed group 
all the coefficients are integers. 


For a group of rational linear substitutions on m variables it is 
possible to determine in a comparatively simple manner an upper 
limit for the order. To this end we find the highest power of a 
prime p that can be a factor of the order. 


It has been seen in Note D that an irreducible group of linear 
substitutions whose order is a power of p can be expressed as a 
group of monomial substitutions whose coefficients are powers of a, 
a p™th root of unity (m>1), while they cannot be expressed as 
powers of a p™—'th root of unity. Denote such a group by I,, 
and the group that arises on writing w’ for w in all the coefficients 
by I',. Then the group denoted by 


=P", 


Be 

where for «. each of the p”-1!(p—1) numbers less than and prime to 
p™ is taken, can obviously be expressed as a group of rational linear 
substitutions. Moreover, since w satisfies an irreducible equation of 
degree p”™"'(p—1), any rational group of linear substitutions 
which contains I, as an irreducible component must contain each of 
the groups In as an irreducible component. 


If p” is the number of variables operated on by I, p"*™-! (p—1) 
is the number of symbols operated on by 3I,u. The number of 


symbols operated on by any rationally irreducible group of rational 
linear substitutions, whose order is a power of p, is therefore of the 
form p"*"-'(p—1). Suppose now conversely that such a group has 
p™-! (p — 1) irreducible components. In each of them the coefficients 
are necessarily pth roots of unity, and the number of variables is 
p”. Now the order of the greatest group on p" variables, each of 
whose substitutions replaces every variable by a multiple of itself, 


the factors being p”th roots of unity, is clearly p””. Also we have 
seen in § 172 that the order of the greatest permutation-group on 
p” symbols, the order being a power of p, is p+, where 


a=l+ptp?+...t pr) 
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Hence on the supposition made the order of the group of rational 
substitutions is 
pitptpe tert ph 2+ mp” 


If n+m—l=yp, 


and n and m take all possible values for a given p, the greatest value 
of this order corresponds to m=1, n=. Hence the greatest possible 
value for the order of a rationally irreducible group of rational linear 
substitutions on p# (p—1) variables (the order being a power of P)s 
is p@u, where 


M,=l+p+p +... + pe; 


and such a group actually exists. Moreover it is easily seen that if 
the group were rationally reducible its maximum order would be 
less than the above value. Thus if there were p retionally irreducible 
rational components in p#-1(p—1) variables each, the maximum 
order would be 1/pth of that determined. 


Now suppose » chosen so that p**!(p—1)>n>p"(p—1), 
where » is the number of symbols operated on by the rational 
group of linear substitutions, and express n in the form 


n= a, p"(p—1) + ay_,pe (p-1)+...+ap(p—-1l)+a(p—1)+, 


where @,, @-1, -.-) 4% are positive numbers less than p and 6 is less 
than p - 1. 


A rational group of linear substitutions in variables whose 
order is a power of p must then be rationally reducible. The 
greatest number of variables in a rationally irreducible component 
is p*(p—1), and the greatest possible order of this component is 
p™%.. It follows from the preceding discussion that the greatest 
possible order for the group is obtained by taking the number of 
variables in each rationally irreducible component as great as 
possible. Moreover the order of the direct product of the rationally 
irreducible components is clearly greater than that of the group 
that results by establishing any isomorphism between them. Hence 
finally the maximum order for the group is p¥, where 


M =a,My + Gy-yMy-r+ 6 +GM, + HM). 


It also follows that a rational group on the n variables of this 
maximum order actually exists. 


If the symbol [=| be used to denote the greatest integer con- 
m 


tained in — , the number M may be expressed in a form in which it 
m 


is easily calculated. 
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Thus 

BL fel ne 

Fee =e we 
n 

Fae D] ienitnased 

iw a1 —2 
ea = yp ae Qy—1p" panty 5 
bead = Ope + Gy, -\pe + ...+ap+Q; 

and therefore M= ie j ms : 
cage (a) 


The expression thus arrived at as an upper limit to the order of a 
group of rational linear substitutions in m variables* is Ilp™¥, the 


product being extended to all primes equal to or less than - 1. 
When x = 3 this upper limit is 24.3, and the group generated by 
Di — Oe, Cae eee 
Hy = Way Hy = Wy, Ly = 2s; 
y= M3, Wy = Ma, Xx = Ly; 


has actually this order. In no other case is a group of rational 
substitutions on ” variables known to exist whose order is equal to 
Tip. 

p 


For all values of n there are groups of rational linear substitutions 
of orders n+1! and 2”.m! respectively. In fact we have seen in 
Note C that the symmetric group of degree x +1 has a rational re- 
presentation in m symbols ; while the symmetric group in 2, %%, ..., Zp, 
together with the substitution 


, , , 
Ly =— WH, Ly = Hq, wey Lp =Xpy 


obviously generate a group of order 2”.m! which contains an 
Abelian group of order 2” and type (1, 1, ... to m symbols) self-conju- 
gately. These two groups are not only rationally but also absolutely 
irreducible. 


Outside these two classes of groups the first group of rational 
substitutions of relatively high order that presents itself for the 
smaller values of 7 is one of order 2°. 34, 5 on six variables that we 
consider in the next note. 


* Minkowski (Crelle’s Journal, Vol. c1) obtains this expression for the 
upper iimit of the order in another way. He does not shew that the order 
of any one of the Sylow sub-groups may actually attain its upper limit. 


NOTE H. 


ON THE GROUP OF THE TWENTY-SEVEN LINES OF A CUBIC 
SURFACE. 


Many of the most important and interesting groups of finite 
order arise in connection with geometrical configurations. From 
this point of view the groups are directly given as permutation- 
groups. Thus the Hessian configuration of 9 points lying 3 by 3 
on 12 straight lines (§ 169) determines a doubly transitive per- 
mutation-group of 9 symbols for which the set of 12 triplets which 
give the lines is invariant. We will consider here the group that 
arises in this way in connection with the configuration of the 27 
lines on a cubic surface. This group has formed the subject of a 
very large number of investigations. The earliest is due to 
M. Jordan (Traité des Substitutions, pp. 316-329). Various 
forms of the group are given by Herr Burkhardt (‘“ Hyper- 
elliptische Modulfunctionen,” Math. Ann. Vols. xxxvill and XLI). 
Prof. L. E. Dickson has analysed the group exhaustively in a 
number of memoirs (see also, Linear Groups, Chap. x1v); and the 
author has considered it directly as a group of collineations of 
ordinary space (Proc. R. S., Vol. uxxvi1). Our object here is to 
present the group in as simple a form as possible, and to illustrate 
in doing so a method for the rational reduction of a permutation- 


group. 
To detine the configuration we shall use Schlafli’s notation, 

replacing numbers by letters. The 27 lines are denoted by the 12 
single symbols 

a, b, Cc, d, é, dp 

a’, b’, ¢, d, é; FS 
and the 15 double symbols ab, ..., ef, the sequence in which a 
double symbol is written being immaterial so that ab and ba 
denote the same line. With this notation it is known that the 
45 triangles formed from the 27 lines may be denoted by 


a, b', ab; ab, cd, ef; 


and the triplets that arise from these by any permutation of 
a, b, c, d, e, f and the consequent permutations. By consequent 
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permutation is meant that if a is changed into c and 6 into ye 
then a’ is changed into ¢’, b’ into f’ and ab into ¢f 


The group of the configuration is then the group of permutations 
of the 27 symbols of the lines for which the set of 45 triplets is 
invariant. 


The 36 double sixes formed by the lines are given by 


a, 2 d, @ zs} 1 
a’, b’, c’, d’, é’, x Cc ccccccctcescceretecees ; 
a, b, Cc, ef, Sa, I 20 
a, é, Bie be, ca, ab ee ’ 
a, @, bc, bd, ‘be, A ts 
b, iis ac, ad, ae, af ee ee ee , 


where the 20 of the second set and the 15 of the third arise from 
those written by any permutation of a, }, c, d, e, f and the con- 
sequent permutations. 


The geometrical configuration suggests that this set of double 
sixes must be invariant under the same permutations that leave 
the 45 triangles invariant, and it is actually found that this is 
the case. Moreover, if the two sets of symbols in the first and 
second line of any double six are called its two halves, it is found 
that any permutation of the group which changes one double six 
into another, changes the first half of the one into either the first 
half or the second half of the other. 


Some of the permissible permutations are obvious. Thus any 
permutation of a, b, c, d, e, f with the consequent permutations 
must form part of the group, and leaves the first half of 
the first double six unchanged. Again, a permutation that 
leaves all the double symbols unchanged and permutes a with 
a’, b with b’, ..., f with /’ belongs to the group and permutes the 
two halves of the first double six. A permutation interchanging 
d and ef, e and fd, f and de, a’ and be, 6b’ and ca, c’ and 
ab, and leaving all the other symbols unchanged belongs to the 
group and changes the first half of the first double six into the 
first half of the second. Again, the permutation interchanging a’ 
and 6, ¢ and bc, d and bd, e and be, f and bf, c’ and ac, d’ and 
ad, e’ and ae, f’ and af, cd and ef, ce and df, cf and de, and 
leaving a, 6' and ab unchanged belongs to the group and changes 
the first half of the first double six into the first half of the third. 
There are therefore permutations changing the first half of the first 
double six into either half of any other. 


Now, every permutation must either leave the first half of the 
first double six unchanged or must change it into one half of 
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another. Hence the 72 halves of the double sixes are transitively 
permuted by the group. The order of the sub-group which leaves 
one unchanged being 6!, the order of the group must be 72.6!. It 
is a simply transitive group of degree 27 and therefore has at least 
three irreducible components. 


Suppose now that Z is a linear function of the 27 symbols 
which, when expressed in terms of the reduced variables, does not 
contain the variables of one or more irreducible components I, I’, 
ete. The equation 

L=0 
and those derived from it by the permutations of the group will 
then not make all the variables vanish, but will express them in 
terms of the reduced variables of T, I’, .... Take L=a+b'+ ab. 
The system of relations that arise under the permutations of the 
group are 
at+b’+ab=0, ab+cd+ef=0, 


and those given by permutations of a, }, c, d, e, f and the con- 
sequent permutations. Those arising from the first obviously give 
a-ad=b-J=...=f—f=k and ab=k-a-6, 


for all values of a and 6. Those arising from the second then 
reduce to 
3k-a—b-—c-—d-e-f=0. 
Hence if s denotes a+b+c+d+e+f, the system of relations 
expresses the other 21 symbols in terms of a, b, ¢, d, e, fin the form 
WME SEI Meant sists 6 equations, 
ab=F8—G—D oo. ..ccceen 15 equations. 
By means of these relations a component of the transitive per- 
mutation-group in six symbols with rational coefficients is set up. 
The 72 halves of the double sixes expressed in terms of a, 0, ¢, d, e, f 
are 


MINTO Te" CHE AM Testers Iendeoece 1 set, 

a—is, b—is, c—4s, d—4s, e—38, f— Zs, ... 1 set, 
i) 1 

a, b, c, k8-—e—f, 48-f—d, $8-d—@,...... 20 sets, 


a—is, b—is, c—3s, ts—e—f, 78—-f—d, 38-d—-«@,...20 sets, 

a, a—is, 48s—b-—c, $8-b—d, 38—b—e, is—b—/f, ...30 sets. 
And if a, B, y, 5, ¢, ¢ are the symbols of any one of these sets in any 
sequence, the 72.6! operations of the group are the linear sub- 
stitutions 

G=a,0—p, ¢=¥, C= O6 6) =: 
The group is thus expressed as a group of rational linear sub- 
stitutions on 6 symbols, the whole of the substitutions being 
exhibited in explicit form. 
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The substitution (abcdef) has —1 for its determinant. Hence 
the group contains a self-conjugate sub-group H of order 72.}6!, 
in which the sub-group that permutes the six symbols is the alter- 
nating group of degree 6. 


Suppose now that H has a self-conjugate sub-group J. Since the 
alternating group of six symbols is simple, J can have no operation 
except Zin common with the group of permutations of a, b, c, d, ef. 
The order of J is therefore equal to or a factor of 72. A group of 
order 72 has one or four sub-groups of order 9. If there were four they 
could not be permuted on transformation by the operations of the 
alternating group of degree 6; and a group of order 9 does not 
admit a group of isomorphisms isomorphic with the alternating 
group of degree 6. Hence if the order of Z were 72, each of 
its operations whose order is a power of 3 would be permutable 
with every operation of the alternating group of degree 6. This 
is impossible. Similar but simpler reasoning shews that the order 
of J cannot be a factor of 72. The group # is therefore a simple 
group. 

The group itself does not contain the substitution 

a=-a,U'=-b, ..., f=-/. 


Combining this with it there results a group of rational linear 
substitutions in six variables of order 2°. 34. 5. 


The method of the preceding note shews that the group is trans- 
formed into one with integral coefficients by the substitution 


a=3e—y, b=y-2, c=z-—u, d=u-%, e=v-w, f=w. 


NOTE I. 


ON THE CONDITIONS OF REDUCIBILITY OF A GROUP OF LINEAR 
SUBSTITUTIONS OF FINITE ORDER. 


Let a = & din Xj, (7 =1, QsheweyXa)s (k=1, 2, ..., WV), 
J 


be any irreducible group of linear substitutions of finite order. If 
G is the abstract group with which it is simply isomorphic, the 
group of linear substitutions is an irreducible representation of G, 
for which we will use the usual notation. 


In this representation the linear substitution that corresponds 
to C; is (§ 213) 
pee @=1, 2, sas OX): 
Xi 
Hence the linear substitution that corresponds to 3 x ,C;, or 
K (§ 229), is 


N : 
x, =— 2; G=} Denise Xie 
X1 


and therefore the linear substitution which corresponds to KS, is 
panes Gig Oy) iif =A, Bs aa -Xi)! 
Xi j 

Now we have seen in § 230 that of the WV symbols XS, («=1, 
2, ..., WV), just ()? are linearly independent. Also if AS, («=1, 
2, ..-) (x:)”) is such an independent set, then any other symbol of the 
set can be expressed linearly in terms of KS, (w=1, 2, ..., (xi)’) 
with coefficients which are rational in the characteristics of the 
representation. 


It follows (§ 213) that the (x,)’ linear substitutions 
poe lV afes 5 
Xv; = es (9 = 15 2, seey ) («=1, 2, eeey (xi)") 
1 


must be linearly independent in the sense that there is no linear 


relation 
x=(x,)? 
ap Vij = 0 
z=1 
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connecting the coefficients of the substitutions for all values of the 
suffixes 4, 7. 


Hence any irreducible group of linear substitutions of finite 
order in 7 variables must contain a set of n? substitutions which are 
linearly independent in the above sense. Moreover the coefficients 
in every other substitution can be expressed in the form 


2=n* 
Aiyt = x dy Vijay 
xr=1 


where the coefficients d,, are rational functions of the characteristics. 


Now if a group of linear substitutions is reducible, it is possible 
to transform it so that in the transformed group the coefficients a’, 
are zero in all the substitutions for certain values of i andj. But if 
s,; and Sj are the coefficients in the transforming substitution and 
its inverse 


ay => Siu Guv Sy- 
u,v 


Hence a necessary condition that a group should be reducible is 
that the coefficients of all its substitutions should satisfy one or 
more linear relations of the form 


SS dij Aj, = 0 (e=1, 2, wees iN). 
a,J 


The preceding considerations shew that this condition is also 
sufficient, since if one such relation holds there cannot be n? sub- 
stitutions whose coefficients are linearly independent. 


NOTE J. 


ON CONDITIONS FOR THE FINITENESS OF THE ORDER OF A 
GROUP OF LINEAR SUBSTITUTIONS. 


In the group of linear substitutions with real coefficients 
wi = Baye (j7=1, 2, ..., 2) 
j 


suppose that each coefficient which is not zero satisfies the 
inequalities 

M>|\ay,|>m, 
where M and m are assigned positive quantities. The sum of the 
squares of the coefficients of any substitution is then less than n7JZ?. 
Hence if the coefficients be regarded as the co-ordinates of a point 
in space of n? dimensions, the points so constructed must all lie 
within a sphere of radius nM. If the number of points is not 
finite, there must be some point (Ay, dy, ..., Ann) within the 
sphere such that an infinite number of the points lie within a 
sphere of radius 4¢ described round it, however small « may be. 
Let (G1, G12) «-+) Gan) and (by, by, ..., ban) be two of these points, 
so that 

| ay is by | <€. 

If A and B be the corresponding substitutions and if C be the 

substitution AB, it follows that 


|e,—1 | <nMe, 
|cy|<nMe, (1+)), 


and the group has an infinite number of substitutions whose 
coefficients satisfy these relations. If ¢; is not zero for all values 
of 2 and j, « may be taken so small that | cy| is less than m, contrary 
to supposition. If c, is zero for all values of ¢ and J, the substitution 
replaces each variable by a multiple of itself. Since there is an 
infinite number of such substitutions the multipliers cannot all be 
+1 or —1. But ina sufficiently high power of such a substitution 
some of the coefficients must be either numerically greater than 
or less than m, again contrary to supposition. 
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Hence under the given conditions the group is one of finite 
order. 


If is a group of linear substitutions whose coefficients are not 


= weal ma 1 ee ere 
real, 1 +T can, by taking 5 (x; + 2%), see (u, —%,) (#=1, 2, ..., ”) 


as variables, be represented as a group of real substitutions the 


F 1 _ 1 = 
coefficients of which are 3 (ty + %W)s rs (aj —G;), Or ay and Biy, 


where a= Oy + By Jar: 
Hence, if M>\aj|>m 
M>|By|>m 


hold for all non-zero values of a; and B,;, I is a group of finite 
order. 


It may also be shewn that a group of linear substitutions in » 
variables, which has only a finite number of conjugate sets, is of 
finite order. Suppose first that the group is irreducible and let 
ay (t=1, 2, ..., 2?) be the coefficients of a set of n? linearly 
independent substitutions A, (Note I) contained in it. If sy are the 
coefficients of any other substitution S, & a‘) sy is the characteristic 

uv, 


3 J 
of A,S. The system of n? independent linear equations 


= a) y= XA,8 (Garey ar, ae) 
iJ 


determine the s’s when the y’s are known. Now by supposition 
there are only a finite number of values that the y’s can take. 
Hence the group contains only a finite number of substitutions. 


If the group is reducible, suppose that the first s a’s are trans- 
formed irreducibly among themselves. Then so far as it affects 
these variables the group is one of finite order, and it must have 
a self-conjugate sub-group which leaves each of the first s a’s 
unchanged. Let 

y= 0 (tes 2S a8 8), 


, w=8 v=t 
Wepu= % Ay Lit 
24 


% Suv are (u= 18 2, rely t) 
v= 


be a typical substitution of this sub-group. 


The set of substitutions 


if — 
v syu= 


e 
i Mil 
na 


OS Bate (ae 1h 2, S504) t) 
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constitutes a group and satisfies the condition of having only a finite 
number of characteristics. If it is irreducible, it is of finite order ; 
and the original group has a self-conjugate sub-group whose sub- 
stitutions are of the form 


pe (tS eS ee 508); 


t=s 
Lg. y=Usyut > Ay Vj (w= 1, 2, teny t). 
meal 


This is an Abelian group, and if it be denoted by H, while S is 
any substitution not belonging to A, the set of substitutions SH all 
give the same isomorphism of H. Hence the number of operations 
in H belonging to one conjugate set is finite; and unless the order 
of H is finite the number of conjugate sets is infinite. But if the 
order of # is finite it must consist of H alone. Hence if the set of 
substitutions 

vat 
© ea a Pana Lsiv (w= ee, t) 


is irreducible, the group is of finite order. If it is reducible the 
same reasoning may be repeated. The group is therefore one of 
finite order. 


Tf, in a group of linear substitutions on ~ variables, the order of 
every substitution is equal to or is less than a given finite number 
m, there can only be a finite number of distinct characteristics. In 
fact every characteristic is the sum of m roots of unity whose 
indices do not exceed m, and these can only be chosen in a finite 
number of ways. If the group is irreducible it follows, as in the 
previous investigation, that it must be of finite order. If it is 
reducible, it may be shewn as above that there is an Abelian self- 
conjugate sub-group of the form 


Mie Aly wl iste 542s vacee By 


t=s 
See Gupte =a lyse ts 
i=1 
If this sub-group contains operations other than JZ, their orders 
are certainly not finite. Hence again the group must be one of 
finite order. 


Let T, be a group of linear substitutions, the coefficients in 
which are integers in an algebraic field of finite order m. Let & be 
a number, satisfying an irreducible equation of degree m with 
rational coefficients, which defines the field, and let «,, a, ..., @m 
be an integral basis of the field. Suppose further that when bi, 
another root of the equation satisfied by &, is written for &,, 
1) 2) +++, w, become 4, wf, ..., wm". 
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If Ly = 2 Ayy Ly (u, v=l, 2,...5 n) 


is any substitution of the group, each coefficient is expressible in 
the form 


Any = yy, O1 F Ay, ®e + +++ + Myymmy 
WhELE Ayyr5 Uyyo) +++) Cuym are rational integers. If in each coefficient 
of each substitution w,, o, ..., 0, are written for w,, 2, ---, Om, 


the set of substitutions form a group IT; simply isomorphic with T. 
If the m sets of symbols 


Hi, Vigy vee, Lin 
(B=) aot cams WATE) 


undergo simultaneously corresponding substitutions of the m groups 
T,, Ta, -.-, Ty, the resulting group on the mn symbols can clearly 
be expressed as a group of rational substitutions. Moreover if 


Ryy =Yrr wo, + Yy2 wl) +... + Yom on”), 
es Lp Di ies i) 
Oi l5e2,, aay. 
and the y’s are taken for new variables, the group will be actually 
so expressed ; for the y’s clearly undergo a group of linear substitu- 


tions with rational integral coefficients. That this is the case 
follows from the fact that, if in 


Y'nr o,) + Yn w,) shook th om Wm) 

=F (Gy 01) + Gyryg Wal) +... + Aywom Om) (Yror 1) + Yee Wa”) +... + YromOm™), 
w 

the y’s and y’s are assumed rational, a linear substitution, with 


integral coefficients, on the y’s arises which is the same whatever 
value be assigned to the symbol (vw). 


Suppose now that there is a non-zero definite Hermitian form 
invariant for I, and T,, and denote it by 


& yy Bury 
Then for I; and [, the non-zero form 
> Oy Vin Liv 
is invariant ; and for the group on the mn variables and its conjugate 


(i) 
7 = Huy Vin Viy 
4, U,v 
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is invariant. This is a quadratic form in the mn y’s. It can 
only vanish if 


Oy, =O t= 12 .., m3 wel, 2, ..3, 7), 
which involves that each of the mn y’s, assumed real, must vanish. 


Hence for the group of rational integral substitutions on the 
mn y’s, there is an invariant quadratic form f(y, Y2) ++) Yrn)s 
which, assuming the 7’s real, vanishes only for simultaneous zero 
values. If JV is an assigned number there is only a finite number of 
integral sets of values of the y’s, for which f(y, Y2, ---) Ymn) < XV. 
These integral sets of values, or points, are permuted among them- 
selves by the substitutions of the group; and if JW is sufficiently 
great a substitution which leaves each point unaltered is certainly 
the identical substitution. The group of substitutions on the y’s 
is then simply isomorphic with a permutation-group of finite degree, 
and is therefore a group of finite order. 


Hence, lastly, if the coefficients in a group of linear substitutions 
are integers in an algebraic field of finite order, and if for the 
group and its conjugate there is an invariant non-zero definite 
Hermitian form, then the order of the group is finite, 


NOTHerk? 


ON THE REPRESENTATION OF A GROUP OF FINITE ORDER AS A 
GROUP OF BIRATIONAL TRANSFORMATIONS OF AN ALGEBRAIC 
CURVE. 


The multiply-connected surface by whose regular division a 
group is represented graphically may be conceived of as a Riemann’s 
surface. To the regular division of the surface will correspond 
a group of birational transformations of the algebraic functions of 
the surface, and a group of linear substitutions on the integrals 
of the first kind of the surface. 


That every group of finite order admits a representation of this 
kind may be shewn directly as follows. Let G be a group of linear 
substitutions of finite order on the variables 


X, X25 et } Xn» 


and let J,, J, ..., Z,_; be n — 1 algebraically independent invariants 
of the group, so chosen that when equated to zero they do not com- 
pletely determine the ratios of the variables. Take f(x,, x, ...,&p), 
a rational function of the » variables which is not invariant for 
G or for any self-conjugate sub-group of G ; and consider the system 
of equations 


Geile, Sot wiee) ed, =A), dea, versed 5 aren), 


Let M be the greatest number of sets of values for the a’s 
which they determine, however z is chosen. It is always possible, 
by taking for g(a, @, ..., %) a polynomial in the variables of 
sufficiently high degree, to ensure that the M values which g takes 
for the M sets of values of the a’s given by the solution of the 
foregoing set of 2 equations are all different. Put 


w= 9 (x, Way eves Xn), 


and denote the result of eliminating 2, a, ..., 2, from the system 
of n + 1 equations 


AO = G (Wy; Wey va0y By), ZS (021; Bay i065 Wq)y tye O, ore, f,-, =0...(i) 


by F (w, z) =0. 
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Then, corresponding to any pair of values of w and z which satisfy 


the last equation, there is just one set of values of 2, a, ..., &q 
which satisfy equations (i). In other words, when w and z satisfy 
F (w, z) = 0, 


the equations (i) determine each as a rational function of w 
and z. 


Let x") (¢= 1, 2,...,n) denote what the as become under any 
substitution S of G; and put 
(8) Sy as od aes EN), 
wr 9 (a ef, 264"). 
Then since J,, J,, ..., Z,, are invariants of the group 
F (w®), 2!) = 0. 
Now w® and 2 are rational functions of a, a, ..., %,; and the 


latter when the equations (i) hold are rational functions of w and z. 
Hence 

wl) = Nn (2, %)s 

2l*) =f, (w, 2), 
where f/, and g, are rational functions. Moreover, by considering 
the substitution S~?, it follows that w and z can be expressed as 
rational functions of w) and 2, Hence the algebraic curve (or 
Riemann’s surface) 

F (w, z) =0 

admits a group of birational transformations into itself simply 
isomorphic with G. 


For a given group of linear substitutions the set of n—1 in- 
variants may be chosen in an infinite variety of ways, and there are 
an infinite number of groups of linear substitutions simply isomor- 
phic with G. Still however the invariants or the representation 
of the group are chosen the genus or deficiency of the resulting 
algebraic curve must have some definite smallest value, and this 
must be the genus of the group. 


The group of birational transformations into itself which the 
algebraic curve admits may, but will not in general, be a group of 
collineations. Thus we have seen in § 267 that the algebraic 
curve 

Hye? + atoate® + 050,° = 0 
admits, as a group of collineations, the simple group of order 168, 
whose genus was shewn in § 303 to be 3. 


As an example we will consider the curve of genus 2, which 
admits as large a group of birational transformations as possible. 
It has been stated on pp. 401, 419 that the group defined by 


SP ews = Ls Ss = Ds SSS; = £, (S,S3*)? = , 
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is a group of genus 2; and it will now be shewn that the curve 
y? =x (a* — 1), 
which is obviously a curve of genus or deficiency 2, admits a group 


of birational transformations into itself defined by the above 
relations. 


If a is a primitive eighth root of unity, the curve obviously 
admits the transformation 
aan, Y = ay; 
whose order is 8, and which may be taken for Sj. 


, eee 
Now wer 
8x (a* — 1) 
: , 1 = eat 
gives x’ (x’*— 1) (1 — afxyé 
Hence a pe cee a 2/2y 


“Toda? 4 ~ (Tae) 
is a birational transformation of order 2 which transforms the curve 
into itself. If this be taken for S,, it is easily verified that 


(SxS)? =, (S345)? = &, 


so that the two transformations S, and S, generate a group simply 
isomorphic with that defined. 


Lastly a pair of independent integrals of the first kind are 
determined by 


bpd ah eee, 
¥ 


Corresponding to S; these obviously undergo the transformation 
di,’ =adr,, di,’ =a> dr, ; 


and corresponding to S, it will be found that they undergo the 
transformation 
Yh rey ign rey Ole & ‘fin RA ae 
Th = 2B di, - B Gta, dt = NE di, Pye the 
The pair of integrals of the first kind therefore undergo the substi- 
tutions of a group of linear substitutions simply isomorphic with 
that defined. 


It should be noticed that in this simple example the two 
variables undergo a group of birational transformations indepen- 
dently of any relation between 2 and y. In fact the equations 
defining S, and S, can be solved rationally with respect to # and y, 
in each case a unique solution resulting. 


In general this will not be so; and the equations expressing 
« and y' in terms of # and y will only be rationally soluble with 


respect to « and y when account is taken of the equation to the 
curve. 


NOTE 15 


ON THE GROUP-CHARACTERISTICS OF THE FRACTIONAL 
LINEAR GROUP. 


In the fractional linear group & of order }p (p?—1), let P be an 
operation of order p, and Q an operation of order }(p—1), such 
that 

Q7PQ = Pr 


where g is a primitive root of p. Further let 2 be an operation of 
order $(p+1). Every operation of the group is then conjugate 
to either P, P’, @ or RY with suitably chosen values of the indices 
x and y. 


When @ is represented in respect of the sub-group {S, P} as a 
doubly transitive group of degree p +1, the characteristics of P, 
Po, Q”, RY are respectively 1, 1, 2, 0. This doubly transitive re- 
presentation has just two irreducible components (§ 250), of which 
one is the identical representation I, and the other is a repre- 
sentation in p symbols that will be denoted byT',. In the latter the 
characteristics of H, P, P’, Q”, RY are (from the above values) p, 0, 
0, 1, —1 respectively. 


Consider now the representation of G as a group of monomial 
substitutions denoted by @.g,p; in the notation of Note D, where a is 
a 4(p—1)th root of unity. In this representation the substitution 
corresponding to R permutes the symbols in two cycles of $ (p+ 1) 
each ; the substitution corresponding to P leaves one symbol unchanged 
and permutes the remainder in a cycle of p; and the substitution 
corresponding to Q changes two symbols into a and a™! times them- 
selves and permutes the remainder in two cycles of $(p— 1) each. 
Hence, if y denotes a characteristic in this representation, 


We=Ptl, Yp=1, Ypr=9, bqv=art an? 
We will consider in detail the case in which p = 1 (mod. 4), when 
—1 is a possible value for a. If a is unity the representation is the 
one already considered. If a is any $(p -1)th root of unity except 
1 or —1, it is found by a simple calculation that 


BY sh 3 = $p(p’— 1). 
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For these values of a the representation under consideration is 
therefore an irreducible representation. In it the characteristics 
are (we now use the symbol x), 


Xp=pr i Xp=hL xp7=1, Xpr=9; Xqeaav ta” 


Since, omitting the values 1 and —1 for a, the quantity a+ a7’ takes 
1(p—5) values, this representation belongs to a set of $(p—5) 
representations that arise by taking the different available values 
of a. 


When the value — 1 is used for a, it is found that 
2H Wg — (= Li 


so that G_g ;p} has two distinct irreducible components. It is 
obvious that I’, is not one of these, so that in each the characteristic 
of P is irrational. Hence since the group of monomial substitutions 
has rational coefficients, the two irreducible components must be in 
the same number, $(p+1), of variables. Since P and P” have the 
same characteristic, the characteristics of P in these two representa- 
tions must be 

1 p04 ot +... +078, 


and pa ee PN as aig eee bcc 


or 4(1+,/p) and 4(1—,/p) respectively. The operations whose 
orders are not p have rational and therefore equal characteristics in 


these two representations. The characteristics in the two are 
therefore 


XE 4 (p+ 1), Xp=4(1+./p), Xpo =3(1 —,/p), Xpx=0, Xq=(- 1) 
Xe 2(P +1), xp=4(1— JP) Xpo= 3 (1+ VP) Xp#= 0s Xqr=(— 1). 


The total number of irreducible representations is equal to the 
number of conjugate sets, viz. 1 (p +5) (§ 320). Of these }(p +11) 
have been determined and there remain }(p—1). When in the 
equation 


W=3(x'? 


the values of the (p+11) y,’s that have been determined are 
entered, it is found that the sum of the squares of the remaining 
Pipe!) (xa)’’s is }(p—1)%. Hence unless each of the remaining 
Xi is p—I1 some must be smaller. Now for a representation in less 
than p—1 symbols, y p must be irrational, and if Xp is irrational in 
any other representation than the two already found in } (p+ 1) 


symbcls, Sxixi would certainly be greater than p, which is its 
u 
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actual value. Hence for each of the remaining }(p—1) represen- 
tations x, is equal to p—1. 
Naw 3 XoXq- for the }(p+11) representations that have been 


determined is }(p—1). Hence Q and each of its powers have zero 
characteristics in the remaining }(p—1). Also P and PY clearly 
have — 1 for characteristic in all of them. 


Let IT, and I’, be any two of the remaining representations, 
and suppose that in them 


Xp= 2ay + ay (B+ B) +0, (B+ A) +... + agi (BHP + BE») 
and 
Xf = 2by + By (BB) +b, (B+) + .. + yp (BHP + BHP) 


are the characteristics of & expressed as the sum of its multipliers, 
so that each a and each 6 is zero or a positive integer, B being a 
primitive 4 (p+ 1)th of unity. 


After simple reductions the equations 


> di i()) > %—(, 
ace 5 Xs 
% (xs)"= 4 (p?—1), 3 (x3) = 3p (P*- 1), 
and = XSXe = 9, 
s 
give 
a=; : Ort; pet) 
ape 3) (p-1) ea: 
*S ag=p—A, > b2=p—4, ab;=p—-5. 
1 1 
+(p-1) 
Hence > (a; Be b,)? as oe 
1 


so that of the }(p-—1) differences a;~ 6; only two can be different 
from zero, and these two must be unity. Moreover this result holds 
for each pair T, and IT, of the }(p—1) representations in p—1 
symbols. 


Now 2 (a) +, +... +44 (py) =pP-1, 
+(p-1) 3 (p-1) 
so that Slag Sa bp=4 (p'— 3). 
1 1 


From these and the previous equations it immediately follows that 
of the }(p—1) numbers a; one is unity and all the others are 2. 


Moreover if a; is unity 6; must be 2. Hence, since 


1+B8+B2+B?+B2+... +pt?- + B-2PY=0, 
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the characteristic of R in any one of the }(p—1) remaining repre- 
sentations is —(8+-), where B is any $(p+1)th root of unity 
except 1. The group-characteristics may now be exhibited in 
tabular form* 


XG. bln BOP AA) (20 FE eae p-1l1  ptl 
Xp olut ut Perales me =A 1 
Xo ig vp) Few @ ae 1 
xy 1 Cly (aie al 0 a! + a-¥ 
Xp 1 0 CG”  =t =(pi4p) 10 


The first four columns each give a single representation, the fifth 
gives }(p—1) according to the 4(p+1)th root of unity taken for 
8, and the sixth gives }(p—5) according to the 4 (p — 1)th root of 
unity, other than — 1, taken for a. 


It may be shewn in a closely similar manner that if p=3 
(mod. 4) the table of characteristics is 


eee) 4 (p-1) P A—-T opal 
xp 1 $(-14+N=p) 40-1+%=p) 0 -1 1 
xp) 1 $(-i-V-p) 4(-1-V=p) 0 =| 1 
Xo" 1 0) 0) 1 0 av +a7¥ 
Xn) (ad et (oD vee (SF Bt) Pet 


Here again the first four columns each give a single representation, 
while the fifth and sixth each give }(p— 3) representations. 


* These tables are given by Prof. Frobenius, ‘‘Uber Gruppencharaktore” 


(Berliner Sitzwngsberichte (1896) p. 1021), where however they are established 
in an entirely different way. 


NOTE M. 


ON GROUPS OF ODD ORDER. 


It has been seen that there is in some respects a marked 
difference between groups of even and those of odd order. The 
most noticeable property of groups of odd order is perhaps that they 
admit no self-inverse irreducible representation, except the identical 
one. From this property combined with that denoted by the 
relation 

T?= Te + eT; 


of § 253, it is not difficult to shew that all irreducible groups of odd 
order in 3, 5 or 7 symbols are soluble. 


Prof. G. A. Miller was the first to examine the possibility of a 
simple group of odd order under given conditions. In a paper in 
Vol. xxx (1901) of the Proceedings of the London Mathematical 
Society he proved that no group of odd order with a conjugate set 
of operations containing fewer than 50 members could be simple. 
In the same volume, working from a somewhat different point of 
view, the author proved that all transitive groups of odd order 
whose degree is less than 100 are soluble; and in his thesis 
(Baltimore, 1904) Mr H. L. Rietz extended this result to groups 
whose degrees are less than 243. The author has also shewn (V.c.) 
that the number of prime factors in the order of a simple group of 
odd order cannot be less than 7; and thence, by an examination of 
some particular cases, that 40,000 is a lower limit for the order of a 
group of odd degree, if simple. The contrast that these results 
shew between groups of odd and of even order suggests inevitably 
that simple groups of odd order do not exist. A discussion of the 
possibility of their existence must in any case lead to interesting 
results. Among other methods the problem might be approached 
by a detailed examination of the properties of irreducible groups of 
linear substitutions of odd order, or by regarding the group as a 
group of isomorphisms of an Abelian group of type (1, 1, ..., 1) 
whose order is a power of 2, 


NOTE N. 


ON THE ORDERS OF SIMPLE GROUPS. 


The only numbers less than 1000 which are the orders of simple 
groups are 60, 168, 360, 504 and 660. In each case there is one 
type of simple group corresponding to the order. Those of orders 
60 and 360 are the alternating groups of 5 symbols and of 6 symbols. 
Those of orders 168 and 660 are the linear fractional groups for 
p=T7 and p=11; and that of order 504 is the triply transitive 
group of degree 9, whose existence is proved in $141. These 
results have been proved by a direct examination of the possibility 
of a simple group for each order within the given range. The 
investigation was carried out by Prof. Hélder (Math. Ann., Vol. xu 
(1892)) for orders up to 200; by Dr Cole (Amer. Journal of Mathe- 
matics, Vol. xv (1893)) for orders from 200 to 660; and by the 
author (Proc. L. M. S., Vol. xxvr (1895)) for orders from 660 to 
1000. The labour involved in such a direct examination increases 
very rapidly with the order, and puts a practical limit on carrying 
it on to considerable values of the order. Prof. Dickson has given 
in his Linear Groups a table of all known simple groups whose 
orders do not exceed 1,000,000. Their number is 53. Among them 
there occur two distinct types of simple group corresponding to one 
and the same order, viz. 20160. Prof. Dickson has also shewn (J.c.) 
hat there is an infinite series of numbers corresponding to which as 
order there exists more than one type of simple group. Of the 53 
simple groups whose orders are less than 1,000,000 all, except three, 
belong to known systems of simple groups, each system having an 
infinite number of members. These three which appear to belong 
to no system are the quintuply transitive group of degree 12 and 
order 12.11.10.9.8 given on p. 229, the quadruply transitive 
group of degree 11 and order 11.10.9.8 which it contains and a 
transitive group of degree 22. These apparently sporadic simple 


groups would probably repay a closer examination than they have 
yet received. 


NOTE 0. 
ON ALGEBRAIC NUMBERS. 


In dealing with groups of linear substitutions it has been 
necessary to assume the reader acquainted with some of the funda- 
mental ideas of the theory of algebraic numbers, A real or imaginary 
quantity x, which satisfies an equation 


Qu" + a,c" "+ ... +a, 1% + a, =9,; 


of finite degree, in which a,, a, ..., @ are rational integers is called 
an algebraic number. From this it follows at once that the sum, 
difference, product and quotient of two algebraic numbers are 
algebraic numbers. If a, is unity, x is called an algebraic integer. 
An algebraic integer which is a rational number is necessarily a 
rational integer. The above equation is spoken of as rationally 
irreducible when it is not possible to express the left-hand side in 
the form 


(Oper, aati O,,) (Cae reas oe Goin), 


where the 6’s and c’s are rational integers, while neither m nor n —m 
is less than 1. When this condition is satisfied the totality of the 
rational functions of x with rational coefficients is called an algebraic 
field of the nth degree, and is denoted by FR (a). 


Every algebraic number contained in this algebraic field is 
expressible in the form 


Oyo su Oe ee... On ae + an, 


where the a’s are rational numbers. A fundamental property of an 
algebraic field of the nth degree is that a set of algebraic integers 
of the field ,, w,, ..., #, can always be found, so that every integer 
of the field is expressible in the form 


41, + %gWy +... + bn Wn, 
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where the 7’s are rational integers, while at the same time this 
expression can only vanish for simultaneous zero values of the 7s, 
assuming them to be rational numbers. The set of integers 
W, 5, ..., @, is called an integral basis of the field. 


If « is another root of the irreducible equation satisfied by a, 
the field R (x’), consisting of all rational functions of «’ with rational 
coefficients, is distinct from F(a), unless # belongs to R(x). If 
when «’ is written for x, ,, w., ..., @, become w,', w,', ,.., @,, the 
latter set of quantities is a rational basis of F(z’). 


There is unfortunately no English book to which reference can 
be made for proofs of the above statements and for the general 
theory of algebraic fields. The reader who wishes for a complete 
account of the theory should consult ‘“‘ Die Theorie der algebraischen 
Zahlkérper,” by Prof. Hilbert (Jahresbericht der Deutschen Mathe- 
matiker-Vereinigung, Vol. tv (1897)). The first part of a French 
translation of Prof. Hilbert’s memoir has just been published in the 
Annales de la Faculté des Sciences de ? Université de Toulouse (1909). 
An admirable account of the theory is also given in Prof. Weber’s 
Lehrbuch der Algebra, Vol. 11 (1899). For an introduction to the 
subject there is no better book than Prof. Minkowski’s Diophantische 
Approximationen (1907), or Dr Sommer’s Vorlesungen tiber Zahlen- 
theorie (1907), where the theory of cubic and quadratic fields are 
dealt with. 
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HonomorpH, general properties of, 64 
of a cyclical group, 88 
of an Abelian group of order p” and type (1, 1, ..., 1), 90 
of any Abelian group, 87 
HoMoGENEOUS LINEAR GROUP, general properties of, 308-310 
composition-series of, 311-313 
represented as a doubly transitive group, 329 
generalization of, 332, 333 
IMPRIMITIVE SELF-CONJUGATE SUB-GROUP of a doubly transitive group, 151 
ImMpPRIMITIVE SYSTEMS, properties of, 147, 148 
of a regular permutation-group, 176 
of any transitive group, 177 
INTRANSITIVE GROUPS, general properties of, 142-144 
transitive constituents of, 142 
test for, 145 


InvaRIants of a group of linear substitutions, absolute and relative invariants, 
260 
system of, in terms of which all are rationally expressible, 263 
quadratic, 270 
of an irreducible group, 269 
examples of, 266-268 


IsomorpHisms, of a group with itself, inner and outer, 63 

of a general and a special group, 275 

which leave no operation except E unchanged, 66, 248 

limitation on the order of, 86 

which change every conjugate set into itself, 65, 249 

which change every family of conjugate sets into itself, Note B 
MINIMUM SELF-CONJUGATE £UB-GROUP, is a simple group or the direct product 

of simply isomorphic simple groups, 53 

MULTIPLY TRANSITIVE GROUPS, general properties of, 137, 138 

self-conjugate sub-groups of, 150 

examples of, 141 
NUMBER OF OPERATIONS whose nth powers are conjugate to a given operation, 37 
PERMUTABLE GROUPS, general properties of, 34, 3d 


Permutations which are permutable, with a given permutation, 170 
with every permutation of a given group, 171 
with every permutation of a regular permutation-group, 20, 136 


PERMUTATION-GROUP, general properties of, 131 et seq. 

order of k-ply transitive, whose degree is n, is a multiple of n(n—1)... 
(n-k+1), 137 

limits to the degree of transitivity, 138, 160 

representation of a group as, 174 et seq. 

transitive, whose permutations displace all or all but one of the symbols, 
134, 247 

doubly transitive, of degree p” and order p”(p”—1), 140 

triply transitive, of degree p”+1 and order p”(p?”-1), 141 

quintuply transitive, of degree 12, 173 
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PERMUTATION-GROUP, transitive, whose order is the power of a prime, 172 


PRimItTIvE GRoups, general properties of, 147, 177 
when soluble have the power of a prime for degree, 154 
limit to order of, for given degree, 160 
with transitive sub-group of smaller degree, 158, 159 
of degrees 3 to 8, 166 
simply transitive, of prime degree, are soluble, 251 
test for, 147 
ReEDUCcIBILITY oF A GROUP of linear substitutions, conditions for, Note I 
REPRESENTATION OF A GROUP, a8 a permutation-group, 174 et seq. 
as a group of linear substitutions, 204 et seq. 
as a group of monomial substitutions, 242 
as a group of linear substitutions with rational coefficients, Note G 
as a group of birational transformations of an algebraic curve, Note K 
SELF-CONJUGATE OPERATION, of a transitive permutation-group, 135 
of an irreducible group of linear substitutions, 202 
SELF-CONJUGATE SUB-GROUP, generated by a complete set of conjugate operations, 
27 
of a primitive group must be transitive, 149 
of an imprimitive group, 146, 148 
of an intransitive group, 142 
determined by congruences between the group-characteristics, 256, 257 
SimpLE Group of order 168 represented as an irreducible group in 3 variables, 
232 
SrmpLe Groups, order if even is divisible by 12, 16 or 56, 245 
systems of, 139, 328, 329, 332 
group of isomorphisms of, is complete, 71 
orders of, Note N 
SIMPLY ISOMORPHIC GROUPS, concrete examples of, 17 
SyLow’s THEOREM, 120 
deductions from, 122-125 
generalization of, 121 
SYMMETRIC GROUP, is a complete group, except for degree 6, 162 
defining relations of, Note C 
some irreducible representations of, Note C 
of degree n represented as a group of birational transformations of n—3 
symbols, Note C 
TRANSPOSITIONS, representation of a permutation by means of, 11 
ee of, which enter in a permutation is either always even or always 
odd, 11 
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BOOKS EXPLAINING SCIENCE AND MATHEMATICS 


General 


WHAT 1S SCIENCE?, Norman Campbell. This excellent introduction explains scientific method, 
role of mathematics, types of scientific laws. Contents: 2 aspects of science, science & 
nature, laws of science, discovery of laws, explanation of laws, measurement & numerical 
laws, applications of science. 192pp. 538 x 8. $43 Paperbound $1.25 


THE COMMON SENSE OF THE EXACT SCIENCES, W. K. Clifford. Introduction by James Newman, 
edited by Karl Pearson. For 70 years this has been a guide to classical scientific and 
mathematical thought. Explains with unusual clarity basic concepts, such as extension of 
meaning of symbols, characteristics of surface boundaries, properties of plane figures, 
vectors, Cartesian method of determining position, etc. Long preface by Bertrand Russell. 
Bibliography of Clifford. Corrected, 130 diagrams redrawn. 249pp. 5% X 8. 

T61 Paperbound $1.60 


SCIENCE THEORY AND MAN, Erwin Schrodinger. This is a complete and unabridged reissue 
of SCIENCE AND THE HUMAN TEMPERAMENT plus an additional essay: ‘‘What is an Elementary 
Particle?’’ Nobel laureate Schrodinger discusses such topics as nature of scientific method, 
the nature of science, chance and determinism, science and society, conceptual models for 
physical entities, elementary particles and wave mechanics. Presentation is popular and may 
be followed by most people with little or no scientific training. ‘‘Fine practical preparation 
for a time when laws of nature, human institutions . . . are undergoing a critical examina- 
tion without parallel,’’ Waldemar Kaempffert, N. Y. TIMES. 192pp. 536 x 8. 

T428 Paperbound $1.35 


FADS AND FALLACIES IN THE NAME OF SCIENCE, Martin Gardner. Examines various cults, 
quack systems, frauds, delusions which at various times have masqueraded as _ science. 
Accounts of hollow-earth fanatics like Symmes; Velikovsky and wandering planets; Hoer- 
biger; Bellamy and the theory of multiple moons; Charles Fort; dowsing, pseudoscientific 
methods for finding water, ores, oil. Sections on naturopathy, iridiagnosis, zone therapy, 
food fads, etc. Analytical accounts of Wilhelm Reich and orgone sex energy; L. Ron Hubbard 
and Dianetics; A. Korzybski and General Semantics; many others. Brought up to date to 
include Bridey Murphy, others. Not just a collection of anecdotes, but a fair, reasoned 
appraisal of eccentric theory. Formerly titled IN THE NAME OF SCIENCE. Preface. Index. 
X + 384pp. 5% x 8. T394 Paperbound $1.50 


A DOVER SCIENCE SAMPLER, edited by George Barkin. 64-page book, sturdily bound, contain- 
ing excerpts from over 20 Dover books, explaining science. Edwin Hubble, George Sarton, 
Ernst Mach, A. d’Abro, Galileo, Newton, others, discussing island universes, scientific truth, 
biological phenomena, stability in bridges, etc. Copies limited; no more than 1 to a customer, 


FREE 


POPULAR SCIENTIFIC LECTURES, Hermann von Helmholtz. Helmholtz was a superb expositor 
as well as a scientist of genius in many areas. The seven essays in this volume are models 
of clarity, and even today they rank among the best general descriptions of their subjects 
ever written. ‘‘The Physiological Causes of Harmony in Music’’ was the first significant physio- 
logical explanation of musical consonance and dissonance. Two essays, ‘‘On the Interaction 
of Natural Forces’’ and ‘‘On the Conservation of Force,’’ were of great importance in the 
history of science, for they firmly established the principle of the conservation of energy. 
Other lectures include ‘‘On the Relation of Optics to Painting,’ ‘‘On Recent Progress in the 
Theory of Vision,’ ‘‘On Goethe’s Scientific Researches,’’ and ‘‘On the Origin and Significance 
of Geometrical Axioms.” Selected and edited with an introduction by Professor Morris Kline. 
xii + 286pp. 536 x 81a, 1799 Paperbound $1.45 


BOOKS EXPLAINING SCIENCE AND MATHEMATICS 
Physics 


CONCERNING THE NATURE OF THINGS, Sir William Bragg. Christmas lectures delivered at 
the Royal Society by Nobel laureate. Why a spinning ball travels in a curved track; how 
uranium is transmuted to lead, etc. Partial contents: atoms, gases, liquids, crystals, metals, 
etc. No scientific background needed; wonderful for intelligent child. 32pp. of photos, 57 
figures. xii + 232pp. 5% x 8. T31 Paperbound $1.50 


THE RESTLESS UNIVERSE, Max Born. New enlarged version of this remarkably readable 
account by a Nobel laureate. Moving from sub-atomic particles to universe, the author 
explains in very simple terms the latest theories of wave mechanics. Partial contents: air 
and its relatives, electrons & ions, waves & particles, electronic structure of the atom, 
nuclear physics. Nearly 1000 illustrations, including 7 animated sequences. 325pp. 6 x 9. 


T412 Paperbound $2.00 
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FROM EUCLID TO EDDINGTON: A STUDY OF THE CONCEPTIONS OF THE EXTERNAL WORLD, 
Sir Edmund Whittaker. A foremost British scientist traces the development of theories of 
natural philosophy from the western rediscovery of Euclid to Eddington, Einstein, Dirac, etc. 
The inadequacy of classical physics is contrasted with present day attempts to understand 
the physical world through relativity, non-Euclidean geometry, space curvature, wave me- 
chanics, etc. 5 major divisions of examination: Space; Time and Movement; the Concepts 
of Classical Physics; the Concepts of Quantum Mechanics; the Eddington Universe. 212pp. 
5¥% x 8. T491 Paperbound $1.35 


PHYSICS, THE PIONEER SCIENCE, L. W. Taylor. First thorough text to place all important 
physical phenomena in cultural-historical framework; remains best work of its kind. Exposi- 
tion of physical laws, theories developed chronologically, with great historical, illustrative 
experiments diagrammed, described, worked out mathematically. Excellent physics text 
for self-study as well as class work. Vol. 1: Heat, Sound: motion, acceleration, gravitation, 
conservation of energy, heat engines, rotation, heat, mechanical energy, etc, 211 illus. 
407pp. 538 x 8. Vol. 2: Light, Electricity: images, lenses, prisms, magnetism, Ohm’s law, 
dynamos, telegraph, quantum theory, decline of mechanical view of nature, etc. Bibliography. 
13 table appendix. Index. 551 illus. 2 color plates. 508pp. 536 x 8. 
Vol. 1 S565 Paperbound $2.00 
Vol. 2 S566 Paperbound $2.00 
The set $4.00 


A SURVEY OF PHYSICAL THEORY, Max Planck. One of the greatest scientists of all time, 
creator of the quantum revolution in physics, writes in non-technical terms of his own 
discoveries and those of other outstanding creators of modern physics. Planck wrote this 
book when science had just crossed the threshold of the new physics, and he communicates 
the excitement felt then as he discusses electromagnetic theories, statistical methods, evolu- 
tion of the concept of light, a step-by-step description of how he developed his own momen- 
tous theory, and many more of the basic ideas behind modern physics. Formerly ‘A Survey 
of Physics.”’ Bibliography. Index. 128pp. 536 x 8. S650 Paperbound $1.15 


THE ATOMIC NUCLEUS, M. Korsunsky. The only non-technical comprehensive account of the 
atomic nucleus in English. For college physics students, etc. Chapters cover: Radioactivity, 
the Nuclear Model of the Atom, the Mass of Atomic Nuclei, the Disintegration of Atomic 
Nuclei, the Discovery of the Positron, the Artificial Transformation of Atomic Nuclei, Artifi- 
cial Radioactivity, Mesons, the Neutrino, the Structure of Atomic Nuclei and Forces Acting 
Between Nuclear Particles, Nuclear Fission, Chain Reaction, Peaceful Uses, Thermoculear 
Reactions. Slightly abridged edition. Translated by G. Yankovsky. 65 figures. Appendix includes 
45 photographic illustrations. 413 pp. 5% x 8. $1052 Paperbound $2.00 


PRINCIPLES OF MECHANICS SIMPLY EXPLAINED, Morton Mott-Smith. Excellent, highly readable 
introduction to the theories and discoveries of classical physics. Ideal for the layman who 
desires a foundation which will enable him to understand and appreciate contemporary devel- 
opments in the physical sciences. Discusses: Density, The Law of Gravitation, Mass and 
Weight, Action and Reaction, Kinetic and Potential Energy, The Law of Inertia, Effects of 
Acceleration, The Independence of Motions, Galileo and the New Science of Dynamics, 
Newton and the New Cosmos, The Conservation of Momentum, and other topics. Revised 
edition of ‘“‘This Mechanical World.’’ Illustrated by E. Kosa, Jr. Bibliography and Chronology. 
Index. xiv + 171pp. 5% X 8Ya. T1067 Paperbound $1.00 


THE CONCEPT OF ENERGY SIMPLY EXPLAINED, Morton Mott-Smith. Elementary, non-technical 
exposition which traces the story of man’s conquest of energy, with particular emphasis on 
the developments during the nineteenth century and the first three decades of our own 
century. Discusses man’s earlier efforts to harness energy, more recent experiments and 
discoveries relating to the steam engine, the engine indicator, the motive power of heat, the 
principle of excluded perpetual motion, the bases of the conservation of energy, the concept 
of entropy, the internal combustion engine, mechanical refrigeration, and many other related 
topics. Also much biographical material. Index. Bibliography. 33 illustrations. ix + 215pp. 
538 X 81, T1071 Paperbound $1.25 


HEAT AND ITS WORKINGS, Morton Mott-Smith. One of the best elementary introductions to the 
theory and attributes of heat, covering such matters as the laws governing the effect of heat 
on solids, liquids and gases, the methods by which heat is measured, the conversion of a 
substance from one form to another through heating and cooling, evaporation, the effects of 
pressure on boiling and freezing points, and the three ways in which heat is transmitted 
(conduction, convection, radiation). Also brief notes on major experiments and discoveries. 
Concise, but complete, it presents all the essential facts about the subject in readable style. 
Will give the layman and beginning student a first-rate background in this major topic in 
physics. Index. Bibliography. 50 illustrations. x + 165pp. 5% x 81/2. 1978 Paperbound $1.00 


THE STORY OF ATOMIC THEORY AND ATOMIC ENERGY, J. G. Feinberg. Wider range of facts 
on physical theory, cultural implications, than any other similar source. Completely non- 
technical. Begins with first atomic theory, 600 B.C., goes through A-bomb, developments to 
1959. Avogadro, Rutherford, Bohr, Einstein, radioactive decay, binding energy, radiation 
danger, future benefits of nuclear power, dozens of other topics, told in lively, related, 
informal manner. Particular stress on European atomic research. ‘‘Deserves special mention 
. . . authoritative,” Saturday Review. Formerly ‘The Atom Story.’’ New chapter to 1959. 
Index. 34 illustrations. 25lpp. 538 x 8. T7625 Paperbound $1.60 


CATALOGUE OF DOVER BOOKS 


TRANGE STORY OF THE QUANTUM, AN ACCOUNT FOR THE GENERAL READER OF THE 
cROWTH OF IDEAS UNDERLYING OUR PRESENT ATOMIC KNOWLEDGE, B. Hoffmann. Presents 
Jucidly and expertly, with barest amount of mathematics, the problems and theories which 
led to modern quantum physics. Dr. Hoffmann begins with the closing years of the 19th 
century, when certain trifling discrepancies were noticed, and with illuminating analogies 
and examples takes you through the brilliant concepts of Planck, Einstein, Pauli, de Broglie, 
Bohr, Schroedinger, Heisenberg, Dirac, Sommerfeld, Feynman, etc. This edition includes a 
new, long postscript carrying the story through 1958. “Of the books attempting an account 
of the history and contents of our modern atomic physics which have come to my attention, 
this is the best,’’ H. Margenau, Yale University, in ‘“‘American Journal of Physics.’’ 32 tables 
and line illustrations. Index. 275pp. 5% x 8. T518 Paperbound $1.50 


THE EVOLUTION OF SCIENTIFIC THOUGHT FROM NEWTON TO EINSTEIN, A. d’Abro. Einstein’s 
special and general theories of relativity, with their historical implications, are analyzed in 
non-technical terms. Excellent accounts of the contributions of Newton, Riemann, Weyl, 
Planck, Eddington, Maxwell, Lorentz and others are treated in terms of space and time, 
equations of electromagnetics, finiteness of the universe, methodology of science. 21 dia- 
grams. 482pp. 5% x 8. T2 Paperound $2.25 


THE RISE OF THE NEW PHYSICS, A. d’Abro. A half-million word exposition, formerly titled 
THE DECLINE OF MECHANISM, for readers not versed in higher mathematics. The only thor- 
ough explanation, in everyday language, of the central core of modern mathematical physical 
theory, treating both classical and modern theoretical physics, and presenting in terms 
almost anyone can understand the equivalent of 5 years of study of mathematical physics. 
Scientifically impeccable coverage of mathematical-physical thought from the Newtonian 
system up through the electronic theories of Dirac and Heisenberg and Fermi’s statistics. 
Combines both history and exposition; provides a broad yet unified and detailed view, with 
constant comparison of classical and modern views on phenomena and theories. ‘‘A must for 
anyone doing serious study in the physical sciences,’’ JOURNAL OF THE FRANKLIN INSTITUTE. 
“Extraordinary faculty . . . to explain ideas and theories of theoretical physics in the lan- 
guage of daily life,’’ ISIS. First part of set covers philosophy of science, drawing upon the 
practice of Newton, Maxwell, Poincaré, Einstein, others, discussing modes of thought, experi- 
ment, interpretations of causality, etc. In the second part, 100 pages explain grammar and 
vocabulary of mathematics, with discussions of functions, groups, series, Fourier series, etc. 
The remainder is devoted to concrete, detailed coverage of both classical and quantum 
physics, explaining such topics as analytic mechanics, Hamilton’s principle, wave theory of 
light, electromagnetic waves, groups of transformations, thermodynamics, phase rule, Brownian 
movement, kinetics, special relativity, Planck’s original quantum theory, Bohr’s atom, 
Zeeman effect, Broglie’s wave mechanics, Heisenberg’s uncertainty, Eigen-values, matrices, 
scores of other important topics. Discoveries and theories are covered for such men as Alem- 
bert, Born, Cantor, Debye, Euler, Foucault, Galois, Gauss, Hadamard, Kelvin, Kepler, Laplace, 
Maxwell, Pauli, Rayleigh, Volterra, Weyl, Young, more than 180 others. Indexed. 97 illustra- 
tions. ix + 982pp. 536 x 8. T3 Volume 1, Paperbound $2.00 

T4 Volume 2, Paperbound $2.00 


SPINNING TOPS AND GYROSCOPIC MOTION, John Perry. Well-known classic of science still 
unsurpassed for lucid, accurate, delightful exposition. How quasi-rigidity is induced in flexible 
and fluid bodies by rapid motions; why gyrostat falls, top rises; nature and effect on climatic 
conditions of earth’s precessional movement; effect of internal fluidity on rotating bodies, 
etc. Appendixes describe practical uses to which gyroscopes have been put in ships, com- 
Passes, monorail transportation. 62 figures. 128pp. 536 x 8. T416 Paperbound $1.00 


THE UNIVERSE OF LIGHT, Sir William Bragg. No scientific training needed to read Nobel 
Prize winner’s expansion of his Royal Institute Christmas Lectures. Insight into nature of 
light, methods and philosophy of science. Explains lenses, reflection, color, resonance, 
polarization, x-rays, the spectrum, Newton’s work with prisms, Huygens’ with polarization, 
Crookes’ with cathode ray, etc. Leads into clear statement ot 2 major historical theories 
of light, corpuscle and wave. Dozens of experiments you can do. 199 illus., including 2 
full-page color plates. 293pp. 538 x 8. $538 Paperbound $1.85 


THE STORY OF X-RAYS FROM RONTGEN TO ISOTOPES, A. R. Bleich. Non-technical history of 
X-rays, their scientific explanation, their applications in medicine, industry, research, and 
art, and their effect on the individual and his descendants. Includes amusing early reactions 
to Rontgen’s discovery, cancer therapy, detections of art and stamp forgeries, potential 
risks to patient and operator, etc. Illustrations show x-rays of flower structure, the gall 
bladder, gears with hidden defects, etc. Original Dover publication. Glossary. Bibliography. 
Index. 55 photos and figures. xiv + 186pp. 536 x 8. T662 Paperbound $1.35 


ELECTRONS, ATOMS, METALS AND ALLOYS, Wm. Hume-Rothery. An introductory-level explana- 
tion of the application of the electronic theory to the structure and properties ot metals 
and alloys, taking into account the new theoretical work done by mathematical physicists. 
Material presented in dialogue-form between an ‘‘Old Metallurgist’ and a ‘Young Scientist.’ 
Their discussion falls into 4 main parts: the nature of an atom, the nature of a metal, 
the nature of an alloy, and the structure of the nucleus. They cover such topics as the 
hydrogen atom, electron waves, wave mechanics, Brillouin zones, co-valent bonds, radio- 
activity and natural disintegration, fundamental particles, structure and fission of the 
nucleus,etc. Revised, enlarged edition. 177 illustrations. Subject and name indexes. 407pp. 
53% x 81, $1046 Paperbound $2.25 


CATALOGUE OF DOVER BOOKS 


OUT OF THE SKY, H. H. Nininger. A non-technical but comprehensive introducti us 

teoritics’, the young science concerned with all aspects Hh the arrival of wae rea 
outer space. Written by one of the world’s experts on meteorites, this work shows how 
despite difficulties of observation and sparseness of data, a considerable body of knowledge 
has arisen. It defines meteors and meteorites; studies fireball clusters and processions 
meteorite composition, size, distribution, showers, explosions, origins, craters, and much 
more. A true connecting link between astronomy and geology. More than 175 photos, 22 other 
iustrations. References. Bibliography of author’s publications on meteorites. Index. viii + 
336pp. 53% x 8. T1519 Paperbound $1.85 


SATELLITES AND SCIENTIFIC RESEARCH, D. King-Hele. Non-technical account of th 

satellites and the discoveries they have yielded up to the autumn of 1961. Brings Boettnes 
information hitherto published only in hard-to-get scientific journals. Includes the life history 
of a typical satellite, methods of tracking, new information on the shape of the earth, zones 
of radiation, etc. Over 60 diagrams and 6 photographs. Mathematical appendix. Bibliography 
of over 100 items. Index. xii + 180pp. 536 x 81. 1703 Paperbound $2.00 
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Mathematics 


CHANCE, LUCK AND STATISTICS: THE SCIENCE OF CHANCE, Horace C. Levinson. Theory of 
probability and science of statistics in simple, non-technical language. Part | deals with 
theory of probability, covering odd superstitions in regard to ‘‘luck,’”’ the meaning of bet- 
ting odds, the law of mathematical expectation, gambling, and applications in poker, rou- 
lette, lotteries, dice, bridge, and other games of chance. Part !| discusses the misuse of 
Statistics, the concept of statistical probabilities, normal and skew frequency distributions, 
and statistics applied to various fields—birth rates, stock speculation, insurance rates, adver- 
tising, etc. ‘‘Presented in an easy humorous style which | consider the best kind of exposi- 
tory writing,’’ Prof. A. C. Cohen, Industry Quality Control. Enlarged revised edition. Formerly 
titled ‘“‘The Science of Chance.’’ Preface and two new appendices by the author. Index. xiv 
+ 365pp. 5% x 8. T1007 Paperbound $1.85 


PROBABILITIES AND LIFE, Emile Borel. Translated by M. Baudin. Non-technical, highly read- 
able introduction to the results of probability as applied to everyday situations. Partial con- 
tents: Fallacies About Probabilities Concerning Life After Death; Negligible Probabilities and 
the Probabilities of Everyday Life; Events of Small Probability; Application of Probabilities 
to Certain. Problems of Heredity; Probabilities of Deaths, Diseases, and Accidents; On 
Poisson’s Formula. Index. 3 Appendices of statistical studies and tables. vi + 87pp. 5% 
x 812, T121 Paperbound $1.00 


GREAT IDEAS OF MODERN MATHEMATICS: THEIR NATURE AND USE, Jagjit Singh. Reader with 
only high school math will understand main mathematical ideas of modern physics, astron- 
omy, genetics, psychology, evolution, etc., better than many who use them as tools, but 
comprehend little of their basic structure. Author uses his wide knowledge of non-mathe- 
matical fields in brilliant exposition of differential equations, matrices, group theory, logic, 
statistics, problems of mathematical foundations, imaginary numbers, vectors, etc. Original 
publication. 2 appendices. 2 indexes. 65 illustr. 322pp. 5% x 8. $587 Paperbound $1.75 


MATHEMATICS IN ACTION, 0. G. Sutton. Everyone with a command of high school algebra 
will find this book one of the finest possible introductions to the application of mathematics 
to physical theory. Ballistics, numerical analysis, waves and wavelike phenomena, Fourier 
series, group concepts, fluid flow and aerodynamics, statistical measures, and meteorology 
are discussed with unusual clarity. Some calculus and differential equations theory is 
developed by the author for the reader’s help in the more difficult sections. 88 figures. 
Index. viii + 236pp. 5% x 8. T440 Clothbound $3.50 


THE FOURTH DIMENSION SIMPLY EXPLAINED, edited by H. P. Manning. 22 essays, originally 
Scientific American contest entries, that use a minimum of mathematics to explain aspects 
of 4-dimensional geometry: analogues to 3-dimensional space, 4-dimensional absurdities and 
curiosities (such as removing the contents of an egg without puncturing its shell), possible 
measurements and forms, etc. Introduction by the editor. Only book of its sort on a truly 


elementary level, excellent introduction to advanced works. 82 figures. 25lpp. 536 x 8. 
T711 Paperbound $1.35 
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MATHEMATICS—INTERMEDIATE TO ADVANCED 


General 


INTRODUCTION TO APPLIED MATHEMATICS, Francis D. Murnaghan. A practical and thoroughly 
sound introduction to a number of advanced branches of higher mathematics. Among the 
selected topics covered in detail are: vector and matrix analysis, partial and differential 
equations, integral equations, calculus of variations, Laplace transform theory, the vector 
triple product, linear vector functions, quadratic and bilinear forms, Fourier series, spherical 
harmonics, Bessel functions, the Heaviside expansion formula, and many others. Extremely 
useful book for graduate students in physics, engineering, chemistry, and mathematics. 
Index. 111 study exercises with answers. 41 illustrations. ix + 389pp. 536 x 81. 

' $1042 Paperbound $2.00 


OPERATIONAL METHODS IN APPLIED MATHEMATICS, H. S. Carslaw and J. C. Jaeger. Explana- 
tion of the application of the Laplace Transformation to differential equations, a simple and 
effective substitute for more difficult and obscure operational methods. Of great practical 
value to engineers and to all workers in applied mathematics. Chapters on: Ordinary Linear 
Differential Equations with Constant Coefficients;; Electric Circuit Theory; Dynamical Appli- 
cations; The Inversion Theorem for the Laplace Transformation; Conduction of Heat; Vibra- 
tions of Continuous Mechanical Systems; Hydrodynamics; Impulsive Functions; Chains of 
Differential Equations; and other related matters. 3 appendices. 153 problems, many with 
answers. 22 figures. xvi + 359pp. 536 x 81. $1011 Paperbound $2.25 


APPLIED MATHEMATICS FOR RADIO AND COMMUNICATIONS ENGINEERS, C. E. Smith. No 
extraneous material here!—only the theories, equations, and operations essential and im- 
mediately useful for radio work. Can be used as refresher, as handbook of applications and 
tables, or as full home-study course. Ranges from simplest arithmetic through calculus, series, 
and wave forms, hyperbolic trigonometry, simultaneous equations in mesh circuits, etc. 
Supplies applications right along with each math topic discussed. 22 useful tables of func- 
tions, formulas, logs, etc. Index. 166 exercises, 140 examples, all with answers. 95 diagrams. 
Bibliography. x + 336pp. 536 x 8. $141 Paperbound $1.75 


Algebra, group theory, determinants, sets, matrix theory 


ALGEBRAS AND THEIR ARITHMETICS, L. E. Dickson. Provides the foundation and background 
necessary to any advanced undergraduate or graduate student studying abstract algebra. 
Begins with elementary introduction to linear transformations, matrices, field of complex 
numbers; proceeds to order, basal units, modulus, quaternions, etc.; develops calculus of 
linears sets, describes various examples of algebras including invariant, difference, nilpotent, 
semi-simple. ‘‘Makes the reader marvel at his genius for clear and profound analysis,’’ Amer. 
Mathematical Monthly. Index. xii + 24lpp. 538 x 8. $616 Paperbound $1.50 


THE THEORY OF EQUATIONS WITH AN INTRODUCTION TO THE THEORY OF BINARY ALGEBRAIC 
FORMS, W. S. Burnside and A. W. Panton. Extremely thorough and concrete discussion of the 
theory of equations, with extensive detailed treatment of many topics curtailed in later texts. 
Covers theory of algebraic equations, properties of polynomials, symmetric functions, derived 
functions, Horner's process, complex numbers and the complex variable, determinants and 
methods of elimination, invariant theory (nearly 100 pages), transformations, introduction to 
Galois theory, Abelian equations, and much more. Invaluable supplementary work for modern 
students and teachers. 759 examples and exercises. Index in each volume. Two volume set. 
Total of xxiv + 604pp. 536 x 8. $714 Vol | Paperbound $1.85 
$715 Vol || Paperbound $1.85 

The set $3.70 


COMPUTATIONAL METHODS OF LINEAR ALGEBRA, V. N. Faddeeva, translated by C. D. Benster. 
First English translation of a unique and valuable work, the only work in English present- 
ing a systematic exposition of the most important methods of linear algebra—classical 
and contemporary. Shows in detail how to derive numerical solutions of problems in mathe- 
matical physics which are frequently connected with those of linear algebra. Theory as well 
as individual practice. Part | surveys the mathematical background that is indispensable 
to what follows. Parts Il and Ill, the conclusion, set forth the most important methods 
of solution, for both exact and iterative groups. One of the most outstanding and valuable 
features of this work is the 23 tables, double and triple checked for accuracy. These tables 
will not be found elsewhere. Author’s preface. Translator’s note. New bibliography and 
index. X + 252pp. 538 x 8. $424 Paperbound $1.95 


ALGEBRAIC EQUATIONS, E. Dehn. Careful and complete presentation of Galois’ theory of alge- 
braic equations; theories of Lagrange and Galois developed in logical rather than historical 
form, with a more thorough exposition than in most modern books. Many concrete applica- 
tions and fully-worked-out examples. Discusses basic theory (very clear exposition of the 
symmetric group); isomorphic, transitive, and Abelian groups; applications of Lagrange’s and 
Galois’ theories; and much more. Newly revised by the author. Index. List of Theorems. 
xi + 208pp. 536 x 8. S697 Paperbound $1.45 


CATALOGUE OF DOVER BOOKS 


Differential equations, ordinary and partial; integral equations 


INTRODUCTION TO THE DIFFERENTIAL EQUATIONS OF PHYSICS, L. Hopf. E i 
to the engineer with no math beyond elementary calculus. Emphasizing otanie ere atae 
formal aspects of concepts, the author covers an extensive territory. Partial contents: Law 
of causality, energy theorem, damped oscillations, coupling by friction cylindrical and 
spherical coordinates, heat source, etc. Index. 48 figures. 160pp. 5% x 8. 

$120 Paperbound $1.25 


INTRODUCTION TO THE THEORY OF LINEAR DIFFERENTIAL EQUATIONS, E. G. Pool ita- 
tive discussions of important topics, with methods of solution more ‘detailed than tne 
students with background of elementary course in differential equations. Studies existence 
theorems, linearly independent solutions; equations with constant coefficients; with uniform 
analytic coefficients; regular singularities; the hypergeometric equation; conformal repre- 
sentation; etc. Exercises. Index. 210pp. 5% x 8. S629 Paperbound $1.65 


DIFFERENTIAL EQUATIONS FOR ENGINEERS, P. Franklin. Outgrowth of a course given 1 
years at M. |. T. Makes most useful branch of pure math Sepeaibls for practical end 
Theoretical basis of D.E.’s; solution of ordinary D.E.’s and partial derivatives arising from 
heat flow, steady-state temperature of a plate, wave equations; analytic functions; con- 
vergence of Fourier Series. 400 problems on electricity, vibratory systems, other topics. 
Formerly ‘Differential Equations for Electrical Engineers.’ Index 41 illus. 307pp. 5% x 8. 

S601 Paperbound $1.65 


DIFFERENTIAL EQUATIONS, F. R. Moulton. A detailed, rigorous exposition of all the non- 
elementary processes of solving ordinary differential equations. Several chapters devoted to 
the treatment of practical problems, especially those of a physical nature, which are far 
more advanced than problems usually given as illustrations. Includes analytic differential 
equations; variations of a parameter; integrals of differential equations; analytic implicit 
functions; problems of elliptic motion; sine-amplitude functions; deviation of formal bodies; 
Cauchy-Lipschitz process; linear differential equations with periodic coefficients; differential 
equations in infinitely many variations; much more. Historical notes. 10 figures. 222 prob- 
lems. Index. xv + 395pp. 536 x 8. $451 Paperbound $2.00 


DIFFERENTIAL AND INTEGRAL EQUATIONS OF MECHANICS AND PHYSICS (DIE DIFFERENTIAL- 
UND INTEGRALGLEICHUNGEN DER MECHANIK UND PHYSIK), edited by P. Frank and R. von 
Mises. Most comprehensive and authoritative work on the mathematics of mathematical 
physics available today in the United States: the standard, definitive reference for teachers, 
physicists, engineers, and mathematicians—now published (in the original German) at a rela- 
tively inexpensive price for the first time! Every chapter in this 2,000-page set is by an 
expert in his field: Carathéodory, Courant, Frank, Mises, and a dozen others. Vol |, on 
mathematics, gives concise but complete coverages of advanced calculus, differential equa- 
tions, integral equations, and potential, and partial differential equations. Index. xxiii + 
916pp. Vol. Il (physics): classical mechanics, optics, continuous mechanics, heat conduction 
and diffusion, the stationary and quasi-stationary electromagnetic field, electromagnetic 
oscillations, and wave mechanics. Index. xxiv + 1106pp. Two volume set. Each volume avail- 
able separately. 55% x 8%. S787 Vol | Clothbound $7.50 
$788 Vol || Clothbound $7.50 

The set $15.00 


LECTURES ON CAUCHY’S PROBLEM, J. Hadamard. Based on lectures given at Columbia, Rome, 
this discusses work of Riemann, Kirchhoff, Volterra, and the author’s own research on the 
hyperbolic case in linear partial differential equations. It extends spherical and cylindrical 
waves to apply to all (normal) hyperbolic equations. Partial contents: Cauchy’s problem, 
fundamental formula, equations with odd number, with even number of independent var- 
iables; method of descent. 32 figures. Index. iii + 316pp. 5% x 8. $105 Paperbound $1.75 


THEORY OF DIFFERENTIAL EQUATIONS, A. R. Forsyth. Out of print for over a decade, the 
complete 6 volumes (now bound as 3) of this monumental work represent the most com- 
prehensive treatment of differential equations ever written. Historical presentation includes 
in 2500 pages every substantial development. Vol. 1, 2: EXACT EQUATIONS, PFAFF’S 
PROBLEM; ORDINARY EQUATIONS, NOT LINEAR: methods of Grassmann, Clebsch, Lie, Dar- 
boux; Cauchy’s theorem; branch points; etc. Vol. 3, 4: ORDINARY EQUATIONS, NOT LINEAR; 
ORDINARY LINEAR EQUATIONS: Zeta Fuchsian functions, general theorems on algebraic 
integrals, Brun’s theorem, equations with uniform periodic coffiecients, etc. Vol. 4, 5: 
PARTIAL DIFFERENTIAL EQUATIONS: 2 existence-theorems, equations of theoretical dynamics, 
Laplace transformations, general transformation of equations of the 2nd order, much more. 
Indexes. Total of 2766pp. 538 x 8. $576-7-8 Clothbound: the set $15.00 


PARTIAL DIFFERENTIAL EQUATIONS OF MATHEMATICAL PHYSICS, A. G. Webster. A keystone 
work in the library of every mature physicist, engineer, researcher. Valuable sections on 
elasticity, compression theory, potential theory, theory of sound, heat conduction, wave 
propagation, vibration theory. Contents include: deduction of differential equations, vibra- 
tions, normal functions, Fourier’s series, .Cauchy’s method, boundary problems, method of 


Riemann-Volterra. Spherical, cylindrical, ellipsoidal harmonics, applications, etc. 97 figures. 
vii + 440pp. 5% x 8. $263 Paperbound $2.00 


CATALOGUE OF DOVER BOOKS 


NTARY CONCEPTS OF TOPOLOGY, P. Alexandroff. First English translation of the famous 
EOP TatrGaucton to topology for the beginner or for the mathematician not undertaking 
extensive study. This unusually useful intuitive approach deals primarily with the concepts of 
complex, cycle, and homology, and is wholly consistent with current investigations. Ranges 
from basic concepts of set-theoretic topology to the concept of Betti groups. ‘‘Glowing 
example of harmony between intuition and thought,”’ David Hilbert. Translated by A. E. Farley. 
Introduction by D. Hilbert. Index. 25 figures. 73pp. 5% x 8. S747 Paperbound $1.00 


Number theory 


INTRODUCTION TO THE THEORY OF NUMBERS, L. E. Dickson. Thorough, comprehensive ap- 
proach with adequate coverage of classical literature, an introductory volume beginners 
can follow. Chapters on divisibility, congruences, quadratic residues & reciprocity, Diophantine 
equations, etc. Full treatment of binary quadratic forms without usual restriction to integral 
coefficients. Covers infinitude of primes, least residues, Fermat’s theorem, Euler’s phi 
function, Legendre’s symbol, Gauss’s lemma, automorphs, reduced forms, recent theorems 
of Thue & Siegel, many more. Much material not readily .available elsewhere. 239 prob- 
lems. Index. | figure. viii + 183pp. 5% x 8. $342 Paperbound $1.65 


ELEMENTS OF NUMBER THEORY, |. M. Vinogradov. Detailed 1st course for persons without 
advanced mathematics; 95% of this book can be understood by readers who have gone no 
farther than high school algebra. Partial contents: divisibility theory, important number 
theoretical functions, congruences, primitive roots and indices, etc. Solutions to both 
problems and exercises. Tables of primes, indices, etc. Covers almost every essential formula 
in elementary number theory! Translated from Russian. 233 problems, 104 exercises. villi + 
227pp. 53% x 8. $259 Paperbound $1.60 


THEORY OF NUMBERS and DIOPHANTINE ANALYSIS, R. D. Carmichael. These two complete 
works in one volume form one of the most lucid introductions to number theory, requiring only 
a firm foundation in high school mathematics. ‘‘Theory of Numbers,’’ partial contents: 
Eratosthenes’ sieve, Euclid’s fundamental theorem, G.C.F. and L.C.M. of two or more integers, 
linear congruences, etc ‘‘Diophantine Analysis’: rational triangles, Pythagorean triangles, 
equations of third, fourth, higher degrees, method of functional equations, much more. ‘‘Theory 
of Numbers’: 76 problems. Index. 94pp. ‘‘Diophantine Analysis’: 222 problems. Index. 118pp. 
53% x 8. $529 Paperbound $1.35 


Numerical analysis, tables 


MATHEMATICAL TABLES AND FORMULAS, Compiled by Robert D. Carmichael and Edwin R. 
Smith. Valuable collection for students, etc. Contains all tables necessary in college algebra 
and trigonometry, such as five-place common logarithms, logarithmic sines and tangents of 
small angles, logarithmic trigonometric functions, natural trigonometric tunctions, four-place 
antilogarithms, tables for changing from sexagesimal to circular and from circular to sexa- 
gesimal measure of angles, etc. Also many tables and formulas not ordinarily accessible, 
including powers, roots, and reciprocals, exponential and hyperbolic functions, ten-place 
logarithms of prime numbers, and formulas and theorems from analytical and elementary 
geometry and from calculus. Explanatory introduction. viii + 269pp. 53@ x 8. 

S111 Paperbound $1.00 


MATHEMATICAL TABLES, H. B. Dwight. Unique for its coverage in one volume of almost every 
function of importance in applied mathematics, engineering, and the physical sciences. 
Three extremely fine tables of the three trig functions and their inverse functions to 
thousandths of radians; natural and common logarithms; squares, cubes; hyperbolic functions 
and the inverse hyperbolic functions; (a2 + b*) exp. Ya; complete elliptic integrals of the 
1st and 2nd kind; sine and cosine integrals; exponential integrals Ei(x) and Ei( —x); binomial 
coefficients; factorials to 250; surface zonal harmonics and first derivatives; Bernoulli and 
Euler numbers and their logs to base of 10; Gamma function; normal probability integral; 
over 60 pages of Bessel functions; the Riemann Zeta function. Each table with formulae 
generally used, sources of more extensive tables, interpolation data, etc. Over half have 
columns of differences, to facilitate interpolation. Introduction. Index. viii + 231lpp. 536 x 8. 

S445 Paperbound $1.75 


TABLES OF FUNCTIONS WITH FORMULAE AND CURVES, E. Jahnke & F. Emde. The world’s most 
comprehensive 1-volume English-text collection of tables, formulae, curves of transcendent 
functions. 4th corrected edition, new 76-page section giving tables, formulae for elementary 
functions—not in other English editions. Partial contents: sine, cosine, logarithmic integral; 
factorial function; error integral; theta functions; elliptic integrals, functions; Legendre, 
Bessel, Riemann, Mathieu, hypergeometric functions, etc. Supplementary books. Bibliography. 
Indexed. ‘‘Out of the way functions for which we know no other source,’’ SCIENTIFIC COM- 
PUTING SERVICE, Ltd. 212 figures. 400pp. 53@ x 8. $133 Paperbound $2.00 


CATALOGUE OF DOVER BOOKS 


CHEMISTRY AND PHYSICAL CHEMISTRY 


ORGANIC CHEMISTRY, F. C. Whitmore. The entire subject of organic chemistry for the practic- 
ing chemist and the advanced student. Storehouse of facts, theories, processes found else- 
where only in specialized journals. Covers aliphatic compounds (500 pages on the properties 
and synthetic preparation of hydrocarbons, halides, proteins, ketones, etc.), alicyclic com- 
pounds, aromatic compounds, heterocyclic compounds, organophosphorus and organometallic 
compounds. Methods of synthetic preparation analyzed critically throughout. Includes much of 
biochemical interest. ‘‘The scope of this volume is astonishing,’’ INDUSTRIAL AND ENGINEER- 
ING CHEMISTRY. 12,000-reference index. 2387-item bibliography. Total of x + 1005pp. 53 x 8. 
Two volume set. S700 Vol | Paperbound $2.25 
$701 Vol Il Paperbound $2.25 

The set $4.50 


THE MODERN THEORY OF MOLECULAR STRUCTURE, Bernard Pullman. A reasonably popular 
account of recent developments in atomic and molecular theory. Contents: The Wave Func- 
tion and Wave Equations (history and bases of present theories of molecular structure); 
The Electronic Structure of Atoms (Description and classification of atomic wave functions, 
etc.); Diatomic Molecules; Non-Conjugated Polyatomic Molecules; Conjugated Polyatomic 
Molecules; The Structure of Complexes. Minimum of mathematical background needed. New 
translation by David Antin of ‘‘La Structure Moleculaire.’’ Index. Bibliography. vii + 87pp. 
5¥% Xx 8Y2. $987 Paperbound $1.00 


CATALYSIS AND CATALYSTS, Marcel Prettre, Director, Research Institute on Catalysis. This 
brief book, translated into English for the first time, is the finest summary of the principal 
modern concepts, methods, and results of catalysis. Ideal introduction for beginning chem- 
istry and physics students. Chapters: Basic Definitions of Catalysis (true catalysis and 
generalization of the concept of catalysis); The Scientific Bases of Catalysis (Catalysis 
and chemical thermodynamics, catalysis and chemical kinetics); Homogeneous Catalysis 
(acid-base catalysis, etc.); Chain Reactions; Contact Masses; Heterogeneous Catalysis 
(Mechanisms of contact catalyses, etc.); and Industrial Applications (acids and fertilizers, 
petroleum and petroleum chemistry, rubber, plastics, synthetic resins, and fibers). Trans- 
lated by David Antin. Index. vi + 88pp. 5% x 81. S998 Paperbound $1.00 


POLAR MOLECULES, Pieter Debye. This work by Nobel laureate Debye offers a complete guide 
to fundamental electrostatic field relations, polarizability, molecular structure. Partial con- 
tents: electric intensity, displacement and force, polarization by orientation, molar polariza- 
tion and molar refraction, halogen-hydrides, polar liquids, ionic saturation, dielectric con- 
stant, etc. Special chapter considers quantum theory. Indexed. 172pp. 5% x 8. 

S64 Paperbound $1.50 


THE ELECTRONIC THEORY OF ACIDS AND BASES, W. F. Luder and Saverio Zuffanti. The first 
full systematic presentation of the electronic theory of acids and bases—treating the 
theory and its ramifications in an uncomplicated manner. Chapters: Historical Background; 
Atomic Orbitals and Valence; The Electronic Theory of Acids and Bases; Electrophilic and 
Electrodotic Reagents; Acidic and Basic Radicals; Neutralization; Titrations with Indicators; 
Displacement; Catalysis; Acid Catalysis; Base Catalysis; Alkoxides and Catalysts; Conclu- 
sion. Required reading for all chemists. Second revised (1961) eidtion, with additional 
examples and references. 3 figures. 9 tables. Index. Bibliography xii + 165pp. 53% x 8. 

S201 Paperbound $1.50 


KINETIC THEORY OF LIQUIDS, J. Frenkel. Regarding the kinetic theory of liquids as a gen- 
eralization and extension of the theory of solid bodies, this volume covers all types of 
arrangements of solids, thermal displacements of atoms, interstitial atoms and ions, 
orientational and rotational motion of molecules, and transition between states of matter. 
Mathematical theory is developed close to the physical subject matter. 216 bibliographical 
footnotes. 55 figures. xi + 485pp. 53% x 8. S95 Paperbound $2.55 


HE PRINCIPLES OF ELECTROCHEMISTRY, D. A. Macinnes. Basic equations for almost every 
uiefield of electrochemistry from first principles, referring at all times to the soundest and 
most recent theories and results; unusually useful as text or as reference. Covers coulometers 
and Faraday’s Law, electrolytic conductance, the Debye-Hueckel method for the theoretical 
calculation of activity coefficients, concentration cells, standard electrode potentials, thermo- 
dynamic ionization constants, pH, potentiometric titrations, irreversible phenomena, Planck’s 
equation, and much more. ‘Excellent treatise,” AMERICAN CHEMICAL SOCIETY JOURNAL. 
“Highly recommended,’’ CHEMICAL AND METALLURGICAL ENGINEERING. 2 Indices. Appendix. 


-i ibli i ; tables. ii + 478pp. 5% x 8%. 
585-item bibliography. 137 figures. 94 tables. ii pp esp Papen antns245 


THE PHASE RULE AND ITS APPLICATION, Alexander Findlay. Covering chemical phenomena 
of 1, 2, 3, 4, and multiple component systems, this ‘‘standard work on the subject 
(NATURE, London), has been completely revised and brought up to date by A. N. Campbell 
and N. O. Smith. Brand new material has been added on such matters as binary, tertiary 
liquid equilibria, solid solutions in ternary systems, quinary systems of salts and water. 
Completely revised to triangular coordinates in ternary systems, clarified graphic repre- 
sentation, solid models, etc. 9th revised edition. Author, subject indexes. 236 figures. 505 
footnotes, mostly bibliographic. xii + 494pp. 5% x 8. $91 Paperbound $2.50 


CATALOGUE OF DOVER BOOKS 


PHYSICS 


General physics 


ONS OF PHYSICS, R. B. Lindsay & H. Margenau. Excellent bridge between semi- 
Fiennes & technical’ treatises. A discussion ot methods of physical description, con- 
struction of theory; valuable tor physicist with elementary calculus who is interested in 
ideas that give meaning to data, tools of modern physics. Contents include symbolism, math- 
ematical equations; space & time foundations of mechanics; probability; physics & con- 
tinua; electron theory; special & general relativity; quantum mechanics; causality. ‘‘Thor- 
ough and yet not overdetailed. Bee drag ap ra Folk tie Pag pm el 

ition. Li f recommended readings. illustrations. xi : () : 
corrected edition. List of r g ey ead 


FUNDAMENTAL FORMULAS OF PHYSICS, ed. by D. H. Menzel. Highly useful, fully inexpensive 
reference and study text, ranging trom simple to highly sophisticated operations. Mathematics 
integrated into text—each cnapter stands as short textbook ot field represented. Vol. 1: 
Statistics, Physical Constants, Special Theory of Relativity, Hydrodynamics, Aerodynamics, 
Boundary Value Problems in Math. Physics; Viscosity, Electromagnetic Theory, etc. Vol. 2: 
Sound, Acoustics, Geometrical Optics, Electron Optics, High-Energy Phenomena, Magnetism, 
Biophysics, much more. Index. Total of S00pp. 5% x &. Vol. 1 S595 Paperbound $2.00 

Vol. 2 S596 Paperbound $2.00 


MATHEMATICAL PHYSICS, D. H. Menzel. Thorough one-volume treatment of the mathematical 
techniques vital for classic mechanics, electromagnetic theory, quantum theory, and rela- 
tivity. Written by the Harvard Protessor of Astrophysics for junior, senior, and graduate 
courses, it gives clear explanations of all those aspects of function theory, vectors, matrices, 
dyadics, tensors, partial differential equations, etc., necessary tor the understanding of the 
various physical theories. Electron theory, relativity, and other topics seldom presented 
appear here in considerable detail. Scores of definitions, conversion factors, dimensional 


constants, etc. ‘‘More detailed than normal for an advanced text . . . excellent set of sec- 
tions on Dyadics, Matrices, and Tensors,’’ JOURNAL OF THE FRANKLIN INSTITUTE. Index. 
193 problems, with answers. x + 412pp. 538 x 8. S56 Paperbound $2.00 


THE SCIENTIFIC PAPERS OF J. WILLARD GIBBS. All the published papers of America’s outstand- 
ing theoretical scientist (except for ‘‘Statistical Mechanics’’ and ‘‘Vector Analysis’). Vol | 
(thermodynamics) contains one of the most brilliant of all 19th-century scientific papers—the 
300-page ‘‘On the Equilibrium of Heterogeneous Substances,’’ which toundéd the science of 
physical chemistry, and clearly stated a number of highly important natural laws for the first 
time; 8 other papers complete the first volume. Vol I! includes 2 papers on dynamics, 8 on 
vector analysis and multiple algebra, 5 on the electromagnetic theory of light, and 6 miscella- 
neous papers. Biographical sketch by H. A. Bumstead. Total of xxxvi + 718pp. 556 x 8%. 
$721 Vol | Paperbound $2.50 
$722 Vol || Paperbound $2.00 
The set $4.50 


BASIC THEORIES OF PHYSICS, Peter Gabriel Bergmann. Two-volume set which presents a 
critical examination of important topics in the major subdivisions of classical and modern 
physics. The first volume is concerned with classical mechanics and _ electrodynamics: 
mechanics of mass points, analytical mechanics, matter in bulk, electrostatics and magneto- 
Statics, electromagnetic interaction, the field waves, special relativity, and waves. The 
second volume (Heat and Quanta) contains discussions of the kinetic hypothesis, physics and 
statistics, stationary ensembles, laws of thermodynamics, early quantum theories, atomic 
spectra, probability waves, quantization in wave mechanics, approximation methods, and 
abstract quantum theory. A valuable supplement to any thorough course or text. 

Heat and Quanta: Index. 8 figures. x + 300pp. 53@ x 81. S968 Paperbound $1.75 
Mechanics and Electrodynamics: Index. 14 figures. vii + 280pp. 536 x 81, 


S969 Paperbound $1.75 


THEORETICAL PHYSICS, A. S. Kompaneyets. One of the very few thorough studies of the 
subject in this price range. Provides advanced students with a comprehensive theoretical 
background. Especially strong on recent experimentation and developments in quantum 
theory. Contents: Mechanics (Generalized Coordinates, Lagrange’s Equation, Collision of 
Particles, etc.), Electrodynamics (Vector Analysis, Maxwell’s equations, Transmission of 
Signals, Theory of Relativity, etc.), Quantum Mechanics (the Inadequacy of Classical Mechan- 
ics, the Wave Equation, Motion in a Central Field, Quantum Theory of Radiation, Quantum 
Theories of Dispersion and Scattering, etc.), and Statistical Physics (Equilibrium Distribution 
of Molecules in an Ideal Gas, Boltzmann statistics, Bose and Fermi Distribution, 
Thermodynamic Quantities, etc.). Revised to 1961. Translated by George Yankovsky, author- 
ized by Kompaneyets. 137 exercises. 56 figures. 529pp. 538 x 81/2. $972 Paperbound $2.50 


ANALYTICAL AND CANONICAL FORMALISM IN PHYSICS, André Mercier. A survey, in one vol- 
ume, of the variational principles (the key principles—in mathematical form-——from which 
the basic laws of any one branch of physics can be derived) of the several branches of 
physical theory, together with an examination of the relationships among them. Contents: 
the Lagrangian Formalism, Lagrangian Densities, Canonical Formalism, Canonical Form of 
Electrodynamics, Hamiltonian Densities, Transformations, and Canonical Form with Vanishing 
Jacobian Determinant. Numerous examples and exercises. For advanced students, teachers, 
etc. 6 figures. Index. viii + 222pp. 53% x BY. $1077 Paperbound $1.75 


CATALOGUE OF DOVER BOOKS 
MATHEMATICAL PUZZLES AND RECREATIONS 


AMUSEMENTS IN MATHEMATICS, Henry Ernest Dudeney. The foremost British originator of 
mathematical puzzles is always intriguing, witty, and paradoxical in this classic, one of the 
largest collections of mathematical amusements. More than 430 puzzles, problems, and 
paradoxes. Mazes and games, problems on number manipulation, unicursal and other route 
problems, puzzles on measuring, weighing, packing, age, kinship, chessboards, joining, 
crossing river, plane figure dissection, and many others. Solutions. More than 450 illustra- 
tions. vii + 258pp. 53% x 8. T473 Paperbound $1.25 


SYMBOLIC LOGIC and THE GAME OF LOGIC, Lewis Carroll. ‘Symbolic Logic’? is not concerned 
with modern symbolic logic, but is instead a collection of over 380 problems posed with 
charm and imagination, using the syllogism, and a fascinating diagrammatic method of draw- 
ing conclusions. In “The Game of Logic,’’ Carroll’s whimsical imagination devises a logical 
game played with 2 diagrams and counters (included) to manipulate hundreds of tricky syl- 
logisms. The final section, ‘Hit or Miss’’ is a lagniappe of 101 additional puzzles in the 
delightful Carroll manner. Until this reprint edition, both of these books were rarities cost- 
ing up to $15 each. Symbolic Logic: Index, xxxi + 199pp. The Game of Logic: 96pp. Two 
vols. bound as one. 53@ x 8. T492 Paperbound $1.50 


MAZES AND LABYRINTHS: A BOOK OF PUZZLES, W. Shepherd. Mazes, formerly associated with 
mystery and ritual, are still among the most intriguing of intellectual puzzles. This is a 
novel and different collection of 50 amusements that embody the principle of the maze: 
mazes in the classical tradition; 3-dimensional, ribbon, and Mobius-strip mazes; hidden mes- 
sages; spatial arrangements; etc.—almost all built on amusing story situations. 84 illustra- 
tions. Essay on maze psychology. Solutions. xv + 122pp. 53% x 8. 1731 Paperbound $1.00 


MATHEMATICAL RECREATIONS, M. Kraitchik. Some 250 puzzles, problems, demonstrations of 
recreational mathematics for beginners & advanced mathematicians. Unusual historical prob- 
lems from Greek, Medieval, Arabic, Hindu sources: modern problems based on ‘‘mathematics 
without numbers,’ geometry, topology, arithmetic, etc. Pastimes derived from figurative 
numbers, Mersenne numbers, Fermat numbers; fairy chess, latruncles, reversi, many topics. 
Full solutions. Excellent for insights into special fields of math. 181 illustrations. 330pp. 
53% x 8. T163 Paperbound $1.75 


MATHEMATICAL PUZZLES OF SAM LOYD, Vol. 1, selected and edited by M. Gardner. Puzzles 
by the greatest puzzle creator and innovator. Selected from his famous ‘‘Cyclopedia ot 
Puzzles,’’ they retain the unique style and historical flavor of the originals. There are posers 
based on arithmetic, algebra, probability, game theory, route tracing, topology, counter, 
sliding block, operations research, geometrical dissection. Includes his famous ‘'14-15’’ 
puzzle which was a national craze, and his ‘‘Horse of a Different Color’’ which sold millions 
of copies. 117 of his most ingenious puzzles in all, 120 line drawings and diagrams. Solu- 
tions. Selected references. xx + 16/pp. 5% x 8. T498 Paperbound $1.00 


MY BEST PUZZLES IN MATHEMATICS, Hubert Phillips (‘‘Caliban’’). Caliban is generally con- 
sidered the best of the modern problemists. Here are 100 of his best and wittiest puzzles, 
selected by the author himself from such publications as the London Daily Telegraph, and 
each puzzle is guaranteed to put even the sharpest puzzle detective through his paces. Per- 
fect for the development of clear thinking and a logical mind, Complete solutions are pro- 
vided for every puzzle. x + 107pp. 5% x 81. T91 Paperbound $1.00 


MY BEST PUZZLES IN LOGIC AND REASONING, H. Phillips (‘‘Caliban”). 100 choice, hitherto 
unavailable puzzles by England’s best-known problemist. No special knowledge needed to 
solve these logical or inferential problems, just an unclouded mind, nerves of steel, and 
fast reflexes. Data presented are both necessary and just sufficient to allow one unambiguous 
answer. More than 30 different types of puzzles, all ingenious and varied, many one of a 
kind, that will challenge the expert, please the beginner. Original publication. 100 puzzles, 
full solutions. x + 107pp. 538 x 8¥2. T119 Paperbound $1.00 


MATHEMATICAL PUZZLES FOR BEGINNERS AND ENTHUSIASTS, G. Mott-Smith. 188 mathematical 
puzzles to test mental agility. Inference, interpretation, algebra, dissection of plane figures, 
geometry, properties of numbers, decimation, permutations, probability, all enter these 
delightful problems. Puzzles like the Odic Force, How to Draw an Ellipse, Spider’s Cousin, 
more than 180 others. Detailed solutions. Appendix with square roots, triangular numbers, 
primes, etc. 135 illustrations. 2nd revised edition. 248pp. 5% x 8. T7198 Paperbound $1.00 


MATHEMATICS, MAGIC AND MYSTERY, Martin Gardner. Card tricks, feats of mental mathe- 
matics, stage mind-reading, other ‘‘magic’’ explained as applications of probability, sets, 
theory of numbers, topology, various branches of mathematics. Creative examination of laws 
and their applications with scores of new tricks and insights. 115 sections discuss tricks 
wtih cards, dice, coins; geometrical vanishing tricks, dozens of others. No sleight of hand 
needed; mathematics guarantees success. 115 illustrations. xii + 174pp. 5% x 8. 

7335 Paperbound $1.00 


CATALOGUE OF DOVER BOOKS 


RECREATIONS IN THE THEORY OF NUMBERS: THE QUEEN OF MATHEMATICS ENTERTAINS, Albert 
H. Beiler. The theory of numbers is often referred to as the “Queen of Mathematics.” In 
this book Mr. Beiler has compiled the first English volume to deal exclusively with the 
recreational aspects of number theory, an inherently recreational branch of mathematics. 
The author’s clear style makes for enjoyable reading as he deals with such topics as: 
perfect numbers, amicable numbers, Fermat’s theorem, Wilson’s theorem, interesting proper- 
ties of digits, methods of factoring, primitive roots, Euler’s function, polygonal and figurate 
numbers, Mersenne numbers, congruence, repeating decimals, etc. Countless puzzle problems, 
with full answers and explanations. For mathematicians and mathematically-inclined laymen, 
etc. New publication. 28 figures. 9 illustrations. 103 tables. Bibliography at chapter ends. 
vi + 247pp. 5% x 84. T1096 Paperbound $1.85 


PAPER FOLDING FOR BEGINNERS, W. D. Murray and F. J. Rigney. A delightful introduction to 
the varied and entertaining Japanese art of origami (paper folding), with a full crystal-clear 
text that anticipates every difficulty; over 275 clearly labeled diagrams of all important 
stages in creation. You get results at each stage, since complex figures are logically devel- 
oped from simpler ones. 43 different pieces are explained: place mats, drinking cups, bonbon 
boxes, sailboats, frogs, roosters, etc. 6 photographic plates. 279 diagrams. 95pp. 546 x 8%. 

1713 Paperbound $1.00 


1800 RIDDLES, ENIGMAS AND CONUNDRUMS, Darwin A. Hindman. Entertaining collection rang- 
ing from hilarious gags to outrageous puns to sheer nonsense—a welcome respite from 
sophisticated humor. Children, toastmasters, and practically anyone with a funny bone will 
find these zany riddles tickling and eminently repeatable. Sample: ‘‘Why does Santa Claus 
always go down the chimney?’ ‘‘Because it soots him.’’ Some old, some new—covering a 
wide variety of subjects. New publication. iii + 154pp. 5% x 8Y2. 11059 Paperbound $1.00 


EASY-TO-DO ENTERTAINMENTS AND DIVERSIONS WITH CARDS, STRING, COINS, PAPER AND 
MATCHES, R. M. Abraham. Over 300 entertaining games, tricks, puzzles, and pastimes for 
children and adults. Invaluable to anyone in charge of groups of youngsters, for party givers, 
etc. Contains sections on card tricks and games, making things by paperfolding—toys, deco- 
rations, and the like; tricks with coins, matches, and pieces of string; descriptions of games; 
toys that can be made from common household objects; mathematical recreations; word 
games; and 50 miscellaneous entertainments. Formerly ‘‘Winter Nights Entertainments.” 
Introduction by Lord Baden Powell. 329 illustrations. v + 186pp. 536 x 8. 

T921 Paperbound $1.00 


DIVERSIONS AND PASTIMES WITH CARDS, STRING, PAPER AND MATCHES, R. M. Abraham. 
Another collection of amusements and diversion for game and puzzle fans of all ages. 
Many new paperfolding ideas and tricks, an extensive section on amusements with knots 
and splices, two chapters of easy and not-so-easy problems, coin and match tricks, and 
lots of other parlor pastimes from the agile mind of the late British problemist and gamester. 
Corrected and revised version. Illustrations. 160pp. 538 x 8%. T1127 Paperbound $1.00 


STRING FIGURES AND HOW TO MAKE THEM: A STUDY OF CAT’S-CRADLE IN MANY LANDS, 
Caroline Furness Jayne. In a simple and easy-to-follow manner, this book describes how to 
make 107 different string figures. Not only is looping and crossing string between the 
fingers a common youthful diversion, but it is an ancient form of amusement practiced in 
all parts of the globe, especially popular among primitive tribes. These games are fun for 
all ages and offer an excellent means for developing manual dexterity and coordination. 
Much insight also for the anthropological observer on games and diversions in many different 
cultures. Index. Bibliography. Introduction by A. C. Haddon, Cambridge University. 17  full- 
page plates. 950 illustrations. xxiii + 407pp. 536 x 81. T152 Paperbound $2.00 


CRYPTANALYSIS, Helen F. Gaines. (Formerly ELEMENTARY CRYPTANALYSIS.) A standard ele- 
mentary and intermediate text for serious students. It does not confine itself to old material, 
but contains much that is not generally known, except to experts. Concealment, Transposi- 
tion, Substitution ciphers; Vigenere, Kasiski, Playfair, multafid, dozens of other techniques. 
Appendix with sequence charts, letter frequencies in English, 5 other languages, English 
word frequencies. Bibliography. 167 codes. New to this edition: solution to codes. vi + 
230pp. 53¥e x 8. T97 Paperbound $2.00 


MAGIC SQUARES AND CUBES, W. S. Andrews. Only book-length treatment in English, a thor- 
ough non-technical description and analysis. Here are nasik, overlapping, pandiagonal, ser- 
rated squares; magic circles, cubes, spheres, rhombuses. Try your hand at 4-dimensional 
magical figures! Much unusual folklore and tradition included. High school algebra is suffi- 
cient. 754 diagrams and illustrations. viii + 419pp. 536 x 8. T658 Paperbound $1.85 


CALIBAN’S PROBLEM BOOK: MATHEMATICAL, INFERENTIAL, AND CRYPTOGRAPHI 

H. Phillips (‘‘Caliban’’), S. T. Shovelton, G. S. Marshall. 105 ingenious problems oy eerie 
est living creator of puzzles based on logic and inference. Rigorous, modern, piquant, and 
reflecting their author’s unusual personality, these intermediate and advanced puzzles all 
involve the ability to reason clearly through complex situations; some call for mathematical 
knowledge, ranging from algebra to number theory. Solutions. xi + 180pp. 536 x 8. 


1736 Paperbound $1.25 
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THE LAND THAT TIME FORGOT and THE MOON MAID, Edgar Rice Burroughs. In the opinion of 
many, Burroughs’ best work, The first concerns a strange island where evolution is indi- 
vidual rather than phylogenetic. Speechless anthropoids develop into intelligent human 
beings within a single generation. The second projects the reader far into the future and 
describes the first voyage to the Moon (in the year 2025), the conquest of the Earth by the 
Moon, and years of violence and adventure as the enslaved Earthmen try to regain posses- 
sion of their planet. “An imaginative tour de force that keeps the reader keyed up and 
expectant,’’ NEW YORK TIMES. Complete, unabridged text of the original two novels (three 
parts in each). 5 illustrations by J. Allen St. John. vi + 552pp. 536 x 81. 

T1020 Clothbound $3.75 

7358 Paperbound $2.00 


AT THE EARTH’S CORE, PELLUCIDAR, TANAR OF PELLUCIDAR: THREE SCIENCE FICTION NOVEL 
BY EDGAR RICE BURROUGHS. Complete, unabridged texts of the first three Pellucidar ROE 
Tales of derring-do by the famous master of science fiction. The locale for these three 
related stories is the inner surface of the hollow Earth where we discover the world of 
Pellucidar, complete with all types of bizarre, menacing creatures, strange peoples, and 
alluring maidens—guaranteed to delight all Burroughs fans and a wide circle of advenutre 
lovers. Illustrated by J. Allen St. John and P. F. Berdanier. vi + 433pp. 53@ x 81/2. 

T1051 Paperbound $2.00 


THE PIRATES OF VENUS and LOST ON VENUS: TWO VENUS NOVELS BY EDGAR RICE BURROUGHS. 
Two related novels, complete and unabridged. Exciting adventure on the planet Venus with 
Earthman Carson Napier broken-field running through one dangerous episode after another. 
All lovers of swashbuckling science fiction will enjoy these two stories set in a world of 
fascinating societies, fierce beasts, 5000-ft. trees, lush vegetation, and wide seas. Illustra- 
tions by Fortunino Matania. Total of vi + 340pp. 53% x 81/2. 71053 Paperbound $1.75 


A PRINCESS OF MARS and A FIGHTING MAN OF MARS: TWO MARTIAN NOVELS BY EDGAR 
RICE BURROUGHS. ‘‘Princess of Mars’’ is the very first of the great Martian novels written 
by Burroughs, and it is probably the best of them all; it set the pattern for all of his later 
fantasy novels and contains a thrilling cast of strange peoples and creatures and the 
formula of Olympian heroism amidst ever-fluctuating fortunes which Burroughs carries off 
so successfully. ‘‘Fighting Man’’ returns to the same scenes and cities—many years later. 
A mad scientist, a degenerate dictator, and an indomitable defender of the right clash— 
with the fate of the Red Planet at stake! Complete, unabridged reprinting of original edi- 
tions. Illustrations by F. E. Schoonover and Hugh Hutton. v + 356pp. 53% x 81. 

T1140 Paperbound $1.75 


THREE MARTIAN NOVELS, Edgar Rice Burroughs. Contains: Thuvia, Maid of Mars; The Chessmen 
of Mars; and The Master Mind of Mars. High adventure set in an imaginative and intricate 
conception of the Red Planet. Mars is peopled with an intelligent, heroic human race which 
lives in densely populated cities and with fierce barbarians who inhabit dead sea bottoms. 
Other exciting creatures abound amidst an inventive framework of Martian history and 
geography. Complete unabridged reprintings of the first edition. 16 illustrations by J. Allen 
St. John. vi + 499pp. 53% x 8%. T39 Paperbound $1.85 


THREE PROPHETIC NOVELS BY H. G. WELLS, edited by E. F. Bleiler. Complete texts of 
“When the Sleeper Wakes’’ (1st book printing in 50 years), ‘'A Story of the Days to Come, 
“The Time Machine’ (1st complete printing in book form). Exciting adventures in the 
future are as enjoyable today as 50 years ago when first printed. Predict TV, movies, 
intercontinental airplanes, prefabricated houses, air-conditioned cities, etc. First important 
author to foresee problems of mind control, technological dictatorships. ‘‘Absolute best of 
imaginative fiction,’’ N. Y. Times. Introduction. 335pp. 538 x 8. T1605 Paperbound $1.50 


28 SCIENCE FICTION STORIES OF H. G. WELLS. Two full unabridged novels, MEN LIKE GODS 
and STAR BEGOTTEN, plus 26 short stories by the master science-fiction writer of all time. 
Stories of space, time, invention, exploration, future adventure—an indispensable part of 
the library of everyone interested in science and adventure. PARTIAL CONTENTS: Men Like 
Gods, The Country of the Blind, In the Abyss, The Crystal Egg, The Man Who Could Work 


i Days to Come, The Valley of Spiders, and 21 more! 928pp. 5% Xx 8. 
Miracles, A Story of the Days to y Oe ChCtna S450 


THE WAR IN THE AIR, IN THE DAYS OF THE COMET, THE FOOD OF THE GODS: THREE SCIENCE 
FICTION NOVELS BY H. G. WELLS. Three exciting Wells offerings bearing on vital social and 
philosophical issues of his and our own day. Here are tales of air power, strategic bomb- 
ing, East vs. West, the potential miracles of science, the potential disasters from outer 
space, the relationship between scientific advancement and moral progress, etc. First 
reprinting of ‘‘War in the Air’’ in almost 50 years. An excellent sampling of Wells at his 


storytelling best. Complete, unabridged reprintings. 16 illustrations. 645pp. 5% x 8Y2. 
y . é T1135 Paperbound $2.00 
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SEVEN SCIENCE FICTION NOVELS, H. G. Wells. Full unabridged texts of 7 science-fiction 
novels of the master. Ranging from biology, physics, chemistry, astronomy to sociology and 
other studies, Mr. Wells extrapolates whole worlds of strange and intriguing character. 
“One will have to go far to match this for entertainment, excitement, and sheer pleas- 


ure... ,’’ NEW YORK TIMES. Contents: The Time Machine, The Istand of Dr. Moreau, 
First Men in the Moon, The Invisible Man, The War of the Worlds, The Food of the 
Gods, In the Days of the Comet. 1015pp. 536 x 8. 7264 Clothbound $4.50 


BEST GHOST STORIES OF J. S. LE FANU, Selected and introduced by E. F. Bleiler. LeFanu is 
deemed the greatest name in Victorian supernatural fiction. Here are 16 of his best horror 
stories, including 2 nouvelles: ‘‘Carmilla,’’ a classic vampire tale couched in a perverse 
eroticism, and ‘‘The Haunted Baronet.”’ Also: “Sir Toby’s Will,”’ “Green Tea,’ “‘Schalken the 
Painter,”’ ‘‘Ultor de Lacy,’’ ‘‘The Familiar,” etc. The first American publication of about half 
of this material: a long-overdue opportunity to get a choice sampling of LeFanu’s work. New 
selection (1964). 8 illustrations. 5% x 8%. T415 Paperbound $1.85 


THE WONDERFUL WIZARD OF OZ, L. F. Baum. Only edition in print with all the original W. W. 
Denslow illustrations in full color—as much a part of ‘‘The Wizard’’ as Tenniel’s drawings 
are for ‘‘Alice in Wonderland.’’ ‘‘The Wizard’’ is still America’s best-loved fairy tale, in 
which, as the author expresses it, ‘‘The wonderment and joy are retained and the heartaches 
and nightmares left out.’’ Now today’s young readers can enjoy every word and wonderful 
picture of the original book. New introduction by Martin Gardner. A Baum bibliography. 23 
full-page color plates. viii + 268pp. 536 x 8. T691 Paperbound $1.50 


GHOST AND HORROR STORIES OF AMBROSE BIERCE, Selected and introduced by E. F. Bleiler. 
24 morbid, eerie tales—the cream of Bierce’s fiction output. Contains such memorable 
pieces as ‘‘The Moonlit Road,’’ ‘‘The Damned Thing,’’ ‘‘An Inhabitant of Carcosa,’’ ‘‘The Eyes 
of the Panther,’ ‘‘The Famous Gilson Bequest,’’ ‘‘The Middle Toe of the Right Foot,’’ and 
other chilling stories, plus the essay, ‘‘Visions of the Night’’ in which Bierce gives us a 
kind of rationale for his aesthetic of horror. New collection (1964). xxii + 199pp. 536 x 
83. T1767 Paperbound $1.00 


HUMOR 


MR. DOOLEY ON IVRYTHING AND IVRYBODY, Finley Peter Dunne. Since the time of his appear- 
ance in 1893, ‘‘Mr. Dooley,’’ the fictitious Chicago bartender, has been recognized as Amer- 
ica’s most humorous social and political commentator. Collected in this volume are 102 of 
the best Dooley pieces—all written around the turn of the century, the height of his popu- 
larity. Mr. Dooley’s Irish brogue is employed wittily and penetratingly on subjects which are 
just as fresh and relevant today as they were then: corruption and hypocrisy of politicans, 
war preparations and chauvinism, automation, Latin American affairs, superbombs, etc. Other 
articles range from Rudyard Kipling to football. Selected with an introduction by Robert 
Hutchinson. xii + 244pp. 536 x 81. 7626 Paperbound $1.00 


RUTHLESS RHYMES FOR HEARTLESS HOMES and MORE RUTHLESS RHYMES FOR HEARTLESS 
HOMES, Harry Graham (‘‘Col. D. Streamer’’). A collection of Little Willy and 48 other poetic 
“disasters.’’ Graham’s funniest and most disrespectful verse, accompanied by original illus- 
trations. Nonsensical, wry humor which employs stern parents, careless nurses, uninhibited 
children, practical jokers, single-minded golfers, Scottish lairds, etc. in the leading roles. 
A precursor of the ‘“‘sick joke’’ school of today. This volume contains, bound together for 
the first time, two of the most perennially popular books of humor in England and America. 
Index. vi + 69pp. 5% x 8. T930 Paperbound 75¢ 


A WHIMSEY ANTHOLOGY, Collected by Carolyn Wells. 250 of the most amusing rhymes ever 
written. Acrostics, anagrams, palindromes, alphabetical jingles, tongue twisters, echo verses, 
alliterative verses, riddles, mnemonic rhymes, interior rhymes, over 40 limericks, etc. by 
Lewis Carroll, Edward Lear, Joseph Addison, W. S. Gilbert, Christina Rossetti, Chas. Lamb, 
James Boswell, Hood, Dickens, Swinburne, Leigh Hunt, Harry Graham, Poe, Eugene Field, 
and many others. xiv + 221pp. 536 x 81. T195 Paperbound $1.25 


MY PIOUS FRIENDS AND DRUNKEN COMPANIONS and MORE PIOUS FRIENDS AND DRUNKEN 
COMPANIONS, Songs and ballads of Conviviality Collected by Frank Shay. Magnificently 
illuminated by John Held, Jr. 132 ballads, blues, vaudeville numbers, drinking songs, cow- 
boy songs, sea chanties, comedy songs, etc. of the Naughty Nineties and early 20th century. 
Over a third are reprinted with music. Many perennial favorites such as: The Band Played On, 
Frankie and Johnnie, The Old Grey Mare, The Face on the Bar-room Floor, etc. Many others 
unlocatable elsewhere: The Dog-Catcher’s Child, The Cannibal Maiden, Don’t Go in the 
Lion’s Cage Tonight, Mother, etc. Complete verses and introductions to songs. Unabridged 
republication of first editions, 2 Indexes (song titles and first lines and choruses), Intro- 
duction by Frank Shay. 2 volumes bounds as 1. Total of xvi + 235pp. 536 x 81. 


T946 Paperbound $1.25 
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MAX AND MORITZ, Wilhelm Busch. Edited and annotated by H. Arthur Klein. Translated by 
H. Arthur Klein, M. C. Klein, and others. The mischievous high jinks of Max and Moritz, 
Peter and Paul, Ker and Plunk, etc. are delightfully captured in sketch and rhyme. (Com- 
panion volume to ‘‘Hypocritical Helena.’’) In addition to the title piece, it contians: Ker and 
Plunk; Two Dogs and Two Boys; The Egghead and the Two Cut-ups of Corinth; Deceitful 
Henry; The Boys and the Pipe; Cat and Mouse; and others. (Original German text with accom- 
panying English translations.) Afterword by H. A. Klein. vi + 216pp. 536 x 81/. 

T7181 Paperbound $1.15 


THROUGH THE ALIMENTARY CANAL WITH GUN AND CAMERA: A FASCINATING TRIP TO THE 
INTERIOR, Personally Conducted by George S. Chappell. In mock-travelogue style, the amus- 
ing account of an imaginative journey down the alimentary canal. The ‘‘explorers’’ enter the 
esophagus, round the Adam’s Apple, narrowly escape from a fierce Amoeba, struggle through 
the impenetrable Nerve Forests of the Lumbar Region, etc. Illustrated by the famous cartoonist, 
Otto Soglow, the book is as much a brilliant satire of academic pomposity and pro- 
fessional travel literature as it is a clever use of the facts’ of physiology for supremely 
comic purposes. Preface by Robert Benchley. Author’s Foreword. 1 Photograph. 17 illustra- 
tions by 0. Soglow. xii + 114pp. 536 x 81. 1376 Paperbound $1.00 


THE BAD CHILD’S BOOK OF BEASTS, MORE BEASTS FOR WORSE CHILDREN, and A MORAL 
ALPHABET, H. Belloc. Hardly an anthology of humorous verse has appeared in the last 50 
years without at least a couple of these famous nonsense verses. But one must see the 
entire volumes—with all the delightful original illustrations by Sir Basil Blackwood—to 
appreciate fully Belloc’s charming and witty verses that play so subacidly on the platitudes 
of life and morals that beset his day—and ours. A great humor classic. Three books in one. 
Total of 157pp. 53% x 8. T749 Paperbound $1.00 


THE DEVIL’S DICTIONARY, Ambrose Bierce. Sardonic and irreverent barbs puncturing the 
pomposities and absurdities of American politics, business, religion, literature, and arts, 
by the country’s greatest satirist in the classic tradition. Epigrammatic as Shaw, piercing 
as Swift, American as Mark Twain, Will Rogers, and Fred Allen. Bierce will always remain 
the favorite of a small coterie of enthusiasts, and of writers and speakers whom he supplies 
with ‘‘some of the most gorgeous witticisms of the English language.’’ (H. L. Mencken) 
Over 1000 entries in alphabetical order. 144pp. 536 x 8. T1487 Paperbound $1.00 


THE COMPLETE NONSENSE OF EDWARD LEAR. This is the only complete edition of this master 
of gentle madness available at a popular price. A BOOK OF NONSENSE, NONSENSE SONGS, 
MORE NONSENSE SONGS AND STORIES in their entirety with all the old favorites that have 
delighted children and adults for years. The Dong With A Luminous Nose, The Jumblies, The 
Owl and the Pussycat, and hundreds of other bits of wonderful nonsense. 214 limericks, 3 sets 
of Nonsense Botany, 5 Nonsense Alphabets. 546 drawings by Lear himself, and much more. 
320pp. 5% x 8. T167 Paperbound $1.00 


SINGULAR TRAVELS, CAMPAIGNS, AND ADVENTURES OF BARON MUNCHAUSEN, R. E. Raspe, 
with 90 illustrations by Gustave Doré. The first edition in over 150 years to reestablish 
the deeds of the Prince of Liars exactly as Raspe first recorded them in 1785—the genuine 
Baron Munchausen, one of the most popular personalities in English literature. Included 
also are the best of the many sequels, written by other hands. Introduction on Raspe by 
J, Carswell. Bibliography of early editions. xliv + 192pp. 538 x 8. 1698 Paperbound $1.00 


HOW TO TELL THE BIRDS FROM THE FLOWERS, R. W. Wood. How not to confuse a carrot 
with a parrot, a grape with an ape, a puffin with nuffin. Delightful drawings, clever puns, 
absurd little poems point out farfetched resemblances in nature. The author was a leading 
physicist. Introduction by Margaret Wood White. 106 illus. 60pp. 5% x 8. 

7523 Paperbound 75¢ 


JOE MILLER’S JESTS OR, THE WITS VADE-MECUM. The original Joe Miller jest book. Gives 
a keen and pungent impression of life in 18th-century England. Many are somewhat on the 
bawdy side and they are still capable of provoking amusement and good fun. This volume 
is a facsimile of the original ‘Joe Miller’’ first published in 1739. It remains the most 
popular and influential humor book of all time. New introduction by Robert Hutchinson. 
xxi + 7Opp. 536 x 82. 7423 Paperbound $1.00 


Prices subject to change without notice. 


Dover publishes books on art, music, philosophy, literature, languages, 
history, social sciences, psychology, handcrafts, orientalia, puzzles and 
entertainments, chess, pets and gardens, books explaining science, inter- 
mediate and higher mathematics, mathematical physics, engineering, 
biological sciences, earth sciences, classics of science, etc. Write to: 


Dept. catrr. 
Dover Publications, Ine. 
180 Varick Street, N.Y. 14, N.Y. 
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(continued from front flap) 


The Theory of Determinants in the Historical Order of Development, 
Thomas Muir. Clothbound. Two volume set $12.50 


({ntroduction to Applied Mathematics, Francis D. Murnaghan. $2.00 
Theory of Group Representations, Francis D. Murnaghan. $2.35 


Guide to the Literature of Mathematics and Physics, Nathan G. Parke III. 
$2.49 


Tables of Indefinite Integrals, G. Petit Bois. $2.00 

Functions of a Complex Variable, James Pierpont. $2.45 

Lectures on the Theory of Functions of Real Variables, James Pierpont. 
Two volume set $5.50 

Introduction to the Theory of Linear Differential Equations, E. G. C. 
Poole. $1.65 

Collected Works of Bernhard Riemann (Gesammelte Mathematische 
Werke). German text. $2.85 

The Elements of Mathematical Logic, Paul Rosenbloom. $1.45 

Theory of Functions as Applied to Engineering Problems, R. Rothe, 
F, Ollendorff, and K. Pohlhausen. $1.35 : 

An Essay on the Foundations of Geometry, Bertrand Russell. $1.75 

Theory of the Integral, Stanislaw Saks. $2.25 

A Table of the Incomplete Elliptic Integral of the Third Kind, R. G. 
Selfridge and John E. Maxfield. Clothbound $7.50 

Introduction to Relaxation Methods: An Intrdduction to Approxima- 
tiona] Methods for Differential Equations, Frederick S. Shaw. $2.45 

Problems and Worked Solutions in Vector Analysis, L. R. Shorter. $2.00 

Applied Mathematics for Radio and Communications Engineers. Carl E. 
Smith. $1.75 

“heb Methods for Scientists and Engineers, Lloyd P. Smith. 

2.00 
H Introduction to the Geometry of N Dimensions, D. M. Y. Sommerville. 
1.50 
Elements of Non-Euclidean Geometry, D. M. Y. Sommerville. $1.50 
The Methods of Statistics, L. H. C. Tippett. Clouthbound $7.50 


The Theory of Determinants, Matrices, and Invariants, H. W. Turnbull. 
$2.25 


Paperbound unless otherwise indicated. Prices subject to change with- 
out notice. Available at your book dealer or write for free catalogues to 
Dept. Admath, Dover Publications, Inc., 180 Varick St., N. Y., N. Y. 10014. 
Please indicate your field of interest. Dover publishes over 125 new 
books and records each year on science, elementary and advanced math- 
ematics, puzzles, art, philosophy, religion, languages, classical music, and 
other areas. 
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THEORY OF GROUPS OF FINITE ORDER 
by W. Burnside 


For some forty years this book has been the classic introduction tQ 
group theory. Written by the Professor of Mathematics at Royal 
Naval Academy, it is both a great historical contribution and the 
basic reference book in its area. It is the book most often referred 
to, in later work, for detailed exposition of basic material. 


The first portion of this book deals with the notion of substitutions, 
while later chapters deal with group properties, isomorphisms, and 
graphical representation. Six new chapters have been added to 
this second revised edition on linear substitutions and the properties 
of abstract groups. 


“Important,” ENCYCLOPAEDIA BRITANNICA. “More easily compre- 
hensible than most other books on the subject,” INTERNATIONAL 
MATHEMATICAL NEWS. “A classic work, extraordinarily rich,” ELE- 
MENTE DER MATHEMATIK 


PARTIAL CONTENTS. Permutations, groups. Properties of group in- 
dependent of its mode of representation. Composition series. Iso- 
morphism of a group with itself. Abelian groups. Groups whose 
orders are powers of primes. Sylow’s theorem. Permutation groups: 
transitive, intransitive, primitive, unprimitive. Representation of 
a group of finite order as a permutation group. Groups of linear 
substitutions; group of finite order represented as group of linear 
substitutions. Group-characteristics. Applications of theory of groups 
of linear substitutions and group-characteristics. Invariants. Graphi- 
cal representations. Cayley’s colour-groups. Congruence_ groups. 
Also, 44 pages of appendixes. 


Unabridged republication of 2nd 1911 edition. Two prefaces. Index. 
18 illustrations. 100 examples. xxiv -+ 512pp. 5% x 8. 
Paperbound $2.75 


A DOVER EDITION DESIGNED FOR YEARS OF USE! 
We have made every effort to make this the best book possible. Our paper 
is opaque, with minimal show-through; it will not discolor or become brit- 
tle with age. Pages are sewn in signatures, in the method traditionally used 
for the best books, and will not drop out, as often happens with paperbacks 
held together with glue. Books open flat for easy reference. The binding will 
not crack or split. This is a permanent book. 


